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Abstract

Most of the literature in natural reasoning assumes a model-theoretic perspective and
uses translation into some formal language, e.g. first order logic, as an intermediate step
for computing inferences. The general goal of a ‘Natural Logic’ inference system is giving
a systematic account of natural reasoning using linguistic structures as the vehicle of
inference.

This thesis develops a ‘Natural Logic’ inference system based on a modification of the
(associative) Lambek calculus (£). The proposed inference system manipulates natural
language syntactic representations with no intermediate translation to logical formulae.
The main part of the system used for deriving inferences is the L£-based Order Calculus (L-
OC ), which manipulates order statements between proof terms, representing £ derivation
trees of natural language expressions via the Curry-Howard isomorphism.

Our work extends the system of [4], which is based on Ajdukiewicz-Bar Hillel calculus. In
our work we overcome some limitations of the system of [4] and enable it to deal with new
kinds of inferences, such as inferences involving sentences with extraction, pied piping etc.
Basing the inference system on £ brings about a certain complication - the emergence of
proof terms which are not in normal form. We augment £-OC with normalization axioms
as a remedy for this complication and demonstrate that they enable the system to derive

new kinds of inferences. Finally, we present a terminating proof search procedure.



Introduction

Model-theoretic semantic theories of natural language assume that most linguistic ex-
pressions denote objects in partially ordered domains, so that meanings of expressions
(i.e., denotations in models) of the same semantic type are naturally comparable. Formal
semantics treats order relations between denotations of complex expressions as composi-
tionally derived from order relations between denotations of simpler expressions (subex-
pressions), based on a given grammar and certain semantic properties of denotations of
words. For instance, under standard assumptions about the meaning of certain adjectives,
like tall, the denotation of the nominal expression tall student is semantically ”smaller”
than the denotation of the noun student in every model. This simple ordering, together
with the ‘order reversing’ meaning of the determiner no, is responsible for the fact that the
denotation of the noun phrase no tall student is semantically ” greater” than the denotation
of the noun phrase no student in every model. At the top level, such order statements
result in a semantic ordering of natural language (indicative) sentences. In an adequate
semantic theory, this ordering between sentences corresponds to an intuitively valid en-
tatlment relation. For instance, the mentioned order relations, together with the other
elements in the sentence, are responsible for the valid entailment John saw no student =
John saw no tall student.

However, appealing to models to derive inferences is not computationally feasible. This
thesis aims to develop an inference system based on basic insights on order relations from
model-theoretic semantics, but using only proof-theoretic manipulations of natural lan-
guage syntactic representations, with no direct appeal to models. Only some abstractions
of the full denotations are used as a basis of the proposed calculus of inference. Further-
more, the close relationship between structure and meaning in model-theoretic semantics

eliminates the need of translating the syntactic representations into intermediate logical



levels of representation, such as first order logic.

The initial conception of Natural Logic was introduced in [11]. The general goal of a Nat-
ural Logic system is giving a systematic account of natural reasoning using grammatical
structures of natural language. Different versions of Natural Logic were proposed by [9],
[1], [4] and others. Sanchez ([9]) proposes a mechanism that decorates categorial grammar
proofs of natural language expressions using signs that indicate the monotonicity prop-
erties of the denotations of these expressions. Bernardi ([1]) follows [9] and introduces a
system for monotonicity reasoning that is based on a more complex categorial type logic
than Sanchez’ work. In addition, she concentrates on monotonicity reasoning in order
to capture the syntactic distribution of negative polarity items, without fully accounting
for monotonicity-based inferences in natural language (by contrast to this thesis, where
we concentrate on a calculus for deriving inferences, without any attempt to treat neg-
ative polarity items). However, neither Sdnchez nor Bernardi provide a formal calculus
for computing inferences. The situation was partially amended in Fyodorov et al. ([4]),
where a calculus based on similar annotations decorating syntactic derivations of the AB
calculus is proposed.

The goal of this thesis is to present and study a more extensive inference system based
on a slight modification of the (associative) Lambek calculus (£). We define an L-based
Order Calculus (£-OC ) for deriving inferences in natural language. £-OC manipulates
order statements between proof terms representing £ derivation trees of natural language
expressions via the Curry-Howard isomorphism. Although £-OC order statements reflect
semantic order relations between elements of partially ordered domains, they are purely
syntactic units and are derived with no direct appeal to models, only to the abstractions
of denotations based on the above mentioned annotations.

As was mentioned above, we extend an existing system of [4] which is based on the
AB calculus. Their system allows a rather straightforward derivation of inferences with
monotone and non-monotone quantifiers and cross-categorial conjunctions and disjunc-
tions. However, despite its value for demonstrating a novel technique of inference in
natural language, it fails to derive many kinds of inferences due to the syntactic limita-

tions of the AB calculus as the syntactic calculus underlying the categorial grammar. In



this thesis we show that the situation can be partially amended by basing the system on
L. However, in view of the well-known limitations of L itself, it is clear that in order to
define a more realistic system that can cope with a larger variety of inferences derivable
in natural language, a yet more complex grammatical formalism is needed. Hence, we
view £-OC as an intermediate step towards a general system supporting various kinds of
inferences in natural language, to be eventually based on some decidable fragment of the
multi-modal type logical grammar ([8]).

The proposed £-OC has the following characteristics:

1. Basing the system on L allows us to use a more elegant representation of derivations
as Curry-Howard proof terms. This is opposed to the formulae of the Order Calculus

of [4], which are order statements between (AB) derivation trees.
2. L£-0OC is a modification of the Order Calculus of [4], which we augment with:

(a) Abstraction inference rule that enables £-OC to deal with inferences involving
sentences with extraction, pied piping etc. Consider the following examples

derivable in £-OC (to be discussed in chapter 5):
i. Every student whom Mary touched smiled = Every student whom Mary kissed
smiled given the order statement kissed < touched.
ii. Some boy, the brother of whom Mary loves, walked = Some boy walked.
(b) /m-normalization axioms, based on [3/n-reduction of proof terms. These ax-
ioms resolve a certain complication caused by basing the system on £ — the
emergence of proof terms that are not in normal form. The normalization ax-

ioms enable the system to derive more kinds of inferences (for reasons to be

discussed in chapter 6), for example:
John does and Mary doesn’t move = Mary doesn't walk

given the order statement walk < move.

3. By basing the system on £, we also obtain the ability to use more complex non-

logical axioms, that better reflect the denotations of natural language expressions.



For example, we can define the following order statement as a non-logical axiom of
L-OC : passionately love < adore. This is made possible due to the derivability of

function composition in £ (to be further explained).

Finally, we propose a terminating proof search procedure for £-OC , based on the proposal
by [4].

To sum up, the main contribution of this thesis is introducing a L£-based formal Order
Calculus for computing Natural Logic inferences, for which a proof search procedure is
defined. In extending the AB-based Order Calculus of [4] to be based on £, we had to
deal with a number of challenges, such as non-normalized £ derivations (treated by using
normalization axioms), decorations of types for dynamically created abstraction terms
(one possible solution — dynamic marking, to be further explained).

This thesis has 8 chapters. Chapter 1 discusses some previous work on direct inference in
natural language and its relation to the current work. Chapter 2 provides some necessary
background on basic notions from model-theoretic semantics, such as semantic types,
order relations etc. Chapter 3 describes £ and the categorial grammar based on it.
Chapter 4 defines £-OC and its semantics. Chapter 5 demonstrates the applications
of £L-OC for deriving natural language inferences and presents examples. Chapter 6 is
devoted to exploring the properties of £L-OC . Its first section focuses on the problem
of normalization, explaining how the non-normalized proof terms are created in £L-OC,
why they pose a problem and how the problem is solved using normalization. It also
presents examples of inferences using normalization and describes an alternative method
for solving the mentioned problem — using dynamic marking. Its second section describes
how multiple derivations in £ can be used to account for scope ambiguity when deriving
inferences. Chapter 7 defines the proof search procedure and discusses its correctness. The
full correctness proofs are provided in appendixes A and B. Chapter 8 presents conclusions

and directions for further research.



Chapter 1

Previous work

There is a number of proposals of systems using grammatical structures to account for
natural language inferences. Some of the earlier ones are [10] and [7], the overview of
which can be found in [4]. In this chapter we give an overview of the previous work that

is most relevant to this thesis, including [9], [3], [1] and [4].

1.1 V. Sanchez: Studies on Natural Logic and Categorial Grammar (1991)

Sanchez ([9]) describes a Natural Logic system for calculating entailments between nat-
ural language sentences. The system manipulates marked undirected Lambek calculus
derivation trees of English sentences. The marking of proof nodes allows to determine
whether the derived expressions are in a positive or negative position. An expression Fj
is in positive (negative) position in an expression Fy if its replacement by a semantically
greater expression results in EY, which is semantically greater (smaller) than Fy. An ex-
pression that is in positive/negative position is said to have polarity.

The semantic order relation is standardly defined as the numerical order relation for truth
values and an inclusion relation for complex types, quantifying over all models. For sen-
tences the order relation corresponds to the entailment relation. A sentence S’ is entailed
by a sentence S iff the denotation of S is less or equal to the denotation of S’ in any model.
The polarity of occurrences of expressions is used to calculate entailments in the following
way: if (i) sentence S’ is obtained from sentence S by replacing its subexpression R by
R’, (ii) R is semantically smaller (greater) than R’, and (iii) R has positive (negative)

polarity in S, then S entails S’.



Sanchez uses an external algorithm working on derivations of the associative and commu-
tative Lambek calculus, which is able to mark the parsed strings determining the different
polarity positions. Given a derivation, the algorithm starts from marked leaves. The cate-
gories of the lexical items are assigned monotonicity markings according to their standard
semantics. If the denotation of a lexical item is an upward /downward monotone function,
then its category is marked with ‘+’/-” accordingly. Then the markings are propagated

through the proof by labelling the rest of the nodes in the following way:

1. The major premise (o« — [3) in an instance of arrow elimination is positive:

(o — f)

(a—p) « +
g = g

(0%

2. The minor premise in an arrow elimination is positive (negative) if the major’s

category is upward (downward) monotone:

(@) — p) a
(at) = 3) « +(=) +(-)
B = 6

3. The withdrawal of a numerical index leaves the previous marking unchanged:

(]

[a!] D,
D, s
B +

won'=s@=p!

4. If each node from a' to 3 is either positive or negative and the number of negative

nodes is even (odd), then:



o
& D,
D, B
5 +H

wop Do ooy D

Finally, the polarity of nodes is computed in the following way. Let D be a derivation
with conclusion a. A node v has polarity iff all the nodes in the path from = to « are
marked, and ~ is in a positive (negative) position in D iff (a) v has polarity, and (b) the
number of nodes marked by ‘-’ in the path from ~ to the root is even (odd).

The final result is a parsed output in which polarity positions are displayed, so that they
can be used for computing entailments. For example, below is an annotated derivation of

the sentence Heloise wanders:

(e —»t)  Heloise

(E)
t
+
( B - 1) (1) wanders
N (e =)
+

According to the rules for polarity of subderivations, presented above, (2a) occurs pos-
itively in (1). It is also given that the denotation of (2a) is semantically smaller than
the denotation of (2b) (Sanchez does not provide any formal method for calculating this

order relation).

(e —t) Heloise Some n
M (r—(e=0 =1 p
+ +

+ ()




By replacing (2a) by (2b), we obtain (3):

Some nun
(Pt = ((e—=t)" —1)) p
+ +

() wanders
(e — 1)
+

() (3)

Thus, given that Heloise is semantically smaller than Some nun, we can prove that Heloise
wanders entails Some nun wanders.

While the annotation of derivation trees with monotonicity markings and calculation of
polarity of subderivations are rigorously defined in the work of Sanchez, he provides no
calculus that can derive the order relations using that annotation. As a result, the range

of the inferences captured by his system is rather limited.

1.2 D. Dowty: The role of Negative Polarity and Concord Marking in Nat-
ural Language Reasoning (1994)

Dowty ([3]) explores the linking between Natural Logic and several linguistic phenomena
related to monotonicity, such as the fact that negative polarity items (NPI’s) in English
and other languages are limited to downward monotone contexts. For this purpose, he
proposes a reformulation of the system of Sanchez, while his goal is to ”collapse” the
independent steps of monotonicity marking and polarity determination into the syntactic
derivation itself. He uses the markers ‘4’ and ‘-’ to indicate the final polarity.

Dowty proposes a Natural Logic system with the following characteristics:

1. Since one and the same word can appear with positive polarity in one derivation and
with negative polarity in another, most lexical items (with the important exception
of negative and positive polarity items) will have both a‘+’ and a ‘-’ marked category,

with the same interpretation.

2. Upward monotone functions are assigned categories of the forms AT /B and A~/B~,
meaning that they preserve the polarity markers. The pattern A*/B* matches both

of these cases.



3. Downward monotone functions are assigned categories of the forms A*/B~ and
A~ /B*, meaning that they reverse the polarity markers. The pattern A*/BY

matches both of these cases.

Functional application respects the polarity markers in the following way. Let x € {4, —},
then

A*/BY BY

A
where x and y coincide when the major premise A”/B? is an upward monotone function,
and differ when it is a downward monotone function.
The defined grammar generates sentences of category St (the category of independent
grammatical sentences) and S~ (the category of sentences embedded inside the scope of
a downward monotone function).

Below are some examples of the lexical entries. Let x € {+,—} and y is the ”opposite”

of z. Let VP* = NP*\S* and TV
walks = VP* book = CN?*

John = S"/VP* doesn't = V P"/V PY
no = {(S*/VP")/CN~, (S~ /VP")/CN*}
every = {(S~/VP")/CN*,(S*/VP)/CN~}
any = (S~ /VP~)/CN~

Consider the following examples of Dowty’s polarity marking:

John walks
S+ /VpPt VPt
St (1)

doesn't walk
John VPt/VP- VP~
ST /VPT VPt
5 2)

Note how the polarity of VP is changed by the presence of the downward monotone
function doesn’t.

To deal with more complex sentences in which a generalized quantifier occurs in object
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position, Dowty includes in the lexicon for each determiner (S*/V PY)/CN? an object
counterpart, of category (TVY\V P®)/CN®, where TVY = (NPY\SY)/NPY.
Now let us observe how the system of Dowty can account for correct NPI distribution.

Consider the sentences involving the NPI any:

(a) No boy reads any book

(b) *Every boy reads any book

The Dowty-style derivation of (a) is as follows:

any book
no boy reads (I'V\VP7)/CN~ CN~
(S*/VP-)JCN-) CN- TV- TV-\VP-
ST/ VP VP~
[

However, if we replace no with every, the derivation fails. In order to match the V P~
category of reads any book, every has to be considered of category (S~/VP~)/CN™T and
the whole expression every boy reads any book would be of category S~.

By internalizing the monotonicity and polarity information into the logical types, Dowty
enables his system to correctly account for some cases of negative polarity items distri-
bution. However, the flow of the markers from the argument to the functional types
expressed by the lexical items category assignments is too strong to model some linguistic
information. Therefore, Dowty’s system fails to deal with NPIs in embedded sentences
and other more complex cases. For example, the system blocks the following correct

sentences with embedded NPIs:
1. John doubts every boy reads any book.
2. If he doesn’t know anything about logic, he will not know Modus Ponens.

1.3 R. Bernardi: Reasoning with Polarity in Categorial Type Logic (2002)

Bernardi ([1]) presents a Natural Logic system, which while marking linguistic structures
with the information required to model inferences, also accounts for NPI distribution. She

shows that a logical account of NPIs requires the use of internalized polarity markers, like
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To express that: Type
A structure I' is an upward monotone function | I' - B/A or I' = A\B
A structure I' is an upward monotone function | ' B/ © Aor ' A\ © B

A structure I' has negative polarity ()~
A structure I" has positive polarity (I
A structure I' must have negative polarity r-gtA

Table 1.1: Encoding monotonicity and polarity

in the system of Dowty.

The Natural Logic of Bernardi is based on a multi-modal type-logical grammar with po-
larity structural rules, used simply as a tool for computing polarity.

The unary operator © marks downward monotone functions, while the upward monotone
functions are left unmarked. The corresponding unary structural connective (.)~ marks
a structure in a downward monotone argument position. The unary operator B! encodes
negative polarity information.

The dynamic flow of information from the function to the argument is directly accounted
for by the logical rules without the need of an external monotonicity marking algorithm
(like the one of Sanchez). Similarly, structural rules allow to internalize the polarity al-
gorithm producing marked structures instead of marking the corresponding nodes. An
advantage of such an approach is that the marked structures are readily available for de-
riving monotone inference, as opposed to the Natural Logic of Sdnchez, where the polarity
markers were externally displayed on the structures once read off the nodes. Furthermore,
NPI distribution can be controlled, since polarity information is encoded in the logical
types. The logical and the structural languages are used to encode monotonicity and
polarity information as shown in table 1.1.

Bernardi uses Sanchez’s notion of polarity of occurrences. Also, similarly to the ap-
proaches of Sanchez and Dowty, to determine the polarity at the sentence level, she starts
by assigning polarity markers to the lexical entries. The downward monotone functions
are distinguished by prefixing their argument with B'. For example, since doubt is down-
ward monotone in its first argument, it is of type (np\s)/Bls.

The flow of information from the logical to the structural formulas is as follows:
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e Application of a downward monotone function implies the propagation of the marker

from the function to the argument:

AFB ol
(A)"FoB I'+-B8'B\A \B
(A)"oTHA

e Functions are built by applying the introduction rules (\I) and (/I). Upward
and downward monotone functions abstract over positive and negative positions

respectively:

FoCH A TooCH A
FFAKY/[ TFA/OC /1

e The polarity is passed from the structure to the logical type and vice versa using

the rules (B'1) and (B'E):

(A FA . ArBiA

APEA o
INEED Ay FaPE

For example, let us see how we can account for NPI distribution in the sentence Nobody

left yet. The lexical assighments are as follows: yet — B! © iv\ B! ©iv (it must occur in

a negative polarity position, which it passes to its argument), left — iv, nobody — s/ © iv

(downward monotone function ).

left v o
(left)~ F ©iv o
left -8'ow yet - B 0div\ B! oiv
leftoyet -8B o
. - — B'E
nobody = s/ © iv (left oyet)” F @iv /E
nobody o (left oyet)™ F s

\E

However, if we replace nobody by everybody that is assigned the type s/iv, the derivation

fails: the type of everybody does not provide the needed negative feature to match the

type assigned to left yet.
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The system of Bernardi can also deal with more complex NPI distribution, e.g. NPIs in
embedded sentences or multiple negative polarity occurrences.

As opposed to both Dowty and Sanchez, Bernardi encodes monotonicity and polarity
information into syntactic type assignments by means of unary operators. As opposed to
Sanchez, internalizing this information allows the system to account for NPIs distribution.
Due to basing her system on the multi-modal type-logical grammar, Bernardi achieves
more flexibility than Dowty and is able to deal with more complex examples of NPI

distribution.

1.4 Fyodorov et al.: Order-Based Inference in Natural Language (2002)

Fyodorov, Winter and Francez (henceforth FWF, see [4]) propose a Natural Logic system
based on the AB calculus for deriving inferences in natural language. The main part of the
system is the Order Calculus, which manipulates order statements between semantically
annotated derivation trees of natural language expressions of the same (partially ordered)
semantic type. An order statement between derivation trees of natural language sentences
corresponds to an entailment relation between these sentences.

As opposed to the Natural Logic systems of Sanchez and Bernardi, in FWF’s system there
is no direct appeal to actual denotations of natural language expressions for computing
inferences. Instead, the following semantic features that abstract the actual denotations
of the expressions are used to mark the syntactic categories assigned to these expressions:
‘4+’/*-> mark upward/downward monotonicity, ‘R’ marks restrictivity and ‘C’/‘D’ mark
conjunctive/disjunctive behavior. Thus, as opposed to Sdnchez and Bernardi, FWF also
use semantic properties other than monotonicity for deriving inferences.

The formulae of the Order Calculus are of form ay < 4, where ay, Bp are derivation
trees of expressions of categories A and B resp. Below are some of the rules of the Order
Calculus. Assume that B, B’, B” be syntactic categories similar up to their semantic
decoration, and so are D, D'. Assume that the categories D and B are assigned the same
semantic type, and so are A and C. Let x C {+,—,R,C,D}. If both v < § and § <~

we write v = 4.
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Monotonicity:
ap < Bpr oNs
Ya/+B QB Yas+B By
1 /E <7 a /E
Function Replacement:
aa/p < Be/p VB =0p .
QpeB VB Bej=p  Opr
1 /E < c /E
Restrictive Modification: 0
aprp  Ppr /E
B’ < Bpr

In addition to a calculus for deriving inferences, we need a lexicon that assigns semanti-
cally annotated syntactic categories to lexical items, according to their standard actual
denotations. For example, the denotation of the determiner every is downward monotone
in its first argument (given that student < person, every person < every student) and up-
ward monotone in its second argument (given that walked < moved, every person walked
< every person moved). In the lexicon every is assigned the category (s/(s\np))/ n.

Let us see an example of deriving the following inference: Every student kissed every teacher
= Every student kissed every tall teacher. For this purpose, we need to derive an order
statement between the AB derivation trees of the above sentences. The derivation in the

Order Calculus is as follows (we use a shortened presentation of the derivation trees):

0

tall® [teacher] < teacher

every™ [teacher] < every~[tall — teacher]

RMOD

MON

[kissed] every — teacher < [kissed| every — tall — teacher a

every — student™ [kissed every teacher| < every — student™ [kissed every tall teacher]

FWEF’s system is able to derive also inferences involving non-monotonic expressions which
are reducible to conjunctions of monotonic ones, e.g. exactly three, which is reducible to
at most three and at least three. In addition, FWF present a proof search procedure for
the Order Calculus, which is sound and under certain restrictions on the grammar and
the derivable order statements, complete.

However, despite this system’s value for demonstrating a novel technique of inference in

MON+
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natural language, the range of the inferences the system is capable of dealing with is
rather limited. An obvious reason for its limited ability is that the inference rules of
the Order Calculus capture mainly inferences based on monotonicity, restrictivity and
conjunction/disjunction properties of denotations of natural language expressions, while
there are also other semantic properties of denotations, which cannot be expressed in the
system (for example, there is no treatment of negation). Furthermore, there are other
semantic factors affecting natural language inferences that have yet to be detected, and
appropriate OC features - to be abstracted from them. Another important reason is
related to the syntactic limitations of the AB calculus: it is not powerful enough to derive
the grammaticality of many kinds of sentences, such as sentences with relative clauses,
pied piping, non-constituent coordination etc. As a result, the system of FWF does not

account for the following valid entailments involving such sentences:
1. The tall student, whom Mary kissed, smiled. = The student, whom Mary kissed, smiled.
2. John, the brother of whom Mary loves, smiled. = John smiled.
3. John does and Mary doesn’'t move. = Mary doesn’t walk., given walk < move
4. Mary loves every student, No student whom Mary loves walked = No student walked.

We conclude that the AB calculus is not powerful enough to serve as a categorial engine
underlying a Natural Logic inference system. Therefore, the inference system should be

based on a more complex categorial formalism, e.g. the Lambek calculus.



Chapter 2

Semantic types and order relations

2.1 Basic semantic notions

Model-theoretic semantic theories associate natural language expressions with syntactic
categories, and their denotations with (closely related) semantic types. Furthermore, most
expressions denote objects in partially ordered domains, so that meanings of equi-typed
expressions are naturally comparable. Thus in the finite set of primitive types (denoted
below by T°), we distinguish its finite subset, which we call the set of partially ordered

primitive types (denoted below by T]g)o), interpreted over partially ordered domains.

Definition 2.1.1 (Types) Let T° be some finite set of primitive types. The set of types

is the smallest set T so that T° C T and if T € T and o € T then also (10) € T.

Standardly, types e (for entities) and ¢ (for ‘truth values’) are among the primitive types.

Definition 2.1.2 (PO types) Let T°, C T° be some finite set of partially ordered
primitive types. The set of PO types is the smallest set Ty, C T s.t. T, C T, and if

T €T and o € Ty, then also (T0o) € T)p,.
Standardly, type ¢ is among the primitive PO types.
Definition 2.1.3 (Modifer types) A type (o7) is a modifier type iff o = .

Definition 2.1.4 (Coordination types) A type (o(7p)) is a coordination type iff o =

T =p.
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Definition 2.1.5 (Domains) For each primitive type 7 € T, let D, be a non-empty
domain. Let these primitive domains be mutually disjoint. For each non-primitive type

(o) € T\T", let D(;o) = (D; — D,) (the set of all functions from D, to D, ).

The domain D, of any primitive PO type o is endowed with a given partial order relation

<,. The partial order for complex PO types is defined as follows:

Definition 2.1.6 (Pointwise partial order) If o is a PO type with partial order <,
over the domain D, then the partial order <(;4) over the domain D ;4 is defined point-

wise: dy <(roy dy iff for every d' € D,: di(d') <, do(d').

Next, we distinguish between several classes of functions that we will find useful in this

work.

Definition 2.1.7 (Restrictive function) For 7 a PO type, a function of the modifier

type 7T f € D, is restrictive iff for every d € D,: f(d) <, d.

For example, the denotations of adjectives like tall, pretty and adverbs like slowly, happily
are analyzed as restrictive functions of type ((et)(et)), as the denotation of the expression
tall boy is less or equal to the denotation of the expression boy and the denotation of slowly
move os less or equal to the denotation of move.

A special kind of restrictive functions is known as greatest lower bound (glb) functions.

Consider the definition of the binary case, which is the most useful for our purposes.

Definition 2.1.8 (Greatest lower bound) A function of the coordination type 7(7T)
[ € Dr(r7)), where T is a PO type, is called glb iff for all di,dy,ds € D, the following

two conditions hold:
1. (f(d1))(da) < dy and (f(d1))(d2) <7 dy;
2. Zf d3 ST d1 and dg ST dQ then d3 ST (f(d1>)(d2)

The first requirement states that f is restrictive, or returns a lower bound, on both of its
arguments; the second requirement states that f returns a greatest lower bound on both
of its arguments.

A symmetric notion is the least upper bound (lub) function.
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Definition 2.1.9 (Least upper bound) A function of the coordination type 7(77) f €
D;(zry, where T is a PO type, is called lub iff for all di,ds,d3 € D; the following two

conditions hold:

1. dy < (f(di))(d) and dy <, (f(dy))(do);
2. Zf d1 ST d3 and d2 ST dg then (f(dl))(dg) ST dg.

The first requirement states that f returns an upper bound on both of its arguments; the
second requirement states that f returns a least upper bound on both of its arguments.

In natural language there are at least three kinds of glb functions:

1. Conjunctions: the standardly assumed meaning of conjunctions such as dance and
smile, Mary danced and John smiled, and every teacher and some student is the glb of

the meanings of the conjuncts.

2. Relative clauses: a ‘subject oriented’ relative clause such as child who sneezed is
treated as a glb of the noun (child) denotation and the verb phrase (sneezed) deno-

tation.

3. Intersective adjectives: adjectives such as blue and pregnant are often assumed to
denote ‘intersective functions’: functions of type ((et)(et)) that intersect their argu-
ment with an implicit argument of type (et). For instance, the nominal blue car is

synonymous with the nominal car that is blue, which is formed using a glb relative.

A lub function in natural language is the disjunction or: the standardly assumed meaning
of disjunctions such as dance or smile, Mary danced or John smiled, and every teacher or
some student is the lub of the meanings of the disjuncts.

In addition to general ordering properties of functions like restrictiveness, glb or lub, we
are also interested in more specific properties, which can be useful for describing order
relations between natural language expressions. One of the most useful properties of

functions in natural language is monotonicity.

Definition 2.1.10 (Monotonicity) Let o1 and o, be PO types. A function f € Dy,

18:
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e upward monotone iff for all di,ds € Dy, : dy <o, do = f(d1) <, f(d2);

e downward monotone iff for all di,dy € D,,: dy <,, do = f(d1) >4, f(d2).

For example, the denotation of the determiner every is analyzed as a function of type
((et)((et)t)) that is downward monotone w.r.t. its first argument and upward monotone
w.r.t. its second argument. In this way we capture the following entailments:

e Every student ran = Every tall student ran (assuming tall student < student)

e Every student ran = Every student moved (assuming moved < ran)

2.2 Decoration of types

Now we replace the set of types defined in the previous section by a set of decorated types.
Generally speaking, we pursue the goal of being able to manipulate order statements as
purely syntactic units, with no direct appeal to models and denotations (in contrast with
the Natural Logic of [9] and [1]). At the same time, we would still like to use the fact
that many natural language expressions denote restrictive, monotone or other functions
having special properties giving rise to entailments.

Thus we use the set of semantic features of [4] as an abstraction of the semantic prop-
erties of the actual denotations in question. These features describe semantic properties
like monotonicity, restrictiveness and conjunctive/disjunctive behavior of functions. We
decorate the types (and in the next chapter also the categories) of the natural language
expressions denoting monotone etc. functions with the respective semantic features. This
way we avoid dealing with models directly, but still keep track of the semantic information

that is used to derive inference.

Definition 2.2.1 (The set of semantic features) The set of semantic features is

Feat = {+,—,R,C, D}

The semantic features abstract the semantic properties of denotations of natural language
expressions as follows:
e ‘+’/*" marks upward/downward monotonicity

e ‘R’ marks restrictivity
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e ‘C’/‘D’ marks conjunction/disjunction

Definition 2.2.2 (Decorated types and decorated PO types) The sets of decorated
types and PO decorated types are the smallest sets Tyee, TLO so that:
o 7" C Tiees T]go - 1.0

dec

o if 7 € Tyee, 0 € Tyee and p € TEO then (1¥0) € Tyee, (tFp) € TYO, where F C Feat

dec dec 7

and the following conditions hold:
1. IfF#0, then 1,0 € TLO.
2. If Re F thent =o0.

3. If C or D € F then (i) If T = (11" 1) then F' =0 and (i) o = (7).

Condition 1 guarantees that only functional types (7¥'c), where both 7 and o are PO
decorated types can be marked with F' # (). Condition 2 guarantees that only modifier
types are marked with ‘R’. Condition 3 guarantees that an expression of a type marked
with ‘C’ or ‘D’ is treated as denoting a binary function and all its markings are specified
on the functor type.

Note that for F' = () we get the standard definition of types.

We use the pattern (7%0) to match any of the types (7¥¢) for I C Feat. A type 7 such

that all its subterms are marked with F' = (), is denoted by 7°.

Definition 2.2.3 (Domains of decorated types) Let F' C Feat. For each non-
primative type (77°0) € Tye\T°, let D ryy be the set of all functions from D; to D,

having the semantic properties marked by the semantic features in F.

For example, D ,+,) is the domain of upward monotone functions from D, to D;.
For F' = (), D,rry = D(gr). For o a decorated PO type, D, r, inherits its partial ordering
from D(;4), where <(;rgy is the restriction of <(;5) to Drrgy C D7)

Note that all decorated functional types are marked, some with F' = ().



Chapter 3

Type-Logical Categorial Grammar

In this chapter we describe the categorial formalism underlying the inference system. The
type-logical categorial grammar that we use is based on £, which is a slight modification
of the (associative) Lambek calculus ([8]). There are two main differences between £ and

the standard (semantically augmented) Lambek calculus, namely:

1. Syntactic categories in L are decorated with subsets of Feat = {+,—, R,C,D}.
Semantic types of proof terms (encoding £ derivations of decorated syntactic cate-

gories) inherit the decoration from the categories.

2. In order to establish a one-to-one correspondence between L derivations and proof
terms representing them, we use directed lambda terms ([12]) to encode L deriva-
tions. Thus each syntactic category A s.t. type(A) = 7 is assigned a directed
lambda term ¢, that encodes the £-derivation of this category via the Curry-Howard

isomorphism.

Note also that in the elimination rules of £, an argument category B in a functor category
(A/B) (or A\B) is allowed to be decorated differently from the category B’ that combines
with the functor.

Let a mapping type assign (decorated) semantic types to (decorated) syntactic categories.

Definition 3.1 (Decorated syntactic categories) Let CAT® be a finite set of prim-

itive categories s.t. s € CAT’. Let type’ : CAT — type be a typing function for this

set s.t. type’(s) =t. The set of categories is the smallest set CAT that satisfies:



22

1. CAT’ C CAT. For any A € CAT’ : type(A) = type’(A).
2. If A€ CAT and B € CAT then for any F C Feat s.t. ( type(B)" type(A)) €
Tpee, (A/FB) € CAT and (A\"B) € CAT, and type((A/B)) = type((A\B)) =

( type(B)" type(A)).

We assume that the set of primitive categories includes at least a designated category s
for sentences. Meta variables A, B range over categories.

We use the patterns (A/*B), (A\*B) to match the categories (A/F B), (A\"B) for any
F C Feat resp.

Now let LexVAR.., VAR, be some mutually disjoint countable sets of variables of type
7. Let LexVAR = |J,LexVAR, and VAR = |J, VAR, for 7 € Tj.. Informally,
the members of LexVAR in a proof term originate from the lexical entries and cannot
be discharged by introduction rules. Members of VAR in a proof term correspond to

undischarged assumptions in an £ derivation.

Definition 3.2 (Directed Lambda terms) Let Let ¢, ¢ be meta variables that range
over terms and x a meta variable that ranges over variables from VAR. The set Terms
1s the smallest set s.t.:

e Lex VAR, VARC Terms

o If 9(or), Vo € Terms, then (¢(v))-, ([V]p), € Terms (right/left application)
—

o Ifr, € VAR, p, € Terms, then ( :U.gp)(w),(ix.go)(m) € Terms (right/left ab-

straction)

See definition 4.2.1 for the semantics of directed lambda terms.

We now define sets of free variables and sequences of free variables in directed lambda
terms. Sequences of free variables will be used to classify an important subset of all lambda
terms - the peripherally-linear (PL) terms, which correspond exactly to £ derivations and
which will become especially useful in the sequel.

For two sequences 1) and ¢, we take 1 - @ to denote their concatenation.

Definition 3.3 (Free variables) For every ¢ € Terms, the set Free(y) and the se-

quence Free(v) of free variables are defined as follows:
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e Forx € VARU LexVAR, Free(z) =< x>, Free(z) = {z}

o Free(y(p)) = Free(v) U Free(p), Free(i(p)) = Free(y) - Free(yp)

o Free([pl)) = Free(y) U Free(y), Free([¢l) = Free(p) - Free(i))

. Free(yx.w) = Free(y) —{x}, W(T:p.w) = W(wa)— < x > (removing all

occurrences of x from the sequence)
— _— —_—
o Free( Ax.ap) = Free(v)—{z}, Free( Ax.4p) = Free( Az.a))— < x > (removing all

occurrences of x from the sequence)

In the last two clauses, the abstraction operators X and A bind all free occurrences of
x in ¢ by removing (all occurrences of) x from the set (sequence) of the free variables of
1. Every such occurrence of x is bound. If an occurrence of x is not bound, then we say
that it is free.

Now we define PL terms, a subset of all directed lambda terms that represent Lambek
derivations via the Curry-Howard correspondence. This set of terms plays the same role

as the set of linear terms plays with respect to the non-directional implicational fragment.

Definition 3.4 (PL terms) Let PLTerms be the smallest subset of Terms s.t.:

e Fach subterm of v €PLTerms contains a free occurrence of a wvariable from

VARULex VAR.

o No subterm of v € PLTerms contains more than one free occurrence of a variable

from VAR.

e FEach occurrence of the by (7)—abstmct0'r in 1 e PLTerms binds a variable within

its scope, and this variable is right (left)-peripheral in Free(1).

Definition 3.5 (The set of subterms) Let 1) € PLTerms. The set of subterms of v

(ST(¥)) is defined recursively: for » € VARU Lex VAR ST () = {¢}, for v = p{(¢)
ST(¥) = {} UST(p) UST(¢), for = Xx.¢ ST(¢p) = {¢} U{¢} U ST ().

Definition 3.6 (Substitution) Let « € PLTerms s.t. x, € VAR is in Free(«a). Let
v- be a term s.t. no free variables of v, occur bound in «. Then the term olz/~] is

obtained from a by substituting all occurrences of x by .

Henceforth we use the following notation:
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A variable w, € LexVAR is assigned to a lexical item w of (decorated) type 7.

A variable z, € VAR is assigned to a dischargeable assumption = of type 7.

We use the pattern ¥(¢) for 1)(¢) or [¢]i) and the pattern Az.1) for Tx@/z or ?x@b

A term ¢, s.t. x, € VAR is the rightmost (leftmost) variable in Free(y) is denoted

by ¢Ze (pZ7), both abbreviated to .

Definition 3.7 (Formally equivalent categories and types):
e For any two decorated categories A, B, A is formally equivalent to B, denoted by
A =; B, iff (i) A and B are primitive and A = B or (11) A = (C/*D) (or A =
(C\*D)), B=(C"/*D") (or B= (C'\*D")), C=;C", D= D"
e For any two decorated types 7,0, T is formally equivalent to o, denoted by 7 =¢ o,
iff (i) T and o are primitive and T = o or (i) T = ('), 0 = (017 02), 1 =¢

01, T2 Ef 9.

In words, formally equivalent categories (types) are equal up to their decoration. Note

that the types of formally equivalent categories are also formally equivalent.

Definition 3.8 (L) Let I',T'1, 'y range over finite non-empty sequences of pairs A : 1,
where A is a (decorated) syntactic category and ; a directed lambda term of a (decorated)
type 7. Let 7,71, To, ... range over decorated types. The notation Fy_oc I'> A 1), means

that the sequence I is L-reducible to A : .. The rules of L are as follows :
(axiomy)A: x> Az, for x, € VAR

(axiomq)B : w,> B :w, for w, € LetVAR

FElimination rules:
for B=; B',m =; 1 :

I'io (A/*B) : 1/}(71*72) I'; o B Py (\E) Iy > B': P! [y> (A\*B) : 77b(7'1"‘7'2)
[l A (@ZJ(H*TQ)(%OT{))TQ , Dol A ([@T{]w(n*m))m

(/E)
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Introduction rules:

for I'y not empty, x,, € VAR

Ty, B:ay, Az Bia,, TivA:¢o
(/1) - = rf (\]) — 55—12
Fl > (A/B) : ( A xn.wm )(7172) Fl > (A\B) : ( A Ly - WPry )(7-17-2)

It can be shown by induction on £ derivations, that the class of PL terms corresponds
exactly to proof terms representing £ derivations (see [2] for the case of undirected PL

terms).

Definition 3.9 (Type-Logical Categorial Grammar) A type-logical categorial gram-
mar is a tuple (¥, CAT®, Ay, o), where ¥ is the alphabet, CAT® is the set of primitive
categories, Ay is the target category and o : ¥ — 294T s an assignment of sets of

categories to lexical items.

Standardly, Ay is taken to be s, a category designated for NL sentences. We will refer to

an assignment « as a lexicon.

Definition 3.10 (Language generated by G) Let G = (X, CAT’, B, Ay, @) be a type-
logical categorial grammar s.t. type(Ag)=r. Then the language generated by G is defined

as follows:
LG ={w =wy..w, € ¥* | FA1.. A, A; € a(w;) fori=1..n, and Fp A;.. . ApAg 0.}

where 1, 1s the lambda term encoding the derivation.



Chapter 4

The L£-based Order Calculus

In this chapter we introduce the main part of the system — the £-based Order Calculus
(L-OC). £L-OC manipulates order statements between proof terms (of formally equivalent
types) representing £ derivations of natural language expressions. Thus the formulae of
L-OC are order statements of form ¢, <. ¢ for 7 = 7/. It should be stressed that the
L-OC order statements are purely syntactic units and although lexical semantic markings
are abstracted from standard denotations, there is no direct appeal to models (in contrast
to the works of [9] and [1]). Also, ‘<.’ is treated as a syntactic relation between proof

terms, and not as a partial order relation between their denotations.

4.1 L£-0C

If an order statement ¢, < . 1, is provable in £L-OC we denote this by Fz_oc ©r <;o .
When both Fz_oc ¢r <;o ¥ and Fr_oc ¥r <ro @, for 7 = 7/, we denote this by
l_ﬁfOC Pr =70 wr/-

Definition 4.1.1 (£-OC :)

Forr=;7'=¢7=;7, p=sp =fph

<o O <o Ya
(REFL)— > (TRANS)%z S0 O S0
Qr

STO 07 O STO Yz

!Note that 7° is equal to 7 without any semantic decorations, thus 7° = 7= 7/ =; 7 =; 7 and <,
is compatible with <,, <./, <; and <;. The case for p° is similar.
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(6% < o (5/ (S/ < o (X
(MON+) T =T T (MON ) T —T T
Varp o) Zpe Yztp) (0r) Yi-plar) <pe V-p) ()
< 70)° 7% s (S7~.
(FR) <@ Yy (RMOD) 0
A(r+p) <7A> Spo ’@/}(T’*p’) <57~'> &(TRT') <’Y%> <;o Yz
ot < o A
(Ab)——» =r" T
AZ7. 0" S(rpye AT,

Az.a”, Azt contain at least one free variable from VAR U LexVAR

@ Oz STO ”‘Pr Oz STO 5
T Toeam) (@) < ) = T suemy) @)

Q=1 or Q =y, a, Y, v do not contain free variables from VAR

(C)

0 P <rooar Y S ar

(D2) ) < .

([77] (TP (r7) ) (wT) ([’YT] (rP(77) ) (¢7) Sro Q7
Q=1 or Q= «a, ¥, v do not contain free variables from VAR

(Dl) Q STO

Normalization axioms:

0 0
(Cbgp [yp/’yp’])T =r° (Xyp'(bgp)(m) <'Vp’> (77) w(r*p) =(rp)° (X$7-¢(T*p)<x7>)(7p)

r, € VAR, x, & Free(y)

()

Henceforth, when types are clear from context or are implicitly universally quantified
over, <,. is abbreviated to <.

The Reflexivity and Transitivity rules are general properties of the partial order relation.
The RMOD rule (restrictive modification) is for deriving order statements involving terms

with types marked for restrictivity. For example:
tall(epr ey (Student eyy) < student e

The Upward Monotonicity rule (MON+) derives an order statement between proof terms
Yirto)(@r) and y(r+4)(0), given an order statement o < ¢ between proof terms to which
Y(r+o), the type of which is marked for upward monotonicity, is applied. The Downward

Monotonicity rule (MON-) is symmetric.
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The FR rule handles a situation where we have an order statement between functional
terms oy and d(,), and both v < 4" and »’ < « are provable. It captures the definition
of the pointwise partial order.

C1 and C2 specify Conjunctive items (e.g. and) as greatest lower bounds with respect to
the partial order relation. Similarly, D1 and D2 specify Disjunctive items (e.g. or) as
least upper bounds. Note that these rules and axioms are not allowed to have terms with
free variables from VAR in their conclusion. This limitation prevents the creation of
non-PL terms in £-OC proofs 2. Without it, the following would be a valid £-OC proof

(p,1,v € LexVAR and = € VAR):

v(z) < p(r) ~(r) < (o)
Y(@) < ([p(@)]age ) (@(@))

Cc2

The underlined term is not PL, as it contains more than one occurrence of the free vari-
able r € VAR.

To handle abstraction proof terms in £, we define the rule Ab, which captures discharg-
ing an assumption in a L-derivation. Given a premise ¢ < %, where both ¢; and ¢
represent derivation trees with a rightmost (leftmost) free variable x, the order statement
Az.p1 < Ax.¢py is derived. Note that if z is the only free variable in % or @3, the appli-
cation of Ab is not allowed. It prevents the creation of non-PL terms like Az.z.

The normalization axioms () and () capture (/1 reduction of proof terms. The appli-

cation of these axioms is discussed in detail in chapter 6.

Definition 4.1.2 (Size of £-OC proof) The size n of a L-OC proof P of ag < v is
calculated as follows:

If P is of the form

5 E 5 R, where R is an axiom, then n = 1.

If P is of the form

I VA e VA I AV

1/)1 < 1/)/1 1112 < 7/’5 d)m < ;n
oy < « R
where m > 0 and the sizes of Uy, ..., U,, areny, ..., n,, respectively, thenn =1+ > 7" n;.

2We chose to apply this limitation in order to prevent the system from dealing with order statements
between lambda terms that do not correspond to £ derivations. The assumption that £-OC manipulates
PL terms only makes it easier to define a proof search procedure for £-OC as will be shown in chapter 7.
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4.2 The semantics of £-OC

The semantics of £L-OC is naturally defined using standard models for the extensional
fragment of Montague’s IL [5] and a pointwise definition for a semantic order relation <.
A model M is some (non-empty) domain D.. Any proof term ¢, is associated with a
denotation [¢;] g Telative to a model M and an assignment function g, which assigns to

a variable (of decorated type 7) a, € VAR U LexVAR some element of D, .

Definition 4.2.1 (Denotations of proof terms) Let M be a model and g an assign-
ment function. For a given proof term ., the denotation WT]]M,Q is defined as fol-

lows:
e If, € VARU LeaVAR, then [,],,, = g(t-).
o [fi, = QO(U*T)<¢U>) then [WJT]]M,g = [[@(U*T)]]M’g<[[¢0]]M,g)'
o If 1, = A\1,.0,, then [¥7] 5, is that function h € Dy s.t. for all d € Dy: h(d) =
(7]t gz, where glx := d] is an assignment function similar to g, except that it

assigns dy to .

Definition 4.2.2 (Semantics of order statements) Let 1, po be terms of (decorated)
type T and g an assignment function. Then: (i)M, gl= o1 <, @2 iff [[%]]M,g <, [[gag]]Mg

(1)) M =1 <; 2 iff¥g: Mgl o1 <; @2
Lemma 4.2.1 (Strong soundness of L-OC ) Let o, be terms.
Fe-oc ar <r vy = VMg [[aT]]M,g <: [[%]]M,g

Proof: by showing that £-OC rules and axioms are strongly sound, that is if the premise
order statements of £-OC rules are satisfied for every model, then so is the conclusion
order statement. Let us show the proof for the rules MON+ and Ab and for the axiom
5:

e MON+: Assume that for every model M

(x) M |= ar <r e
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We have to show that every model M satisfies the order statement (-+q) () <,
¢(T+o) ('77')'

Y(r+o) denotes an upward monotone function, so that

Vdy,dy s.t. dy <. dy € Dy, Vg : [¢],,(d1) <o [¥],,(d2)
From (*) follows
vg: [[Oz]]th S [[r)/jl]M,g

Then

Vg : [W(O‘)]]M,g = [W]]M,g([[a]]M,g) <¢ H¢HM,9<H7HM,9) = [W(’Y)HM,g

It follows that every model M satisfies the order statement 1;+,)(tr) <o V(rto) (V7).
e Ab: Assume that for every model M: M |= oZs < 677.
Then, by definition 4.2.2: (xx)Vg : [a™],  <; [6*],,,- The denotation of

Az,.0% is defined as follows:

v.ga Vd € DU : [[)\xa]]M,g<d) = [[a]]M,g[x::d]
By (*x*), we have:

Vd € D<T7 vg [[&]]M,g[x:Zd} <r Hé]]M,g[x::d] = [[X'ra]]M,g(d) <r [[X‘xé]]M,g(Co

Then by definition 2.1.6:

Vg : [[X:E.ozﬂMy <(or) [[Xx.é]]Mg

It follows that every model M satisfies the order statement Az,.c, <(or) pY -

e (3: If a term «, [-reduces to o, then

VMMq : [[aT]]M,g = [[a;']]M,g

e Similarly for 7.
For the other rules, the soundness proof of [4] can be easily adapted to their soundness in

our formulation.



Chapter 5

L-0OC as an inference system for

natural language

We now illustrate how £-OC can be used for deriving inferences in natural language.
First of all, we introduce a toy lexicon which is used for defining a small fragment of
English. Then we define a way to represent natural language assertions as £-OC order
statements. In addition, we extend the every postulate introduced by [4] in order to
expand the range of inferences derived by the system. We also introduce some complex
non-logical axioms. Finally, we present examples of deriving inferences with sentences
involving relative clauses and pied piping, as well as inferences using the extended every

postulate.

5.1 The lexicon

An important part of a type-logical categorial grammar used to define the language gen-

erated by it is the lexicon, or an assignment o : ¥ — 2CAT_ In table 5.1 we introduce

a toy lexicon for a fragment of English, including the decorated types assigned to the

syntactic categories.

We use W7 — a fictitious word, which is assigned a proof term w] € LexVAR, to rep-

resent a natural language assertion S (indicative sentence) as the £-OC order statement
T

wl'<; 7, where 92 is a proof term representing L-derivation of S and w{ is the proof

term, the denotation of which is defined to be the truth value true.



32

‘Word Category Type

wT s t

every ((s/ (3\np))/ =), ((\* (s/mp))/ ) | ((et)™ ((et) 1))

no ((s/~ (\np))/~n)s ((s\~ (s/mp))/ ) | ((et)~((et) 1))

some (s/+(s\np))/F ), (\F(s/mp) /) | ((ed)* ((et) 1)

student,boy n (et)

walk,walked,smile, smiled, move, moved | (s\np) (et)

touched, loved ((s\np)/np) (e(et))

tall, nice, smart, intelligent,creative (n/"n) (et)E(et)

Mary,John (/T (s\np)), (s\ " (s/np)) ((et)*e)

does ((s\np)/* (s\np)) (et)* (et)

doesn’t ((s\np)/~ (s\np)) (et)~ (et)

whom ((n\n)/€ (s/np)) (et) ((et)(et))

and ((s\8)/5), (((s\np)\C (s\np))/(s\np)) | (t€(t1)), ((et)€ ((et)(et))),
((et)t) (((et)t) ((et)t))

Table 5.1: The lexicon

5.2 Natural Logic inferences

In general, we represent Natural Logic inferences in £-OC as follows.

Definition 5.2.1 (Fyar0) Let G be some categorial grammar and S, S, ..., S, € L[G].
Let af,afl,...,af” be proof terms representing L-derivation trees of S,Si,...,S, resp.
Then Sl, ceey Sn l_NatLog S ZﬁC l_ﬁfOC th < Oéfl, ey l_ﬁfOC th < Oéf" z'mplz'es l_ﬁfOC th <

s
ay.

Note that in order to prove Si Fyqtrog S2, it is enough to show F._oc a1 < as, where
a1, g are proof terms representing derivations of Sy, S5 resp., and the rest follows from
transitivity. We do so in all the following examples to shorten the presentation.

It is also important to note that one of the sentences S;, .S, may have more than one
semantic reading. As a result there may be more then one normal £ derivation of the
ambiguous sentence. Furthermore, suppose that ot and o' are proof terms representing
different normal derivations of S; and o2 and g, - proof terms representing different
normal derivations of Sy. It is possible that ot F._pc 2, but o/t f,_pca’”?. In this

case S1 FNatrog S2 means that there ezist such proof terms o' and o”*? representing

nS1 1S5

Fr_oc « We resort to this existentially

derivations of S; and Sy resp., that «
quantified interpretation of ' Fy;;,, in order not to complicate further the notation by
introducing notations for readings of natural language sentences. The latter, though more

complicated, would yield a more accurate interpretation. This subject is further discussed

in section 6.2.
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Input: Sentences S,S1,...,5n ‘:> Find £ proof terms ¢, fl,...7¢f" for S,S1,...,5, | =

’ Prove F;_oc w? <45 from Fz_oc wl <451, . e oo wT < ¢Sn

Figure 5.1: Deriving Si, ..., Sn Fnatrog S in the system

As a summary, we present the process of deriving S, ..., S, Fatrog S in fig. 5.1 (assuming

for simplicity of presentation that S, ..., S, are not ambiguous).

5.3 Non-logical axioms and the ‘every’ postulate

Non-logical axioms are order statements that reflect our assumptions on the denotations
of natural language expressions. For example, in models that we consider, a student is
also a person, and a walking object is a moving object. We can go further and claim that
in the relevant models a creative intelligent X is a smart X.

Here we postulate some non-logical axioms of £-OC useful in examples of £L-OC proofs

introduced below.

0 0 0
a
walked ey < moved ey walkey < move ey kissed ey < touched ey 3
@ ay = @ as
student ey < person (e A T (et . CTEALTVE (1) B (et)) (INEELlIGENT (1) B (et)) (T(er))) < STATE (1) R (et)
0 a6

Txe.passionately((et)zz(et))(ZOUGS(e(et))(ace)) < adores (et

Note that one of the important advantages of our L-based system (as opposed to [4]’s
AB-based system) is the ability to define such complex non-logical axioms as a5 and ag.
For example, one of the terms involved in as is a composition of two functional terms
creative (e rieryy and intelligent e r (), which could not be derived in the less powerful
AB calculus. Hence, moving to £ enriches the variety of non-logical axioms of the inference
system.

In addition, it allows us to extend the ad hoc postulate that [4] defines for the determiner

‘every’. According to it, the determiner ‘every’ induces an order statement between its



34

two arguments. For example, from the order statement
w? < (€veryiep - ((eny+e) (student)) (smiled)

the order statement student( ) < smiled ) is induced. However, [4] cannot handle a
similar case when ‘every’ is in an object position. For example, the fact that the order
statement

_
(*) studentiery < Axe.(Mary eyt (kissede(ery)(e)))

should be induced from the proof term
H .
[Aze-Mary ey +e) (Kissede(ety) (Te) ) (€VEry (op— (et +e) (Student cry))

cannot be accounted for by [4]. We define the generalized postulate for ‘every’ as follows:

wi < (everyen-(en+n (Qen)) (Ver)
Alet) < V(et)

(ev)

An example of using the ev postulate for deriving inferences is shown in the following

section.

5.4 Examples of £L-OC derivations

In this section we show examples of £-OC derivations of inferences involving sentences
with relative clauses and pied piping, as well as inferences using the extended ‘every’
postulate. Before each £-OC proof, full £ derivations of some of the sentences are shown.
In fig. 5.2 we show a full £ derivation of the sentence Every student whom Mary kissed
smiled. In fig. 5.3 we see a £L-OC derivation of Every student whom Mary touched smiled
- NatLogEVery student whom Mary kissed smiled. In this derivation an instance of Ab (note
that the Order Calculus of [4] does not have this inference rule) is used to discharge the
assumption ..

In fig. 5.4 a full £ derivation of the sentence Some boy the brother of whom Mary loves
walked (involving pied piping) is given. In fig. 5.5 we show a L£-OC derivation of the
inference Some boy, the brother of whom Mary loves, walked - pq1.00S0me boy walked. Note
that since there does not exist an AB derivation for Mary loves, the system of [4] cannot

derive inferences of this kind.
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In fig. 5.6. we give a full £ derivation of the sentence Mary kissed every student. In fig.
5.7 the extended ‘every’ postulate is used to derive the inference Mary kissed every student,
No student whom Mary kissed walked Fyg4t10y No student walked. Recall that the original
‘every’ postulate defined by [4] could not deal with sentences where ‘every’ is in object

position.
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Chapter 6

Exploring properties of £L-OC

6.1 Normalization in £-OC

In this section we focus on normalization! in £-OC . In the first subsection we present
examples of £-OC derivations of inferences using normalization. In the second subsection
we investigate the problematic aspects of non-normalized proof terms and show how
normalization deals with them. In the third subsection we propose an alternative for
normalization — the method of dynamic marking and discuss the relation between these

methods.

6.1.1 FEzxzamples of using the normalization axioms

In fig. 6.1 and 6.2 we show examples of inferences that could not be proven in £-OC
without the normalization axioms. Instances of the Reflexivity rule are omitted.

In fig. 6.1 p-normalization is used to prove the order statement
[adores]and(T:U.passionately(loves(a:)) < loves.

In fig. 6.2 S-normalization is used to normalize the non-NF proof term

Tx.creative(mtelligent(m))(boy) (for the goal order statement).

Normalization in £-OC was initially proposed in [13].
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6.1.2 Why is normalization needed?

In this subsection we would like to show why the emergence of proof terms which are
not in normal form (NF) in £-OC poses a problem. First of all, let us demonstrate how

non-NF proof terms emerge in £-OC . Consider the following examples.

0
— — ,
[ AT (ety-JORN () 1) (dOCS (et)+ (o)) (T (er)))]and ((eyi)e (((etyt)((etyt)) (A Yer)-Mary(doesn/t ()~ (et)) (¥)))

< Ty.Mary(doesn’t (Y(er)))

FR

[X)x.John (does (x))]and(?y.Mary(doesn’t (v)))(walkeyy)

< Ty.Mary(doesn't (v))(walkcy))

The term X}y.Mary(doesn’t(y))(walk‘) is not in NF and it -reduces to

Mary(doesn't(walk)).

A T (ep)-CTeative (ep)r (ery) (intelligent ((cpr (o) (T(er))) < SMAT (et (et))
FR

Nz.creative (intelligent(x))(boy(ery) < smart(boy(er))

The term Tx.creative(intelligent(m))(boy) is not in NF and it -reduces to

creative(intelligent(boy)).

[

(T(ery)) < tall(eyr(et) (T(er))
— Ab
(T(ery)) < Axtalliepyrer)(T(er))

RMOD
happy(es)a ety (tall ey r (er)

=
A @.happy(eryr ety (talleryr et

The term Tx.tall(x) is not in NF and it n-reduces to tall.

We see two main problematic aspects in the emergence of non-normalized proof terms
in £-OC . The first problem is abstraction terms with unmarked semantic types. Basing
the system on £ allows us to derive order statements that involve complex functional
terms that do not originate from the lexicon, e.g. composition of terms. In AB, in
contrast to L, the creation of functional terms (that do not originate from the lexicon)
is impossible due to the lack of introduction rules. In £-OC new functional terms, that
are created via abstraction during parsing, can be applied as functions to other terms,
creating non-NF terms. Some of the abstraction terms may denote monotone (restrictive,
etc.) functions, but their types are not respectively marked. However, it is desirable to
derive inferences based on the semantic properties of the denotations of the abstraction

é
terms. For instance, consider the abstraction term p = X 2.9+ ) (@(r+4)(2)), which is a
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composition of the terms ¢ and 1. Since their types are marked for upward monotonicity,

the denotation of their composition also is an upward monotone function. Thus, given
Fe—oc V- <. 6;, we expect L-OC to derive (wa@(:v)))(’y) <, (wa@(x)))(é) But
the type of Tx@/}(gb(x)) is not marked for monotonicity, thus we cannot use the MON+
rule (or any other £-OC rules) directly.

A more concrete example is the following valid inference: John does and Mary doesn’t move
FNatLog Mary doesn't walk, using the non-logical axiom (as) walk < move. Note that the

type of doesn't((cs)-(er)) is marked for downward monotonicity. Also, by using C1 and FR:
— —
Fr—oc [ A z.John(does(z))]and( X y.Mary(doesn't(y)))(move) <

X)y.Mary(doesn't(y)) (move)

However, since the type of X)y.M ary(doesn’t(y)) is not marked for downward monotonic-
ity, without normalizing we cannot use the non-logical axiom as in any way. On the other
hand, by using MON and FR: F,_oc Mary(doesn't(move)) < Mary(doesn't(walk)). Thus
we conclude that establishing a connection between two (n-equivalent terms is needed in
L-0C 2,

Effectiveness considerations are another problematic aspect of non-NF terms in £-OC .
Recall the general structure of our system (summarized in fig. 5.1). One of its integral
parts is finding L-derivations for the goal sentences. However, finding a non-normalized
derivation of some NL expression is problematic due to the lack of the sub-formula prop-
erty in non-normalized derivations, which in its turn creates an infinite proof search space.
Therefore, any realistic £ parser searches for normal form derivations only. Thus for the
purpose of implementation, we are led to the need to express the relation between non-NF
terms representing £ derivations of the goal sentences and their normal form equivalents.
Before demonstrating the effect of normalization, we would like to propose L-OCFRAb _
a simplified reformulation of £-OC | in which normalization is applied to the conclusions
of FR and Ab rules only. The advantage of such a reformulation is simpler proofs: we
will show that a £-OC proof using normalization axioms (and thus necessarily containing
(CFR,AD

non-NF proof terms) can be rewritten in £-O using NF proof terms only. We will

2In subsection 6.1.3 an alternative solution of the mentioned problem, using Dynamic marking of
abstraction terms is presented.
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also discuss the equivalence between L-OCFRAD and £-0C .
L-OCFRAD g gimilar to £-OC , except that (8) and (n) are not explicitly among its
axioms. Instead additional inference rules — FR and Ab implicitly encapsulate f— and

n—normalization:

Vo \/

P < S =49 7y <"

A~ ~

o)
norm(4(0)) < norm(6(8)) TR | |ab(y7) < ab(67) ™

WY or ¢ isan abstraction term, yor§ isof formy(x).

§*lz/y] for ¢ = Aw.0"(v) — § for ¢" =6(z), € VAR
norm(p) = { . ab(p”) ={ _ .
» Otherwise Ax.p® Otherwise

In order to recover the terms 1, § from norm (¢ (9)), we define rightmost (leftmost) terms

and anti-substitution.

Definition 6.1.1 (RM (rightmost) subterms) Let ¢ be a term and o € LexVAR U
VAR s.t. « is right-peripheral in Free(v). The set RM(v) = {p | ¢ € ST(¥), a €

ST(p)}-

The leftmost subterms are defined symmetrically.

Definition 6.1.2 (Anti-substitution) For terms ¢, ¢, s.t (i) v, € ST(;) and (i)
no variable z € Free(p,) N VAR is bound in v, (¥, < x,/p, >) is the term obtained

from 1. by replacing (an occurrence of ) its subterm ¢, by some variable x, € VAR s.t.

x, & Free(¢,).

Note that for any® 6 € RM (1), norm((?m.w L xz/d>)(5)) = .
The following statements proven below show in what sense £-OC and L-OCFRAD a6
equivalent: (i) Fypc o <+ = F e ocrran @ < 7y for o,y the NF of o, resp., (ii)

F e ocrran @ <y = oo a <.

3There can be more than one such §.
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Lemma 6.1.1 Let the order statement 1" < ¢' have a L-OC proof Q). Then there exists

a L-OCFRAb proof ' of 1 < ¢ s.t. ¥, ¢ are the NF of ¢/, ¢' resp. and Q) contains NF

terms only.

Proof: By induction on the structure of 2. Let coor

If © is one of the axioms:

OIP" = §( /D (77y) for some term 4.

0 0
o O=ly—a<a=¢ " Then Q' = for a NF of /.
0
o O=la n,(W)<u MO Since the type of ais marked for restrictivity, « € LexVAR.
Thus Q' = ar () S p FMOP T for u NF of p'.
0
® | [o/] coor®/P (y') <o /y !
0
Then € = |a] coor®? (7) <a/y | for a,v NF of o/, 7 resp.
e Similarly for D1.
0 B S REFL
o | dzwe(y)y=v[z/y] | Then Q' = |v*[z/4] = v°[z/] for ¢)*, v NF of ¢'*,~ resp.
e Similarly for 7.
If € is of form:
NV R,
b<u b <ug TR
v < Y, "

then R is one of the following rules:

e R =TRANS. By the induction hypothesis, there exist L-OCFRAD proofs W, of

¢; < ¢l for 1 < i < n, (where ¢;, ¢, are NF of 1);, 1! resp.), which contain NF terms

only. Thus 2 =

o R = (C2. Then (2 is of form

vy ... U,
¢1§¢n

T

RANS

vy N/

Y <

V

P <y

Cc2

¢ < ([y] coor® )(5") . By the induction

hypothesis, there exist L-OCFRAb proofs Wy, U, of the order statements ¢ < v and

Y < resp., s.t. ¥,7,d are NF of ¢',+/, 6" resp. and ¥y, ¥y contain NF terms only.

Uy

V

P <v

Wy

V

P <6

Then QY'=

a < ([7] coor®

)(9)




e R = D2/MON. The proof is similar to the previous case.

\I,l

\/

M/z S (,0’1

o R =Ab. Then Q is of form | Xz.u/® < Xz.p®

Ab
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. By the induction hypothesis, there

exists a L-OCFRAD proof W of p? < ¢ s.t. p®, " are NF of 1%, ¢/ resp. which

contains NF terms only. If none of the terms p”, ¢® is of form ((z), then Q' =

v N
ur <ot e < o
- = Ab . —— e S
Az.p® < Az.p® . Otherwise Q) = ab(p®) < ab(p®) Ab
vy v vy v
< 8=
e R = FR. Then  is of form 1 (6" < o' (7'

FR

. By the induction

hypothesis, there exist L-OCFRAD proofs Wy, Wy of 4 < ¢ and § = v s.t. wu, 9,0,

are NF of 1/, ©', &', resp. which contains NF terms only. If none of the terms u, @

is an abstraction term, then Q' =

v, Uy
Bl d=v
n(8) < (V)

" Otherwise

VARV,
< 0= |
= norm(u(8)) < norm(e(v)) L

Lemma 6.1.2 Let the order statement o < v have a L-OCFRAb proof ). Then there

exists a L-OC proof Q' of a <.

Proof sketch: We show the construction of a £-OC proof ' of a < ~ from Q by

elimination of FR and Ab . If Q does not contain any instances of FR and Ab then it

is already a L£-OC proof of a < 7. Otherwise suppose ) contains an instance of FR

ViV

P < s=d

rorm((0)) < morm(p(0)) | where w.lo.g. ¥ = Tm.(y, norm((0)) = ¢

—
xX

[z/d] and
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norm(p(6')) = ¢(d8'). Then we can replace it by the following £-OC proof:

V V

Tm.cj? <o §=4¢'

0 8
(% [2/8] = Na.(7 (9) Na.C (5) < (&)
norm((8)) = (7 [2/6] < @(8') = norm(i2(8"))

FR

TRANS)

Now suppose €2 contains an instance of Ab : | @w?) < ab(e7) " | where w.l.o.g. w? =

v(x). Then we can replace it by the following £-OC proof:

V

(@) <

0

— n —

v = Azy(x) Azy(z) <
WBWT) =7 < Nay® =ab(p®)

In this way we can eliminate all instances of FR and Ab in Q to obtain a valid £-OC
proof €.
To sum up, the relation between £-OC and L-OCFRAb g the following:
o £-OC and L-OCFRAP 16 equivalent w.r.t. order statements with NF proof terms.
That is, for all NF proof terms ¢ and ¢, Fz_oc ¥ < @ iff b, 5orra ¥ < .
e Proof-theoretically, £-OCFRAP ig weaker than £-OC . For example, for any proof

term ;)

Feooc ¥ = Aer Yoy (27)
(*) Fr_ocrrs® = ATr o) (Tr)
In practice, however, we do not lose any semantic information by weakening £-OC | since
for any order statement o/ < 4’ provable in £L-OC , we can prove a semantically equivalent
order statement a <  in £-OCFR-Ab (where a,~y are NF of o/, 7 resp.)
Thus we will use the simpler L-OCFRAD instead of £-OC both for demonstrating the

effect of normalization and for defining a proof search procedure in the following chapter.

Now let us demonstrate how normalization in £-OCFRAP (encapsulated in FR and Ab )
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solves the above mentioned problems of non-NF terms. Consider again the problematic
inference we mentioned above — we show in fig. 6.3 that it is derivable in L-OCFRAD

As for the effectiveness consideration, the goal we specified above is also achieved
by normalization. Recall that we aimed at being able to use NF terms to represent £
derivations of the goal sentences. We have shown that (i) for any order statement s.t.
Feeoc o <+ a L-OCFRAD proof of the (semantically equivalent) order statement o < =y
s.t. a,y are NF of o/, resp. can be constructed, and (ii) for each such L-OCFR.Ab proof,

an equivalent £-OC proof exists. Thus for any o', so that F,_oc o’ < 4/ there exists a

L-OC proof of a <, s.t. a,y are NF of o/,+' resp.

6.1.3 Dynamic marking: an alternative?

An alternative remedy to the problem of unmarked abstraction terms mentioned in the
previous section would naturally be marking their types. We propose a method of marking
the types of abstraction terms for monotonicity (it can also be extended to other semantic
features as well), henceforth referred to as dynamic marking *. To implement dynamic

marking we use the notion of polarity introduced by [11] and used by [9] and [1].

Definition 6.1.3 (Polarity of occurrences) Given a term v and a subterm ¢ of 1,
a specified occurrence of ¢ in 1 is called positive (negative) according to the following

clauses:
1. ¢ is positive in ¢.

2. If ¥ = afvy) then:

e ¢ is positive (negative) in 1 if ¢ is positive (negative) in c.

e ¢ is positive (negative) in Y if ¢ is positive (negative) in vy and o denotes an
upward monotone function.

e ¢ is negative (positive) in 1 if ¢ is positive (negative) in vy and « denotes a

downward monotone function.

3. If v = Aw.pu then ¢ is positive (negative) in v if ¢ is positive (negative) in fu.

4The method of dynamic marking was initially proposed in [6]
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Fact 6.1.1 (/11]) If x is positive (negative) in ¢ then A\x.¢ denotes an upward (downward)

monotone function.

The dynamic marking is performed by DDL — an extended version of L. Instead of PL
lambda terms, DDL uses extended PL (EPL) terms, where each free variable occurrence
is assigned a polarity marking IT € Pol = {®,©,null}, which is an abstraction of its

actual polarity: @, ©, null mark positive, negative and undefined polarity resp.

Definition 6.1.4 (Extended PL terms) Let Il be a meta variable that ranges over the
values from Pol = {®, O, null}. Let VARY = {I1 € Pol} and LexVAR" = {w! | w, €
LexVAR, 11 € Pol}. Let U, ® be meta variables that range over members of the set
EPLTerms and x a meta variable that ranges over members of the set VARY. The set

EPLTerms is the smallest set s.t.:
e LexVAR" VAR"C EPLTerms
o If D(y+r), ¥, € EPLTerms, then (®(¥)),, ([¥]®), € EPLTerms

o Ifr,c VAR, ®, € EPLTerms, then (Tx.q))(m), (7x.¢)(p7) € EPLTerms

The set of free variables (with an assigned polarity marking) Free(V) for U € EPLTerms

is defined standardly.

Definition 6.1.5 (IlI-strip) For V € EPLTerms, its ll-strip PL term Ilstrip(¥) is
defined as follows:

Mstrip(a™) = a, for a € LexVARU VAR

[strip(®(A)) = Istrip(®)(Istrip(A))

[strip(Az.®) = Az Ilstrip(®)

In words, [Istrip(¥) is the term obtained from ¥ by deleting the polarity marking of all
of its free variables.

Next, we define the functions Flip : EPLTerms — EPLTerms and Anull : EPLTerms —
EPLTerms. Flip(¥) is the (EPL) term obtained from W by swapping the polarity mark-

ing of the free variables in ¥ as follows: ‘&’ to ‘@’, ‘@’ to ‘&, ‘null’ to ‘null’. Anull(¥) is
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the (EPL) term obtained from W by setting the polarity marking of all the free variables
in ¥ to ‘null’.
We also define the function Pol2Feat : Pol — 2F¢ that decorates the type of abstraction

terms according to the polarity marking of the discharged assumption:
Pol2Feat(®) = {+}, Pol2Feat(©) = {—}, Pol2Feat(null) =)

Definition 6.1.6 (DDL) Let I',T';,T's range over finite non-empty sequences of pairs
A U, where A; is a syntactic category and ¥ € EPLTerms. Let 7,71, T range over
decorated types. The notation I'> A : W means that the sequence I is DDL-reducible to
A V.. The rules of DDL are as follows :

(axiom)A:2P> A: 2% for x € VAR"

(aziomy)B : w™" > B : w™" for w € LexVAR"

T

Flimination rules:
— !
for =51

(/ )Fl > (A/B) : \D(ﬁ*m) 'y B (I)T{ ( i )Fg >B: Pr I'e (A\B) : \11(71—7_2)
T At (Vi (Flip(®r)))ry T e A ([Flip(@)]¥ (- )y

T1TT2)

Fl > (A/B) : \11(7-1+7-2) Fg > B (I)T{ Fg > B (I)T{ Fl > (A\B) : \I’(Tl+7-2)
(/Es) [ Dhp A (U P o (\Fe) Dol A ([@,]F
oA ( (TﬁTg)( 7—{))72 2l > AL ([ T{] (Tﬁm))m

E Fl > (A/B) : \I;(TIFTQ) FQ > B (IDT{ £ FQ > B (I)T{ Fl > (A\B) : \IJ(TIFTQ)
VE) T, o A (e (i@ ), M Tl 5 A (Anall (@) [ W0,

ForF #{+} and F # {-}:

Introduction rules:

Fl,B:xElDA:\IJTQ D) B::L‘El, oAU,

(/1) = =
I'ie (A/B) : ( A .fCTl.\I]T2)(T1Pol2F‘eat(H)7_2) I'ipo (A\B) : ( A 377—1.\:[]7-2)(7_1}3012Feat(1'[)7_2)

for T'y not empty, z, € VAR!
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Since variables from LexVAR are never abstracted, their polarity marking is not needed
and is explicitly set to null. The Elimination rules update the polarity marking of the free
variables of the argument term. The Introduction rules mark the type of the dynamically
created functional term according to the polarity marking of the abstracted variable cor-
responding to the discharged assumption.

It is important to note the difference between the actual polarity of an occurrence of
x € VAR and its abstraction that is marked by DDL. The actual polarity depends on
the denotations of the applied functional terms, while the (abstracted) polarity marked
by DDL depends on the marking of the types of the terms, which is an abstraction of
these denotations.

The rules of the Order Calculus that is based on DDL (DDL-OC ) are similar to the
rules of £-OC except for the fact that £-OC manipulates order statements between PL
terms, while the order statements manipulated by DDL-OC are between EPL terms.

For example, consider the derivation of the following inference in DDL-OC :
Mary does move and John doesn’t move Fxq41.04 John doesn’t walk

First, let us show how the type of the term Ty.J ohn(doesn’t(y)) is dynamically marked
for downward monotonicity during the parsing of John doesn't in DDL (to shorten the

presentation, we use only the proof terms and specify only the polarity of the assumption

y):

yﬁit) > yit) = dOesn/t(et)*(et)(ygt)) = JOhn((et)*t)(doesn/t(et)*(et)(y(eet)))

—_
= | (A y.John e+ (doesn't (cr)- (et (y(eet))))((et)ft)

Next, using the non-logical axiom walk < mowve, the following order statement can be

proven in DDL-OC:
— —
Fope-oc [ A x.Mary(does(z))]and( X y.John(doesn't(y))) (e - (er) (Move) <

yy.John(doesn’t(y))(et)f (et) (walk)

Now we investigate the relation between £-OC and DDL-OC and show that DDL-OC is

weaker than £-OC , that is:
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1. I—Dpﬁ_oc y<o = "5_00 HStT?:p(\I/) < HStT’ip((P)
2. l_E_OC Hstrip(\lf) S HStTip(@) /5> }_DDL—OC v S 0]

Lemma 6.1.3 Let ¥V € EPLTerms s.t. z, € Free(Ilstrip(V)) and = is marked for
positive (negative) polarity in V. Then bFr_oc 7 <o 6 (Fr_oc § <o 7v) implies Fr_oc

strip(W)[z/~] <, strip(V)[x/d].

Proof: by induction on the complexity of . We prove only for the positive polarity
case; the proof for negative polarity is symmetric.
o U =% Then IIstrip(V) =z and F,z_oc v <, 0 implies Fr_oc x[z/v] <, z[z/d].
o U =0r,(A¢). Then z, € Free(llstrip(©)) or x € Free(Ilstrip(A)).

o € ST(Ilstrip(©)). If z is assigned positive polarity in W, then x is marked
for positive polarity also in ©. By the induction hypothesis, F,_oc v <,
implies Fz_oc Hstrip(©)[x/v] <, strip(©)[xz/d]. By applying the FR
rule, we can prove

Fe—oc (Ustrip(©)[z/+])(Ustrip(A)) <, (Hstrip(©)[xz/d])(Ilstrip(A))
Hstrip(©(A)) (/] strip(©(A))[z/9]

o v € Free(Ilstrip(A)). If x is marked for positive polarity in ¥, then (i)
either ‘4’€ F' (the type of © is marked for upward monotonicity) and x is
marked for positive polarity in A or (ii) -’€ F' (the type of © is marked for
downward monotonicity) and z is marked for negative polarity in A. Suppose
w.l.o.g. that (i) holds. By the induction hypothesis, F._oc v <, J implies
Fe—oc Wstrip(A)[x /] <¢ Ustrip(A)[z/6]. By applying MON+ rule, we can

prove

Fr_oc \(Hstrip(@hwm)(Hstrip(A)C[a:/fy]) <, SHstrip( ) C+p)(Hstmp( )[x/é]l

Hstmp(®( IET [strip(© (A)) [z/4]

o U = XyC@, y # x. Since x is marked for positive polarity in W, then it is marked
for positive polarity in ®. By the induction hypothesis, F._oc v <, 0 implies

Fe—oc strip(®)[z/v] <, Lstrip(®)[z/d]. By applying the Ab rule, we can prove

Fe-oc Mstrip(hy.@)[x/v] <(¢p) Mstrip(Ay.@)[z/d]
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Lemma 6.1.4 Let V,® €¢ EPLTerms. Then
Fopr—oc ¥ <; @ = Fr_oc Ustrip(V) <, [strip(®)

Proof: By showing the construction of a £-OC proof Qy of [lstrip(¥) <, IIstrip(®) from
a DDL-OC proof P, of ¥ <. .

If the proof contains no MON rule applications based on dynamic marking of types of
abstraction terms, then {2, is the proof obtained by replacing all EPL terms in €2; by their
mirrors.

Otherwise we delete all monotonicity marking from the types of abstraction terms in €.

Now we have invalid instances of the MON rule, which are w.l.o.g. of form

SR,
[Istrip(©) <, Mstrip(A)
Az, Hstrip(V)) ) (strip(0,)) <, Az Istrip(V)) ) (strip(A,)) e (1)

where the type of Az,.U is not marked for monotonicity. We choose the innermost invalid
MON instance, that is such that does not have invalid MON instances in 2. Let us note
the following facts. First, due to its being the innermost non-valid instance of MON, Q
is a valid £-OC proof of the order statement IIstrip(©) < Ilstrip(A). Second, since the
type of Az. U is marked for upward monotonicity,  is marked for positive polarity in .
By lemma 6.1.3, Fz_oc Ilstrip(¥) [z /Ilstrip(©)] <(r,) Hstrip(V)[z/Istrip(©)]. Thus we

can replace (1) by the following valid £-OC proof:
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0 5 v 0 E
Az IIstrip(V)(Istrip(©)) IIstrip(¥)[z/A]
=(rp) Ustrip(¥)[z/O)] strip(¥)[z/Mstrip(©)] =(rp) Xx.Hstrip(\I/)(Tp) (ILstrip(A))
Z(rp) Ustrip(¥)[z/strip(A)]

— — TRANS
(AzIstrip(¥)) strip(©)) < (Az.Ilstrip(¥))(Istrip(A))

In this way we can systematically remove all invalid instances of MON, creating a valid
L-OC proof.

Note that the other direction of the above lemma does not hold, that is -z _oc Istrip(¥) <
[strip(®) # Fppr_oc ¥ < ®. Consider, for example the inference Mary adores and pas-
sionately loves John 1.0 Mary loves John, the £-OC derivation of which is shown in fig.
6.1. It is not derivable in the proposed version of DDL-OC.

We have shown that the DDL-based Order Calculus is weaker than the £-based one®.

6.2 Multiple derivations

Basing the system on £ brought about the emergence of non-normalized proof terms in
L-OC , which we discussed in the previous section. Note that [3/n-equivalent proof terms
represent semantically equivalent £ derivations. Now we turn to another case - multiple
derivations of the same sequent which are not necessarily semantically equivalent.

Assigning several derivation trees to a natural language sentence reflects several semantic
readings that the sentence may have, due to reasons like scope ambiguity. For example,

the sentence No man loves some woman has two possible semantic readings:

1. There exists such woman that no man loves. Under this reading, the sentence No

man loves some tall woman entails the sentence No man loves some woman.

2. There is no such man that loves some woman. Under this reading, the sentence No

man loves some woman entails the sentence No man loves some tall woman.

Basing the system on £ allows to capture this kind of scope ambiguity. There are two

possible proof terms representing the derivation of the sentence No man loves some woman:

®Note that integrating restrictivity marking into DDL would not help deriving the above inference in
the DDL-based Order Calculus, since deriving this inference involves n-reduction.
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1. [Tm.(no(man))(loves(w))]some(woman) — corresponds to the first reading. The full

L derivation is shown in fig. 6.4.

2. no(man)(71’.([Ty.[a:]loves(y)]some(woman))) — corresponds to the second read-

ing. The full £ derivation is shown in fig. 6.5.
And indeed, both of the following order statements are derivable in £-OC :

1. [Yy.(no(man))(loves(y))}some(tall(woman)) < [Ty.(no(man))(loves(y))]some(woman)

(shown in fig. 6.6)

2. no(man)(?m.([ [x]loves(y)]some(woman)))

< no(man)(?x.([?y.[x]loves(y)]some(tall(woman)))) (shown in fig. 6.7)
Hence we can derive both of the following Natural Logic inferences:
1. No man loves some tall womankj4:.0No man loves some woman
2. No man loves some womanty4¢1,sNo man loves some tall woman

However, this does not mean that the two sentences are equivalent. We should keep in

mind that each case refers to a different semantic reading of the sentence.
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Chapter 7

The Proof Search Procedure

7.1 Description of the algorithm

Below we present a proof search procedure for L-OCFRAD , which we have proven to be
equivalent to £L-OC w.r.t. order statements with NF terms. The procedure is a variation
on a proposal by [4]. It is a recursive function derive(«y, o, Goals) which, given a (pos-
sibly empty) finite set A = {[ a;,a} ] | 1 < i < n} of non-logical axioms, searches for a
L-OCFRAb proof of a given goal order statement in a top-down manner, attempting to
generate simpler subgoals and prove them recursively. In order to prevent the algorithm
from diverging, we use the Goals parameter, which keeps track of all the pairs of terms
that appear as arguments of derive.

The proposed algorithm can be used for proving an inference S, ..., Sy, Fnatnog S (15 ..o, Sm, S

are natural language indicative sentences) as follows!:

1. the terms 1}, ...,9™ 1, representing (NF) L derivations of Sy, ..., S, S resp., are

obtained by the L parser.

2. the order statements th < ng for 1 < i < m are added to the set of the non-logical

axioms.

3. derive(w, vy, 0) is called.

'If at least one of the sentences Si,...,S,, is ambiguous, these stages should be repeated for every
combination of the corresponding proof terms.
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Let us observe the following fact about the axioms C1 and RMOD. Given the left hand
term 1); in the conclusion v; < 9, of these axioms, the term 1, can be defined as a function
of ¢y, denoted by fo1,, fe1,, and fryop,. Similarly we define the functions fpi, fpy;-
In C2, the premises can be expressed as a function of the conclusion: ¢, < foo1(¢)y)
and 1, < feoo(1,). Based on this observation, we define the following (not necessarily
disjoint) classes of L-OCFRAb pyles and axioms: (i) R-PROD — where the righthand term
1, in the derived order statement v, < 1), is a function of the lefthand term v;: REFL,
RMOD, C1 and D2, (ii) L-PROD — (the symmetric case): REFL, C2 and D1, (iii) STR —
rules in which v, is a replacement of a subterm of ¢;: FR, MON; (iv) NL — the non-logical
axioms.
The derive and subderive functions are given below?. Recall that the algorithm has an
implicit parameter A = {[ a;,a} | |1 < i < n} — the set of the non-logical axioms. We
denote by a € MON T (o« € MON |) a case of a term o+, (o(--p)), and abbreviate
a € MON T Va € MON | by a € MON. We refer to a term (¢, as coor® and
t0 Y (;0(rr)) — as coor” .
derive(ag, a, Goals) =

1. If [ ag, @ | € Goals then return false.

2. Goals' — Goals U{[ ag, ]}

3. If subderive(w, o, Goals’) then return true.

4. for each non-logical axiom [ oy, o |: if subderive(ay, a;, Goals’) and derive(a, o, Goals')

then return true.

5. return false.

subderive(ag, o, Goals) =
1. If g = « then return true
2. for each ax € {C1,D1, RMOD}

2.1 If fuz,(ap) is defined and derive(fqs (o), @, Goals) then return true.

2.2 If foz () is defined and derive(ag, foz,(0), Goals) then return true.

3. 3.1 If fpo1(aw) and fpo2(ay) are defined and derive(fpa1(a), o, Goals)

and derive(fp22(a), o, Goals) then return true.

2For abbreviation only the use of the RM set is presented. The LM set is used symmetrically.



64

3.2 If foo1(a) and foo2(a) are defined and derive(ay, foo,1(), Goals)

and derive(wy, fc2,2(0), Goals) then return true.
4. If ag = ¢(¢) and v = () and derive(o,~, Goals)

4.1 If € MON 1 or v € MON 1 and derive(v, §, Goals) return true.
4.2 If € MON | or v € MON | and derive(d, ¥, Goals) return true.

4.3 If () € MON | and v € MON 1) or (¢ € MON | and v € MON |) return

true.

4.4 If derive(¢), , Goals) and derive(d, 1), Goals) return true.

5. If 36, € RM (o) and 3. € RM () s.t. derive(d, ', Goals) and derive(d', d, Goals), then
for each such (9, d’):

5.1 for each ax € {C1,D1,RMOD}:

5.1.1 If ap = ¢(6) and foz, (1) is defined and derive(norm( for(1)(0)), a, Goals)
then return true.
5.1.2 If « = ¢(¢') and fuz,1(¢) is defined and derive(ag, mormi( foq,1(¢) (")), Goals)

then return true.

5.2 If ag = (9) and fp2,1(v) and fp22(¢)) are defined and derive(norm(fp2,1(¥)()), o, Goals)

and derive(orm(fp22(¢)(d)), o, Goals) then return true.

5.3 Ifa =(¢') and feo1(¢) and feoo2(1)) are defined and derive(ag, norm( fco,1(¢)(0")), Goals)
and derive(ag, norm( foo,2(10)(0")), Goals) then return true.
5.4 For each two non-logical axioms [ o, o} | and [ aj,a |:
5.4.1 If norm(a;(d)) = ap and norm(a;(d’)) = a and derive(a;, o, Goals) then
return true.

5.4.2 If norm(o;(6)) = ap and a = (0’) and derive(c}, v, Goals) then return

true.

5.4.3 If norm(a;(6')) = a and ag = ¥(5) and derive(y), a;, Goals) then return

true.

6. If ap = A\r.9® and o = Az.¢" and derive(1)%, ¢*, Goals) then return true.
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7. 7.1 If ap = Az, and z & ST(a) and derive(y)*", a(z,), Goals) then return true.

7.2 If a = Az, and z € ST(ag) and derive(ag(z,),*, Goals) then return true.

8. return false.

The algorithm searches for £-OCFRAP proofs of a specific form, which we call the £-
OCFRAY canonic proofs. Let R be the regular language NL* R-PROD* ( (STR | FR)* | Ab

| Ab) L-PROD* (NL* R-PROD* ( (STR | FR)* | Ab | Ab) L-PROD*)* NL*.

Definition 7.1.1 (E-OCFAR’AA'O canonic proof) Let . . 1 < ¢'. Then a canonic

proof of ¢ <) is one of the following structures:

1. A Type 1 canonic proof is

V21 Wo Uy

; ; . ; ; I 7;; N
61 <o, $2 < oh b < &,
w <y "

where (i) R #TRANS , (ii) n € {1,2}, (iii) Vy,...,V,, are canonic proofs.
2. A Type 2 canonic proof is

Uy Wy 2%
’ R / Ra ’ Rn
¢1§¢1 ¢2§¢2 ¢n§¢n
TRANS
v <y’

where (i) n > 2, (ii) Vy,..., Y, are Type 1 canonic proofs, (iii) ¥ = ¢1,¢] =
o, Py = G3,..., P | = ¢n, @l = W', (iv) the string formed by the rules Ry...R,

belongs to the regular language R.

The algorithm attempts to find a canonic proof by first separating it into a number of
canonic subproofs of Type 2 (step 4 in derive), and then by restoring these subproofs
from their terminal terms o, @ (in subderive). The functions we defined for the rules
C1, C2, D1, D2, and RMOD are used to search for shorter subproofs (steps 2 and 3
in subderive). MON, FR, Ab and Ab are also treated straightforwardly (steps 4,6,7 in
subderive). FR rules are treated in two different ways: (a) in steps 5.1-5.3 of subderive
the algorithm tries to construct the righthand/lefthand side of the result of FR from its
lefthand /righthand side, (b) in step 5.4 of subderive the algorithm tries to recover the

premises of FR from its conclusion.
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7.2 Correctness

Below we briefly discuss the correctness of the proposed algorithm. The full proof of
termination and completeness results appear in appendixes A and B resp.

The soundness of the algorithm, that is the fact that any order statement for which the
algorithm returns true has a L-OCFRAD proof, follows quite straightforwardly from its
definition.

Termination is guaranteed by the following facts. First, it can be shown that only a
finite set of terms can appear as arguments in the call tree of the derive function. This
set depends on the subterms of terms that appear in the goal order statement and the
non-logical axioms. Secondly, due to the Goals parameter, any pair of terms can appear
as arguments in the call tree of derive at most once.

As for completeness results, it can be shown that for any order statement that has a

FR-free £-OCFRAb proof, that it is provable by the algorithm. The proof has two stages:

1. Under some limitations on the lexicon and E—OCFR’Ab -derivable order-statements
(defined in appendix B), any order statement that has a FR -free £-OCFRAP proof

has a (FR -free) canonic proof.

2. Any order statement that has a FR-free canonic proof is provable by the algorithm.

The algorithm also finds £-OCFRAP proofs with instances of FR of several forms. In fig.
7.1 we show the call tree of the procedure for the L-OCFRAb proof of the order statement

[Tx.John(does(x))]and(?y.Mary(doesn’t(y)))(move) < Mary(doesn't(walk)) appearing

in fig. 6.3.
To demonstrate why the FR is problematic, consider the following L-OCFRAD proof:
¥ < Az.a(v(8(x))) (=40 Ay.a(v(y)) < ¢ 6(0)=p
FR FR

P(Q) < a(v(5(9))) a(v(6(9))) < ¢(w)

TRANS

¥(Q) < é(w)

The problem is that there is no direct relation between the terms p and ¢ (they are non-
directly related through the term 6(6)), and while attempting to prove the order statement

¥(¢) < ¢(p), the current algorithm has no way of constructing the term a(y(5(0))).
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derive([Ta:.John(does(:p))]and(?y.Mary(doesn’t(y))) (move), Mary(doesn't(walk)), 0)

In step 3 of derive:

subderive( [Taz.John(does(x) )] and(?y.Mary(doesn’t(y)))(move) , Mary(doesn't(walk)), Goals")
(Goals’ ={< [TzAJohn(does(z) )] and(?y.Mary(doesn’t(y))) (move), Mary(doesn't(walk)) >})

In step 5.1.1. of subderive:
fax,r([Tac.John(does(ac))}and(?y.Mary(doesn’t(y)))) = (Ty.Mary(doesn’t(y)))

norm(?y.Mary(doesn’t(y)) (move)) = Mary(doesn't(move))
derive(Mary(doesn’t(move)), Mary(doesn't(walk)), Goals")
In step 3 of derive:

subderive(Mary(doesn't(move)), Mary(doesn't(walk)), Goals')
(Goals” ={< [X)Cl:.John(does(ac))}and(yy.Mm“y(doesn’t(y)))(move)7 Mary(doesn't(walk)) >,

< Mary(doesn’t(move)), Mary(doesn’t(walk)) >})
In step 4 of subderive:

derive(Mary, Mary, Goals')
In step 3 of derive:

subderive(Mary, Mary, Goals"")
In step 1 of subderive: return true.

derive(doesn/t(walk), doesn’t(move), Goals'")
In step 3 of derive:

subderive(doesn’t(walk), doesn’t(move), Goals'")
In step 4 of subderive:
derive (doesn’t, doesn’t, Goals""): return true.

derive(move, walk, Goals'"""): return true.
return true.
return true.

return true.

return true.

return true.

return true.

Figure 7.1: The call tree of the algorithm for the L-OCFRAD proof from fig. 6.3



Chapter 8

Conclusions

In this thesis we have proposed a Natural Logic inference system that is based on L,
transcending a previous system of [4] based on the AB calculus. We have shown that
extending the system to be based on L is rewarding, as it allows deriving new kinds of
inferences, such as inferences involving sentences with extraction, pied piping etc.

It is clear, however, that £ is not the optimal categorial formalism to underly a Natural
Logic inference system, due to its own syntactic limitations, such as overgeneration, in-
capability to deal with non-peripheral extraction, etc. For example, the grammaticality

of the following sentence cannot be derived in L:
The boy whom Mary loves dearly smiled.

Hence, an L-based Natural Logic inference system cannot account for the following valid

entailment:
The boy whom Mary loves dearly smiled = The boy whom Mary loves smiled

Thus we view the proposed inference system as an intermediate step towards a more
complex one, to be finally based on some decidable fragment of the multi-modal type-
logical grammar. Much work still has to be done in the direction of extending the inference
system to be based on more complex categorial formalisms. Another possible research
direction is looking for more semantic properties, which in addition to monotonicity,

restrictivity etc. can be used to account for natural language inferences.
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We believe, however, that the present work has shown some advances in extending the

Natural Logic paradigm to a more substantial system of reasoning in natural language.



Appendix A

Termination of the proof search

procedure

We will now prove that the proof search algorithm terminates, by showing that only a
finite set of terms can appear as arguments in the call tree of derive. Since no pair of
terms can appear more than once in a call tree, termination follows.

We will need the following definitions for describing the finite set of the possible arguments

of the algorithm.

Definition A.1 (Wrapping) Given a term ©(y,(. (on_100)..)) @nd an ordered finite se-

quence of variables from VAR: S = T,,..Z,._,, the wrapping of ¥ w.r.t. S is [p]° =

(P (o)) (T 1)) o

) be aterm and A = {x} ...,z

g1 ") om

Definition A.2 (Wrapping closure) Let ¥, (. (o, 100)..

a set of variables from VAR. Then the wrapping closure of ¥ w.r.t. A is defined as fol-

lows:

WCA) ={[]° | S = x?lle,"lk, for {z% . x’kk} CA 1<k<m, [¥]°isdefined}

g Yoy

Definition A.3 (Subs, s,(¥)) Let 1 be a term and Sy = x! .7 | Sy =yl ..yn two finite

ordered sequences of variables (of equal size) from VAR s.t. all members of Sy are free
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wm . Then

SUbSI,SQ (w) = w[yil/'%}'l’ t y;r}n/wﬁn]

In words, Subg, s,(1) is the term obtained from ¢ by substituting its free variables from

S1 by the respective variables from Ss.

Definition A.4 (SUBy(¢)) Let ¢ be a term and V a finite set of variables from VAR:

V ={yr, ...y~ }. The set SUBy(¢) is defined as follows:

SUBy (1) = {Subs, s,(¢) | S1 = :1:%1, ...,ZL‘Z'rTm, Sy = y%l,. xim {2l ...,a:i’i"m} C Free(v),

" T Ty, Tiy?
1<m<mn, {ygl, ...,yi:”m} CV, Subg, s,(¢) is defined}

In words, the set SUBy (1)) is the set of terms obtained from 1) by substituting some of
its free variables from VAR by variables from a given set V.

Next, we define coordination and RMOD transformations for some term 1. Let ¢ be a
term s.t. (v coor”’? §)(¢) € ST(¢)). Then applying coordination transformation to 1
is replacing (v coor®? §)(y) by (morm(y(p)) or by morm(d(y¢))) in ¢. Now let p be

another term s.t. (¢¢-rp(a))(w) € ST(1). Then applying RMOD transformation to ¢ is

replacing (¢(,rr) () () by norm(a(e)) in p.

Definition A.5 (Set of all available subterms) Let ag,a ( ag,a are NF terms) be
the terms supplied as arguments to derive. Let (ax;) o; < o) for 1 < i < n be the
finite set of non-logical axioms (we assume that «;, ol are NF terms). Let B be the set
{ag,a} U{as,0p | 1 <i<n}. LetV be the set {x | v € VAR and x € .5 ST(p)}-
Let V' be the set {x(p)(Yr) | T(rp),yr € V'}.

Let B’ be the set of all terms obtained from terms in B by applying some number of
coordination and RMOD transformations.

Let the set A=, cp,p ST (7).

Let Cyv be the set | ], SUBv (7).

Let Ext be the set U,eauo,uv WCV (). Then the set AS = AUCy U Ext UV’ is the set

of all available subterms.
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Observation A.1 For any o,y and any finite set A of non-logical axioms, AS is a

finite set.

Lemma A.1 Let i) € AS. Then for each p € ST(V), ¢ € AS.

Proof: Let ¢ € AS = AUCy U Ext UV and ¢ € ST(¢). Let us show that ¢ € AS.

One of the following holds:

L.y € A=, cpupST(7). Then ¢ € ST(y) for v € BU B’ Since ST(y) C A4,
peACAS.

2. 1 € Cy. Then there exists some ¢/ € A s.t. 1 is obtained from ¢’ by substituting
some of its free variables from VAR by variables from V. ¢’ has a subterm ¢’ s.t. ¢

is obtained from ¢’ by substituting some of its free variables from VAR by variables

from V. Thus ¢ € Cy, C AS.

3. ¢ € Ext. Then ¢ = (...(u(x1)...)(z,) for p € AUC, UV and x4, ...,2,, € V C A.
Then all proper subterms of v (that is, all subterms that are not 1 itself) are in
AU Ext.

4. 1p € V'. Then the proper subterms of ¢ are in V' C A.

Lemma A.2 (Available pairs) Given the (NF') goal terms «, ag, only terms from AS

appear as arguments in the call tree of derive.

Proof: by induction on d — the depth of the call in the call tree.
Base: d = 0. The first call is derive(ag, a, ). ap,a € B C AS.
Assumption: For depth less or equal to d the lemma holds.
Step: The depth of the call is d + 1. One of the following holds:
e derive was called in derive(v, ¢, Goals) at step 4, that is the call is derive(as}, ¢, Goals').
¢ € AS by the induction hypothesis and o € B C AS.
e derive was called in subderive(y, ¢, Goals) at Step 2.1, that is ag = fau,(¢),
a = ¢. ,¢ € AS by the induction hypothesis. Thus o« € AS. Let us prove that

ap € AS. The function f,,, is one of:
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1. frmop,. Then ¢ = p ey (7) for some terms p,y and ag = 7. Since by the

induction hypothesis ¢ € AS, by lemma A.1 its subterm «y is also in AS.
2. fec1,- Then ap is a subterm of 1 € AS and by lemma A.1, oy € AS.

derive was called in subderive(v), ¢, Goals) at Step 2.2. The proof is symmetric.
derive was called in subderive(v, ¢, Goals) at Step 3.2, that is ag = fe21(¢) or
ap = fo21(Th) and a = ¢. The proof is similar to the previous case.

derive was called in subderive(v, ¢, Goals) at Step 3.1, that is a = fpo1(¢) or
a = fpa1(¢) and oy = 1. The proof is similar to the previous case.

derive was called in subderive(v, ¢, Goals) at Step 4, that is ¢» = C1(D;). Then
ap, a are subterms of terms in AS, and by lemma A.1 they are in AS.

derive was called in subderive(1), ¢, Goals) at Step 6, that is ¢ = Az.u® and
¢ = Ax.y* for some terms y,7. Then ay = p* and o = 4*. By the induction
hypothesis, 1, ¢ € AS, thus by lemma A.1 ag, a are also in AS.

derive was called in subderive(y, ¢, Goals) at Step 5.1.1. That is, « = ¢, b = u(9)
and oy = norm( foz(£)(0)). By the induction hypothesis, 1, ¢ € AS and so is a.
ax can be either C1 or RMOD.

If ax =C1, then w.l.o.g. ¥ = (1 coor® 7)(8) for some terms p, v and fo. . (¢) = p.
e AS =AUCy U Ext UV'. Then one of the following cases holds:

1. If ¢ € A then there exists some term W € BU B’ s.t. ¢ € ST(V). Let the
term W’ be obtained from U by replacing its subterm ¢ by norm(u(d)). By
definition of B, ¥' € B’ and ay = norm(u(9)) € ST(V') C AS.

2. If ¢ € Cy then there exists some ¢ € A s.t. 1 is obtained from ¢ by
substituting some of its free variables from VAR by variables from V. That
is, ¢/ = (u' coor® +')(8") s.t. p,7,d are obtained from p/,7', " resp. by
substituting some of their free variables from VAR by variables from V. Since
Y’ € A, there exists some V' € BU B’ s.t. @' € ST(¥'). Let the term ¥” be
obtained from ¥’ by replacing its subterm (¢’ coor® +')(&") by norm(u'(8')).
By definition of B’, ¥” € B’. Then norm(y/(8')) € A and by definition of Cy,

ap = norm(pu(6)) € Cy.
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3. If ¢ € Ext, then § € V. If p € V, then norm(u(d)) = p(6) € V'.
Otherwise (1 coor® ) € AUCy and u € AU Cy. If p is not an abstrac-
tion term, then oy = morm(u(8)) = wu(§) € Ext. Otherwise u = Av.C*
and morm(u(d)) = ¢*lx/d]. Since p € AU Cy, also (* € AU Cy and
ap = (*[z/d] € Cy.

4. 1 € V' — impossible, since coor® € ST(v).

Otherwise ax =RMOD. Then w.lo.g. ¥ = (prn(7))(9), o = Rorm(y(d)) and
a=¢peAS. e AS =AUCy UExtUV’. One of the following possibilities holds
for :

1. ¢ € A. Then there exists some term ¥ € BU B’ s.t. ¢ € ST(¥). Let ¥
be the term obtained from ¥ by replacing its subterm ¢ by morm(y(d)). By
definition of B', V' € B', thus oy = norm((J)) € A C AS.

2. ¢ € Cy. Then there exists some term 1)’ € A s.t. 1 is obtained from 1)’ by
substituting some of its free variables from VAR by variables from V. That
is, ¥ = (¢'(7"))(0") s.t. p,~,d are obtained from ¢’,+', 0’ resp. by substituting
some of their free variables from VAR by other variables from V. Since ¢’ € A
there exists some term V' € B U B’ s.t. o' € ST(V'). Let ¥” be the term
obtained from W’ by replacing its subterm v’ by morm(+/(¢’)). By definition of
B, V" € B’ and thus nmorm(y/(¢8')) € A. Therefore, gy = morm(~y(9)), which
is obtained from morm(+/(4")) by substituting some of its free variables from

VAR by some variables from V' is in CYy .

3. ¢ € Ext. Then § € V. If also v € V, then norm(y(6)) = () € V".
Otherwise u(y) € AUCYy UV'. If u(y) € V/, then p,vy € V and morm(v(0)) =
y(6) e V.

If u(y) € AUCy, then v € AU Cy. If v is an abstraction term \z.¢®, then
¢* € AUCy and rorm(y(6)) = ¢*[x/0] € Cy. Otherwise morm(vy(d)) = v() €
Eaxt.

4. 1p € V! —impossible due to the structure of .
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e derive was called in subderive(y, ¢, Goals) at Step 5.5.2. Then ay = a; € B C
AS. ¢ = p(d) and @ = p. By the induction hypothesis, ¢ € AS and so is its
subterm a.

e derive was called in subderive(v, ¢, Goals) at Step 5.5.1/5.5.3 — the proof is
similar to the previous case.

e derive was called in subderive(i, ¢, Goals) at Step 7.1. Then ¢ = Az.u® and
ag = p*. By the induction hypothesis, ¢ is in AS and so is its subterm «q. Also,
w.lo.g. a = ¢(x). Note that since p € AS, z € V. By the induction hypothesis,
¢ e AS =AUCy U Ezt UV'. By definition of Fxt, ¢(z) € Ext.

e derive was called in subderive(, ¢, Goals) at Step 7.2. The proof is similar to
the previous case.

Termination immediately follows from the above lemma, since (i) there is a finite set of
terms that can appear as arguments in the call tree of derive, and (ii) no pair of terms
appears more than once. Thus the call tree of derive is always finite, and the algorithm

terminates when it is traversed.



Appendix B

Completeness of the proof search

procedure

We prove that the proof search procedure defined above is complete with respect to £-
OCFRAb proofs with no instances of FR rule (henceforth F. R-free proofs). The proof has

the following stages:
1. Any order statement that has a FR-free L-OCFRAD proof has a (Fh—free) canonic
proof.
2. Any order statement that has a FR-free canonic proof is provable by the algorithm.

First we prove that any order statement o < ~y that has a FR-free L-OCEFR.Ab proof P has
a canonic proof by constructing a canonic proof of o <~ from P. We rely on the following

assumptions':

1. (*) No coordinator is marked for conjunctive and disjunctive behaviour simultane-

ously.

2. (*) No non-logical axiom is an order statement o < 3 or § < a, for a term o) for

a “half-coordinated” expression coor X.

3. (*) A term « of type (77) for a “half-coordinated” expression coor X combines only

with terms of type 7 (and not of type (p(77)).

!The assumptions defined in [4] are marked with (*).
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4. (*) There does not exist a disjunctive or conjunctive coordinator in the lexicon (or
derivable from the lexicon), s.t. the resulting category in coordination is marked for

restrictivity.

5. (*) No terms of form «(y) are marked for restrictivity.

6. No order statements of the following forms are derivable in L-OCFRAD .

(a) (*) An order statement containing a proof term the denotation of which is a
constant zero function, that is a function that sends every argument to the

bottom element of the appropriate domain.

(b) An order statement of form ¢ < (¢(z))(y) s.t. ,y € VAR and ¢ # (¢'(x))(y)

for some term ¢'.

7. There are no free variables from VAR in the terms of the non-logical axioms.

Observation B.1 Given the above assumptions, let P be the following L-OCFRAb proof

VA

<

a <y
< plr)y v

of size s:

Then a proof P’ of ¢ < ¢(x) of size at most s of the following form can be constructed:

VA

a <y

Y < ¢(z)

R

s.t. R+ Ab.

Proof: By assumption 6b, ¢ = ¢/(z). Then P is of form:

\/

a = ¢'(z){y)
¥ = ¢(z)

¢(x)(y) =
¢(z)

<
<
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for some y € VAR. Then it can be shown (using assumption 7 and the side conditions
of the coordination rules) that P has a subproof Q of ¢/ < ¢ of size at most s — 1. Thus

P’ can be constructed as follows:

Q
)= ¢'(z) < ox)

FR

Lemma B.1 Let P be an fR-free L-OCFRAb proof of size s s.t. its main rule is R and

VA,

¢® < ()

Then P can be rewritten s.t. its size is at most s and R is one of the following rules: (i)

r € VAR:

REFL, (ii) RMOD, (iii) FR, or (v) TRANS.

Proof:

e Risnot C1/D1/C2/D2, since variables from VAR can not appear in the conclusion

of these rules.

R is not Ab, since the right handside of its conclusion is not an abstraction term.

IF R is Ab then by observation B.1 the proof can be rewritten.

R is not NL, since by assumption 7 free variables from VAR do not appear in
non-logical axioms.

e If R is MON, then the proof is of the following form:

\/

xTSI’T

w(’r*p) (337') S w(TJFp) ([E'-,—)

MON

and can be replaced by an instance of REFL.

Next, following [4], we define a pre-canonic L-OCFRAb proof as a canonic proof without
the requirement (*) that the string R;...R,, belongs to R. That is, we only require that
the TRANS rule occurrences are ‘flattened’. It is straightforward to show that any order
statement that has a £-OCFR-Ab proof, has a pre-canonic L-OCFRAD proof. Types 1
and 2 of pre-canonic proofs are defined similarly to the ones of canonic proofs (without

requirement (*)).
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Lemma B.2 (Canonic proof existence) Let the order statement ag < o have a pre-
canonic FR—free L-OCFRAb proof P of size s. Then there exists a (FR-free) canonic proof

of ag < « of size at most s.

Proof: We construct a canonic proof from the pre-canonic proof P. If the requirement
(*) is satisfied, then the proof is already canonic. Otherwise there is a violation of (*),
that is a violation of the relative ordering between R-PROD, L-PROD, NL, STR, Ab and

Ab. We divide the violations into 3 mutually disjoint classes:

1. impossible — violations that can not occur in L-OCFRAD proofs:

e DI, C1

o (2, D2

e MON, C1
e MON, D2
e C2, MON
e D1, MON
e Ab, C1

o Ab, D2

e Ab, RMOD
o Ab, STR

2. removable — violations that can be removed from £-OCFR-AP proofs:

o (2, C1
e DI, D2
e TR, C1
e DI, FR

3. rewritable — violations that can be rewritten, producing a L-OCFRAD proof of at

most the same size, with less violations:

e STR, D2
e Ab, C1



Ab, D2

C2, STR

STR, RMOD
Ab, RMOD

Ab, STR

Ab/Ab, Ab/Ab
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Below we treat the violations involving the rules Ab and Ab. The proof of [4] can be

easily adapted to our formulation for the rest of the violations.

Impossible violations.

The following violations are impossible in L-OCFR.Ab given the assumptions 1 — 7.

e (Ab, Cl) — then the part of the proof violating the ordering is of form:

\/

Az p® < \x.¢®

Ab

\/

a coor® vy < v

C1

Azap™ <y

TRANS

However, Az.¢" can not be equal to a coor® v, since o coor®  is not an abstraction

term.

e (Ab, D2), (Ab, MON), (Ab, FR) — the proof is similar to the previous case.

Rewritable violations.

Now we prove that a canonic proof of ag < « can be constructed from the pre-canonic

FR-free proof P of ap < « that has only rewritable violations. The proof is by induction

on the size n of P.

Base. n = 1. The proof P is an axiom. Thus the proof is already canonic.

Hypothesis. From a pre-canonic proof of size less or equal to n, a canonic proof can be

constructed.

Step. Let ag < a have a pre-canonic proof P of size n + 1.

If P is a proof of Type 1:
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Ry Ry Ry,
V o Vo owl Vo
P <y ! Py <P 2 Y <y F

ap =Y <Y =«

for R #TRANS, then each of the subproofs Wy,... W, is a pre-canonic proof of size at
most n, and by the induction hypothesis, canonic proofs ¥y,..., ¥, can be constructed
from them. Then the proof of oy < «a obtained by replacing U/, ..., ¥} by Wy, ..., U}, resp.
1s canonic.

Otherwise P is of Type 2:

R R
YA N IV
1

Py <

v U
If one of the main rules R; in W, is ax;, then each of the proofs of ¢ <
\Ij;+1 - \IJ;C TRANS
and Y < Y is pre-canonic of size at most n. By the induction hypothesis,

TRANS

canonic proofs 21,2, can be constructed from them and then the proof

@ axr;

N Y <Y Qy
ag =Y <Y =«

TRANS

is canonic.

Otherwise there are no occurrences of ax;. By the induction hypothesis, canonic proofs
Uy, ..., Uy can be constructed from the proofs W},..., ¥.. Let P’ be the proof obtained
from P by replacing W/, ..., ¥, by Wy, ..., U, resp. If the string formed by the rules
RiRy...Ry in P’ belongs to the regular language R, then P’ is canonic. Otherwise
there is a (rewritable) violation of the order of the rules. It can be shown that each such
violation can be rewritten. We treat only the violations involving Ab and Ab rules. The

proof of [4] can be easily adapted for the rest of the rewritable violations.

° (AAb, C1) — then w.l.o.g. the part of proof violating the ordering is of the following

form:
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AVA—

Y < (a coor® v)(x)

ab(*) < a coor® v " v

a coor? v < v

C1

TRANS

ab(¥*) <7y
By lemma B.1 R can be FR, RMOD, Ab or TRANS. By observation B.1, the proof

can be rewritten s.t. R ;éAAb .

If R = TRANS, then the order statement ¢ < ~(z) has a FR-free £-OCF RAb proof

Q' of size n:
@ C1
a coor? v <~y .
v . v (o coor® ) (x) < y{(z)
P <) ¢ < (a coor® ~)(x)

TRANS

Y* < ()

By the induction hypothesis, a canonic proof §2 can be constructed from €’. Thus
the following FR-free proof of size n + 1 is canonic :

Q ;
V" < y(z)
Azap™ <y

If R =RMOD, the proof is similar to the TRANS case.
Otherwise R =FR. Then the proof is of the following form:

VAR

§ < a coor® «

3(z) < (a coor® ) {z)
§ < a coor? v A v

a coor® v <~y

C1

TRANS

o<~

The proof can be rewritten as follows:

\/ \/

§ < a coor? v a coor® y <~
o<~

C1

TRANS
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The size of the above proof is at most n, thus by the induction hypothesis, a canonic
proof of size at most n can be constructed from it.
° (Ab, D2) — the proof is similar to the previous case.

° (Ab, RMOD) — then the part of the proof violating the ordering is of form:

Al v
Fom@
able) <vl) T vy

The proof is similar to the previous case.

° (Ab, MON) — then the part of the proof violating the ordering is of form:

A1 v AQ v
< (i & V<o
wﬂ<¢ Y () <0

TRANS

a7
_b(¢ ) <¢T+p)< >
The proof is similar to the previous case.

° (Ab, FR) — the proof is similar to the previous case.

e (Ab,Ab)- the part of the proof that violates the ordering proof is

\/ \/

Ab — Ab

Az.o < A.6° Az.6% < AwAy®
Az.a® < Az.y®

TRANS

This part of proof can be rewritten:

V| [¥

TRANS

The proof is of size at most n, thus by the induction hypothesis a canonic proof of

size at most n can be constructed from it.
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e (Ab, Ab), (Ab, Ab), (Ab, Ab) — the proof is similar to the previous case.

In this way we can remove all the rewritable violations, constructing a canonic proof.
Next we prove that any order statement that has a L-OCFRAb FR_free canonic proof is

provable by the algorithm.

Definition B.1 (Mixed Monotonicity) (/4/) Let ¥1(71), ..., Yn(7n) be terms. We say

that a part of a canonic form:

Y1(1) < Pa(re) <o < Pn(Tn)

has mixzed monotonicity iff one the following holds:

(a) Y1,¢, € MON and there exist i,j,k: 1 <i < j <k <n, st P,y € MON T
,; € MON | or ;v € MON |,v; € MON 1.

(b) v1 & MON or ¢, & MON and there exist i,j: 1 <1< j <n sty € MON
1) € MON | or; € MON |,v; € MON 1.

(c) V1,10, &€ MON and there exists i: 1 <1i <n, s.t.i; € MON.

Definition B.2 (Minimal £-OCF®AY canonic proof) Let the order statement 1 < 1/
have a L-OCFEAY canonic proof P of size t. P is a minimal canonic proof iff there does

not exist a L-OCFRAY canonic proof P’ of size less than t.

Observation B.2 If an order statement has a canonic L-OCFRAb proof, then it has a

minimal canonic £L-OCT%4Y proof.

Lemma B.3 Let ag,a be NF terms and let ag < « be an order statement that has a
FR—fTee minimal canonic proof P of size n, free of sequences of mixed monotonicity. If
for each < 1,1 >€ Goals there does not exist a canonic L-OCFRAb proof of the order

statement 1 < ' of size less than or equal to n, then derive(ay, a, Goals) returns true.

Proof: by induction on the size n of the canonic proof P.

]

oy <

NL, RMOD, C1, D1 and < ag,a >¢ Goals.

Base: n = 1. The proof has the form

R, where R is one of the axioms REFL,
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REFL. ay = a. In step 1 of subderive the algorithm compares oy and a and
returns true.

NL. Then oy = «; and o = o) for [ a;,a} | a non-logical axiom. In step 4.1
of derive the algorithm calls subderive(«y, a;, Goals’) and derive(a}, o, Goals')

which return true according to the previous case.

0
= b <1=a
algorithm computes fraropr((¥(-r7)) (7)) = Y(rr) and then calls derive(y, v, Goals')

RMOD. The proof is o rMoD - In step 2.1 of subderive, the

which returns true according to the REFL case.

0

ap =1 coor® p < a

C1. The proof is atand o = Y or a = . In step 2.1

¢ ) = a and then calls

of subderive, the algorithm computes fc1,(¢) coor
derive(a, a, Goals') which returns true according to the REFL case.

0
ag <1 coor? p=a pt and g = 9 or ap = . In step 2.2

D1. The proof is
of subderive, the algorithm computes fp1;(¢» coor? ¢) = g and then calls

derive(a, a, Goals') which returns true according to the REFL case.

Hypothesis: Assume that for every order statement ay < a (for o, @ NF terms), that

has a minimal canonic proof P of size ¢ < n, if for each < 1,1’ >€ Goals there does not

exist a canonic £-QCFRAb proof of the order statement 1) < ¢’ of size less than t, then

derive(a, o, Goals) returns true.

Step: Let ay < a be an order statement that has a minimal canonic proof of size n + 1.

The proof can have one of the two types. We show first that an order statement that has

a canonic proof of Type 2 is provable:

Uy V Wy v v, v
- Ry - Ry - Ry
¢1§¢1 ¢2§¢2 ¢l§¢z )
¢ < ¢/ TRANS

where (i) n > 2, (ii) Uy,...,¥; are Type 1 canonic proofs, (iii) ¢ = ¢1, ] = ¢a, Py =

¢3""

011 = ¢, ¢ =, (iv) the string formed by the rules R;...R; belongs to the regular

language R.

We distinguish between two cases depending on whether the string Ry R, ... R; includes

instances of the non-logical axioms.
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If there exist i1,... 0y s.t. 1 <id; <idp < ... <4, <land forevery 1 < j <1, R;, = aj,
(that is v, < %"j is a non-logical axiom) we will look at the leftmost non-logical axiom
instance, i.e. 1; < ;. In step 4.1 of derive, the algorithm attempts the non-logical
axiom [ v;,,%;, | and calls subderive(ay, ¥;,, Goals') and derive(v; ,a,Goals’). The
order statement oy < 1;, has a minimal canonic proof Q; 2:

v, Uy, ... ¥,
ap < Uy,

TRANS*’

where none of the Ry ... R, is a non-logical axiom, therefore derive(wy,;,, Goals)
returns true iff subderive(ag, 1;,, Goals') returns true and the two calls are equivalent.

Similarly, the order statement 1);, 11 < o has a minimal canonic proof €25:

Uit VY2 ... W
Vi1 <«

TRANS*

Both of the proofs of oy < 1, and wgl < « are of size s < n. Also note that Goals' =
Goals U {< ap,a >} and since the proof P is minimal, there does not exist a smaller
L-OCFRAD proof of ay < «a. Therefore, the set Goals' contains only tuples < 1,9’ >
s.t. the order statement 1) < v’ does not have a L-OCFRAD proof of size < n. By the
induction hypothesis, derive(ay, v;,, Goals') and derive(v); , &, Goals') return true and
so does derive(ay, a, Goals).

Otherwise, there does not exist such ¢ that 1 <7 <[ and R; = a;.

Then, since the proof is FR-free, the string formed by the rules R; R, ... R; belongs to the
regular language R-PROD* (STR* | Ab | Ab) L-PROD*.

If Ry is an R-PROD rule, the algorithm can effectively produce subgoals of a smaller size,

which are provable by the induction hypothesis. The following cases are possible:

1. Ry is an axiom, that is ©] = for,(¢1). In step 2.1 of subderive, the algorithm calls

derive(¢!, a, Goals'). The order statement 1] < o has a minimal canonic proof :

Uy ... WU
v <Yr=a

TRANS™

of size n at most. Goals’ = Goals U {< g, >}. Since the proof P is minimal,

there does not exist a smaller £-OCFR-AP proof of ag < av. Therefore, the set Goals’

2The proof €2, is minimal because it is a part of a minimal L-OCFR.AD proof.
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contains only tuples < v,v’ > s.t. the order statement 1) < ¢’ does not have a
L-OCFRAb proof of size < n. By the induction hypothesis, derive(y}, o, Goals’)

returns true and so does derive(ay, a, Goals).

2. If Ry = D2, the proof ¥y of ¢; < 4] is of form:

Vool | N,

Y11 <y VY12 < )
@/11 = @/)1,1 coor? 101,2 < ?/)i

In step 3.1 of subderive, the algorithm calls derive(¢y 1, o, Goals')

and derive(i 2, a, Goals'). Also, Fr_oc ¥1,; <

—Y__p 2 !

U1 <
Y1 < @

By lemma B.2 and observation B.2, both of the order statements ¢ 1 < o and 1)1 5 <

, where i € {1,2}

TRANS*

a have minimal canonic proofs of size n at most. Goals’ = Goals U {< ap, v >}
and since the proof P is minimal, there does not exist a canonic £-OCFRAP proof
of ag < « of size < n + 1. Therefore, the set Goals’ contains tuples < ¥, 9" >
s.t. the order statement ¢ < v’ does not have a L-OCEFR.Ab proof of size < n. By
the induction hypothesis, derive(y; 1, a, Goals') and derive(¢ 2, , Goals’) return

true and so does derive(ag, a, Goals).

If R; is an L-PROD rule, the proof is symmetric.

Otherwise the string formed by the rules RiR, ... R; belongs to the regular language
(STR* | Ab | Ab) Since [ > 2, it can only belong to the regular language STR*, then the
proof is similar to the proof of [4] for the matching case.

Next, we show that an order statement that has a canonic proof of Type 1 is provable:

AV Vo,

¢1 < ¢} o1 < @),

\Ijl \Ill

v < .

where (i) R #TRANS, (ii) [ € {1,2}, and (iii) ¥y,..., ¥, are canonic form proofs.

One of the following cases holds:
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1. R = Ab. Then the proof of the order statement ay < « is of the form:

\/

,U/x < Mlx

— — Ab
ap = Az p® < de.p' =«

The order statement p* < p/* has a minimal canonic proof of size at most n. In
step 6 of subderive, the algorithm calls derive(u”, u'*, Goals'). Goals' = Goals U
{< ap,a >} and since the proof P is minimal, there does not exist a canonic £-
OCFRAD proof of oy < v of size < n + 1. Therefore, the set Goals’ contains tuples
<,y > s.t. the order statement ¢ < ¢/’ does not have a L-OCFRAD proof of size

< n. By the induction hypothesis, derive(u”, 4, Goals’) returns true and so does

derive(ap, a, Goals).

2. R = Ab. Then w.l.o.g. the proof has one of the following forms:

\/

p® < p/(x)

ap = A < pl =« Ab
The order statement p* < p/(z) has a minimal canonic proof of size at
most n. In step 7 of subderive the algorithm calls derive(u”, i/ (x), Goals').
Goals' = Goals U {< ap,a >} and since the proof P is minimal, there does
not exist a canonic £-OCFRAD proof of ay < « of size < n + 1. Therefore,
the set Goals' contains tuples < 1,19’ > s.t. the order statement ¢ < 1/
does not have a L-OCFRAP proof of size < n. By the induction hypothesis,

derive(u®, 1/ (x), Goals') returns true and so does derive(ay, o, Goals).

The proof is similar to the previous case.
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\/
p{x) < ()

a=p <y =a

Ab

Let us show that this case is impossible. By observation B.1 and lemma B.1,
the proof can be rewritten s.t. R is either FR or TRANS, the premises of
which are conclusions of FR rules. From this follows that the order statement
1 < 4/ has a shorter £-OCFRAP proof, in contradiction with the minimality

of the given proof.

3. The proof for the rest of the rules is similar to one of the previous cases.

Corollary B.1 (Provability of order statements having a FR-free canonic -
OCFRAD proof) Let ag,a be NF terms and let ag < « be an order statement that
has a ﬁR-free canonic proof P, which is free of sequences of mixzed monotonicity. Then

derive(a, o, D) returns true.

The corollary follows directly from the above lemma.
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