Termination

Well-Founded Orclerings
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N = (U
- while »z >0 do

n:=mn-+1

y:=10; while y* +2y <z do y:=1y+ 1
if =y~

then r:=y — 1

else 5 := ()

r:=0; while m* +2r <z —y? dor :=r+1
while z > y* + r* do
y:=0: while y* +2y <z doy:=y+ 1
s=s+(s+y" +y—x)°
T =3 — y*
r:=0:whiler* 4+ 2r <z —9y° dor:=r+1
fori:=1 ton dozx:=r°+r—1
while s > () do
r:=0:whiler* +2r <s dor:=r+1
r:=z+ (x+7r°+7r—5)°

§ = § —
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Colong Dies Out
S clePth(o) -

» clel:)th () - l+ma><{cle|:>th{ai}}

o { (de]:)th (a),lal) :subcolony a}

+ fission: clepth decreases

o fusion: size decreases
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Big Picture

* Programs are state~-transition sgstems
o Choose a well-founded order on states

o Show that transitions are decreases
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Real Picture

S Programs are state~-transition systems
o Choose a function for “ranking” states
o Choose a well-founded order on ranks

+ Show that transitions always

CICCFCBSC ran l(
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lmagi nary Picture

S Programs are state~-transition sgstems
o Choose a function for “ranking” states
o Choose a well-founded order on ranks

+ Show that transitions eventua”g

CICCFCBSC ran l(




Nested Loops

=]
Bl
looP V= U (h-PNw?+ (F-s)w+k
until r=n
S ;= |
IooP U := utv
S := st]
while s<r
e at
= r+] P
repeat

i e B
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Per Iteration

=
7 i
IOOP — W (n-r)+r+l-s
unti r=n
S := |
looP u = utv
S = 5]
while s<r
repeat
= et ] g

repeat

TR R
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Lexicographic

'1 re=]
| L
OO V= U
, ~r.r+l-
- until r=n (n-r,r+-5)
S ;= |
looP U := utv
S = 5]
while s<r
repeat
= r+ -
repeat

W_—_m,u— = ol T
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Invariants

=]
Bl
looP V:i= U Sofess
until r=n
S ;= |
looP L= LIy
5:= 5t j<s<rt
while s<r
e at
= r+ F
repeat

TR R



E— — b . e iy

2 R i il iy -

b e g, o e N e e i Bl . iy . et WA ) o 11 e

Well-Founded Orderings

+ No infinite clescencliﬂg sequences

Rl S
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Well-Founded Induction

> is a who of X

vxeX. [V3<x. P(g}] =5
vxeX. P(x)

Whg?
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David Gries

o Under the reasonable assuml:)tion that
nondeterminism is bounclecl) the two
methods are equivalent. .. Inthis
situation, we Prcncer using strong

termination.
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All-Py rpose Ranks
- =

<W<WH < W2 < -

<W2<W2H < <WAHA< - <W4 <~
< (L)Z < (DZ‘H e (L)Z‘HD < wz_|_w_|_] =
) < W e st ey =

w WX
W
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Ordinals
OiE 2

W, o+, W+, ...
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 Discrete Tramsition System

e
P |
Qi i




I i il vt i i e e S 5 e e it P . i e i i i, i 2

Well-Founded Method

o States Q
S Algorithm e & @)

o Well-founded order > on @

v KCc>




.

L B R i i g g Bl . e e R s i it b iy i

A”~F’urpose Ranking

* r:Q—’Ord

* r(x) :sul:){r(g)ﬂ X )]
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- " Frank Ramseg
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Ramseg’s Theorem

Infinite Complete graph

':iﬂitelg colored eclges

Monochrome infinite Clique
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Disjunctive Orders

o States Q
S Algorithm RaC X))

o Transitive closure R*

o Well-founded orders > and 73 on Q@




Ranking Method
& States Q
7S Algorithm R e

* Well-founded order » on W

TS Rankingmcunction EiC)— W
o Define X>Y i r(X) > rY)

e K C>




Invariants

o States Q
S Algorithm RGO

* Well-founded order » on W

TS Rankingmcunction EiC)— W
o Define X>Y i r(X) > rY)

e K C>
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Classical Algorithms

° .’f:‘:verg algorithm can be expressecl
Precisely as a set of conditional

assignments, executed in Para“el

{

repeatecl.g
it cthenf(sl,...sn) :=t
it cthenf(sl,...sn) :=t
it cthenf(sl,...sn) =t

i . e e -
Wng_h.w W L - =



Practical Method
 States Q
° Algorithm R € OxQ

* Well-founded order » on W

TS Rankingmcunction EiC)— W
o Define X>Y i r(X) > rY)

e K C>
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“Well, lemme think. ... You’ve stumped me, son. Most
folks only wanna know how to go the other way.”

e —————




Mortal (black) nodes on bottom and immortal (green)
nodes on top
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Mortal in each alone (dashed Azure or solid Bordeaux),
but immortal in their union




Infinite Separation




Infinite Separation
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Jumping
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- Constriction + Jumping




, Constriction + Jumping




| Constriction + Jumping
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Gremlins
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