Expectation-
Maximization &
Baum-Welch


http://www.tau.ac.il/�

The probabilistic setting

Input: data x coming from a probabilistic model with hidden
Information y

Goal: Learn the model’s parameters so that the likelihood of the
data is maximized.

Example: a mixture of two Gaussians

P(y,=D)=p,;P(y,=2 =p,=1-p,
PO Iy, = 1) =— exp[_(xi_f")J

O\ 2T 20
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The likelihood function

P(yi=)=p,;P(y;=2 =p,=1-p,
P 1Y, = ) =— exp((x'f’)]

O~ 27TT 20

L(e):HP(Xi |9):HZP(Xi’yi =j|9)

log L(6) = Z log {Z G\F/);_ﬂ exp(_(xiz;fj) N

J

N
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Kullback-Leibler divergence
IS positive
log(x)<x-1 for all x>0
Q(x;) [ Q) _
EP(xi)-log o) géP(xi) (P(Xi) 1]
:ZQ(Xi)—].SO
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The EM algorithm

Goal: max logP(x|0)=log (X P(x,y|0))

Assume we have a model 6 which we wish to improve.
Note: P(x|0) = P(x,y|0) / P(y|x,0)

P(y|x,6')-lo B(x|0)=P(y[x,0)-lo B(x,y|0)-P(y|x,&)-lo B(y|x,0)
2 P(yIx,6)-lo B(x|0)=) P(y[x,6)-lo B(x,y|0)-) P(y|x6)-lo B(y|x6)

log P(x]0) =2 P(y|x6)-logP(x,y|8)-> P(y|x6)-logP(y|x,6)
log P(x[6") =2 P(y[x,6)-lo B(x,y|6)-> P(y|x,6)-lo B(y|x8')

P(y|x,8")
P(y|x,6)

A =Q(016)-Q(6' 16+ P(yIx6)-lo

Constant >=(0

W
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The EM algorithm (cont.)

Main component:
Q(016")=> P(y|x,6")-log P(x,y|6)
y

IS the expectation of logP(X,y|0) over the distribution of y given
by the current parameters 6t

The algorithm:

o  E-step: Calculate the Q function
o  M-step: Maximize Q(6|6) with respect to 0
»  Stopping criterion: improvement in log likelihood <g
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Application to the
mixture model

Q(O16") =2 P(y[x,6")-log P(x,y|6)

P(x,ylé’):HP(xi,yi |9)=HHP(xi,yi =j|6)”

Y. = 1 yi:j
D0y # ]

log P(x,y|0) :ZZ Yii log P(Xi’ Yi = 116)

Q016" = ZP(ylxﬁt)ZZy., log P(x,,y; = j|0)=

> 212 PyIx6Y)y, ogP(x V., =jl0)
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Application (cont.)

Q(6’|9t) :Zzp(yij =1| xi,ﬁt)log P(x.yi=110)

_ t
WI'[J — P(yu 1| X et) P(X y| J |9 )t
ZP(X y| - J |9 )

d

Q06" = ZZ [Iogﬁ—logaﬂogpJ (XZ_C::")}

W
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Recap & another example

Input: data x coming from a probabilistic model with hidden
Information y

Example 2: a mixture of two coins (Bernoulis)

P(y,=D)=0p, ;P(y,=2 =p,=1-p,
P(x|y;=1)=h

L(Q)ZHP(Xi |9):HZP(Xiin = J |‘9):
[T pjhy=h)+
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Complete liklihood

Two ways to write it: one based on indicator variables and one
based on counts.

log P(X’ylg)zzzyij log P(x;,y; = J|0) =

ZZ y;[log p; +x logh, +(1—x)log(l—h)]

Define M.« (Y) to be the number of heads obtained when coin |
was used, and similarly define n;; (y) then:

log P(x, y[0) = > [(n;, (¥) +n;7 (y))log p; +n;  (y)logh; +n; 1 (y) log(d—h;)]

What is the relation between the two, I.e. between the y variables
and the n variables?
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Baum-Welch: EM for HMM

y=Tt, i.e. the log likelihood is
log P(x|8) =log > P(x,7|6)

And the Q function is:

Q(016")=> P(x|x,6")-log P(x,7|6)
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Baum-Welch (cont.)

P(x,7|6) = HH[e ()] - IMIIM[akIAk.(

k=1 =1 T
Emission Transition
probability, state k Probability, state k
character b to state |

Number of times we saw b
S e from k at n
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Baum-Welch (cont.)

Q(016") = Z A X’gt).[iz E, (b, 7)-log(e, (b))+iz'% (7)-log ak'}:

=3 P (r %,60)-E, (. 1) loale, (0)+ 3. (P (r] x.6)- A, () Joga,
Y Y
> P(x|%,6")-E,(b,7) = E, (b) S Pz %6 A, (7) = Ay
"] T " P
probability value expectation probability value expectation

W
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*For maximization, select: a. =

Baum-Welch (cont.)

*So we want to find a set of parameters 0t*! that
maximizes:

Z z E, (b)-log(e, (b)) + Z z A, -loga,

k=1 k=1 I=1

E, (b), A, can be computed using forward/backward:

P(r.=k, m.. =l | x, @) = [1/P(x)]- f.(i)-ay-e(x:.) b(i+1)
Ay = [1/P(x)]- 2 fi(i) - ay - e(x.q) - b(i+1)
similarly, E,(b) = [1/P(x)] - Z{ilxizb} fi(i) - by(i)

Aij Ek (b)

e (b) =
I WL S CY

Kk
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Baum-Welch: EM for HMM

M M M
Maximize: > > E,(b)-log(e, (b)) + D> A, -loga,
k=1 b k=1 I=1
Multiply and divide by
same factor

a; = (denote as aijchosen)’ e, (b) _ Ek (b)

J Z Ajk Z Ek (l::/
K =
Difference between M_ M chosen Ak / chosen

M
ggomssgti\eetr?nd Z Z Ak' IOg ( other j Z Z Ak Z Z Al‘ik Og [ other j -
k'

k=1 k' 1=1
M 2 chosen
chosen I .
- ZZ Ak'zakl IOg other -> always positive
1k



http://www.tau.ac.il/�

Parameter Estimation in HMM
Case 2: -Estimation When States are Unknown

Input: X!,...,X" indep training sequences
Baum-Welch alq. (1972).
* Expectation:
- compute expected no. of k—I| state transitions:

P(mi=k, m.=l | X, ©®) = [1/P(xX)]- f,(i)- ay - e/(x;.1) - bi(i+1)
= Ay = Zj[l/P(x‘i)] - 2 Fd() - ay - e(di.y) - bi(i+1)
» compute expected no. of symbol b appearances in state k

Ex(b) = Zj[l/ P(XY)] - Z{ilxjizb} fid(i) - b(i) ex)
»* Maximization:

* re-compute new parameters from A, E using max.
likelihood.

A repeat (1)+(2) until improvement < ¢

W

16
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