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Abstract. Our goal is to formalize the Church-Turing Thesis for a very large
class of computational models. Specifically, the notion of an “effective model of
computation” over an arbitrary countable domain is axiomatized. This is accom-
plished by modifying Gurevich’s “Abstract State Machine” postulates for state-
transition systems. A proof is provided thatall models satisfying our axioms, re-
gardless of underlying data structure—and including all standard state-transition
models—are equivalent to (up to isomorphism), or weaker than, Turing machines.
To allow the comparison of arbitrary models operating over arbitrary domains, we
employ a quasi-ordering on computational models, based on their extensionality.

LCMs can do anything that could be described as “rule of thumb” or “purely
mechanical”. . . . This is sufficiently well established that it is now agreed amongst

logicians that “calculable by means of an LCM”
is the correct accurate rendering of such phrases.

—Alan Turing[21, p. 7]

1 Introduction

Motivation. The famous Church-Turing Thesis is inherently vague, relating to “effec-
tive” models in the broad, intuitive, sense. Though generally believed to be true, there
have always been—especially recently—efforts to circumvent it under the banner of
“hypercomputation.” See, for example, [15, 5, 12, 18]. It is thus important to try to un-
derstand what the formal effectiveness constraints are that every such hypercomputa-
tional model must violate.

When designing a specific computational model, one first defines the model’s do-
main and its manner of operation. For example, Turing machines operate over tapes of
symbols, theλ-calculus overλ-terms, and counter machines over ann-tuple of natural
numbers. In contrast, for axiomatizing effectiveness constraints, one ought to provide
general axioms, not relating to a specific domain or operational mechanism.
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Main Contribution. We provide four axioms for an “effective computational model.”
We believe these axioms to be general, both in the sense of capturing basic intuitive
notions, and in the sense of encompassing a very large class of models, among which are
all the standard state-transition models. A proof is provided (in the Appendix) that all
models satisfying these axioms, regardless of underlying data structure, are equivalent
to (up to isomorphism), or weaker than, Turing machines.

To achieve a wide effectiveness notion, we base our axioms on Gurevich’s gen-
eral definition of a “sequential algorithm” [10]. The models of the resulting class may
operate over arbitrary domains, applying arbitrary internal mechanisms. In contrast to
any particular model of computation, our axioms apply to models operating overany
countable domain.

For comparing such a varied class of models with Turing machines, we employ a
comparison notion based on the extensionality of models, a variation of the develop-
ment in [2].

We believe that the axioms provided here may be a good starting point for further
formalizations of effectiveness, as they demarcate a largeclassof computational models
for which the Church-Turing Thesis is formally established.

Background. In 1936, Alonzo Church and Alan Turing each formulated a claim that
a particular model of computation completely captures the conceptual notion of “ef-
fective” computability. Church [4, p. 356] proposed that effective computability of nu-
meric functions be identified with G̈odel and Herbrand’s general recursive functions,
or—equivalently—with Church and Kleene’s lambda-definable functions of positive
integers. Similarly, Turing [20] suggested that his computational model, namely, Tur-
ing machines, could compute anything that might be mechanically computable. As we
know, Turing machines compute the same total functions and the same partial functions
as do all other designs of practical universal models: Markov algorithms, Thue systems,
Gödel’s recursive functions, Church’s lambda calculus, Post’s string systems, Minsky’s
counter machines, random access machines, term rewriting systems, etc.

After Turing proved that his machines compute exactly the same numeric functions
as does the lambda calculus, Kleene [13, p. 232] combined the two claims into one:

So Turing’s and Church’s theses are equivalent. We shall usually refer to them
both asChurch’s thesis, or in connection with that one of its . . . versions which
deals with “Turing machines” asthe Church-Turing thesis.

The claim, then, is the following:

Church-Turing Thesis. All effective computational models are equivalent to,
or weaker than, Turing machines.

By 1948, Turing was convinced of the accuracy of his contention. See the opening
quote, wherein he refers to his machine model as LCMs, or, “logical computing ma-
chines.”

Goal. To formalize this thesis, we need to make precise what is meant by each of the
terms: “effective,” “computational model,” and “weaker or equivalent.” As suggested
by Shoenfield [16, p. 26]:
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[I]t may seem that it is impossible to give a proof of Church’s Thesis. However,
this is not necessarily the case.. . . In other words, we can write down some ax-
ioms about computable functions which most people would agree are evidently
true. It might be possible to prove Church’s Thesis from such axioms.

In fact, Gödel has also been reported (by Church in a letter to Kleene cited by Davis
in [6]) to have thought “that it might be possible . . . to state a set of axioms which
would embody the generally accepted properties of [effective calculability], and to do
something on that basis.”

This is the direction we follow.

Previous Work.Turing [20] already formulated some axioms for effective sequential
deterministic symbol manipulation: finite internal states; finite symbol space; external
memory that can be represented linearly; finite observability and local action.

Gandy [9], and later Sieg and Byrnes [17], define a model whose states are described
by hereditarily finite sets. Effectivity of Gandy machines is achieved by bounding the
rank (depth) of states, insisting that they be unambiguously assemblable from individual
“parts” of bounded size, and requiring that transitions have local causes.

Whereas Turing machine states involve a linear sequence of symbols, and Gandy
machine states are hereditarily finite sets, our axioms are meant to apply to arbitrary
(countable) domains. For this reason, we use Gurevich’s more general “Abstract State
Machines” (ASMs) [10] as our starting point. (Some of the problems of incorporating
the Gandy model under the abstract state machine rubric are dealt with in [1].) We also
pay careful attention to questions of mappings between representations of data.

Approach. In what follows, weaxiomatizea large class of computational models that
includes all known Turing-complete state-transition algorithmic models, operating over
any countable domain, and prove that they are all Turing-computable, up to isomor-
phism of domains.

We formalize the informal notions of the Church-Turing Thesis as follows:

– Since the comparison is meant to be extensional, we allow a “computational model”
to be any set of partial functions over some domain. That is, a (finitary) partial
algebra, with (normally) an infinite vocabulary.

– Since we are dealing with mechanisms that may operate on different physical media
and employ very different data structures, we adopt a variation of the quasi-ordering
on extensional models developed in [2].

– To capture what is intended by “effective,” we propose a set of axioms for models,
adapting the postulates developed for the “Sequential Algorithm Thesis” of Gure-
vich.

Effectivity axioms.We understand an “effective computational model” to be some set of
“effective procedures”. Since all procedures of a specific computational model should
have some common mechanism, a minimal requirement is that they share the same do-
main representation. Any “effective procedure” should satisfy four postulates (formally
defined as Axioms 1–4 in Sections 2–3):
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1. Sequential Time Axiom.The procedure can be viewed as a set of states, a specified
initial state, and a transition function from state to state.
This postulate reflects the view of a computation as some transition system, as
suggested by Knuth [14, p. 7]:

[D]efine acomputational methodto be a quadruple (Q, I,Ω, f ), in which
Q is a set containing subsetsI andΩ, andf is a function fromQ into
itself.. . . The four quantitiesQ, I,Ω, f are intended to represent respec-
tively the states of the computation, the input, the output, and the compu-
tational rule.

2. Abstract State Axiom. Its states are (first-order) structures of the same finite vo-
cabulary. States are closed under isomorphism, and the transition function preserves
isomorphism.
Formalizing the states of the transition system as mathematical structures follows
the proposal of Gurevich [10, p. 78]:

What would their states be? The huge experience of mathematical logic
indicates that any kind of static mathematical reality can be faithfully rep-
resented as a first-order structure.

3. Bounded Exploration Axiom. There is a finite bound on the number of
vocabulary-terms that affect the transition function.
The postulate ensures that the transition system has effective behavior. One way to
look at it is [10, p. 82]:

We assume informally that any algorithm A can be given by a finite text
that explains the algorithm without presupposing any special knowledge.

4. Initial Data Axiom. The initial state comprises only finite data in addition to the
domain representation; the latter is isomorphic to a Herbrand universe.
Our fourth postulate restricts procedures to be wholly effective by insisting on the
effectiveness of the initial data [7, p. 195]:

[I]f non-computable inputs are permitted, then non-computable outputs are
attainable.

To preclude this we insist that the initial data does not contain more than a finite
amount of information. The underlying data type is required to be isomorphic to a
Herbrand universe, so that nothing more than equality of data elements is given at
the outset of a computation.

The freedom to add any finite data is obvious, but why do we limit the domain
representation to be isomorphic to a Herbrand universe? There are two limitations here:
a) every domain element has a name (a closed term); and b) the name of each element
is unique. Were we to allow unnamed domain elements, then a computation cannot
be referred to, nor repeated, hence would not be effective. As for the uniqueness of the
names, allowing a built-in equality notion with an “infinite memory” of equal couples is
obviously not effective. Hence, the equality notion should be the result of some internal
mechanism, and thus needs to be a part of the computational model.

Proof sketch.To prove the thesis—under these assumptions—we prove that any pro-
cedure operating over anarbitrary countable structure, and satisfying the initial-data
postulate, can be mapped (using a rigorous notion of mapping) to somewhile-like com-
puter program, which in turn can be mapped to a Turing machine.
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Hence, if one defines any model that satisfies the four axioms, this model is neces-
sarily bounded by Turing computability, while if one claims that a model is hypercom-
putational, it must violate some of the axioms.

Overview. In the next two sections, we axiomatize “sequential procedures” and “effec-
tive models”. In Section 4, we define an appropriate computational-power comparison
notion, and use it in Section 5 to show that Turing machines, which constitute an effec-
tive model, are at least as powerful as any effective model (Theorem 2). We conclude
with a brief discussion.

Proofs are given in the Appendix.

2 Sequential Procedures

We axiomatize “sequential procedures” along the lines of Gurevich’s sequential algo-
rithms [10]. We later axiomatize, in Section 3, “effective procedures” as their subclass.
We start by providing the standard definition of mathematical structures, upon which
sequential procedures are defined.

2.1 Structures

The states of a procedure should be a full instantaneous description of it. We represent
them by (first order)structures, using the standard notion of structure from mathemat-
ical logic. For convenience, these structures will bealgebras; that is, having purely
functional vocabulary (without relations).

Definition 1 (Structures).

– A domainD is a (nonempty) set of elements.
– A vocabularyF is a collection of function names, each with a fixed finite arity.
– A termof vocabularyF is either a nullary function name (constant) inF or takes

the formf(t1, . . . , tk), wheref is a function name inF of positive arityk and
t1, . . . , tk are terms.

– A structureS of vocabularyF is a domainD together with interpretations[[f ]]S
overD of the function namesf ∈ F .

– A locationof vocabularyF over a domainD is a pair, denotedf(a), wheref is a
k-ary function name inF anda is a k-tuple of elements ofD. (If f is a constant,
thena is the empty tuple.)

– The value of a locationf(a) in a structureS, denoted[[f(a)]]S , is the domain
element[[f ]]S(a).

– It is often useful to indicate a location by a (ground) termf(t1, . . . , tk), standing
for f([[t1]]S , . . . , [[tk]]S).

– StructuresS andS′ with vocabularyF over the same domaincoincideover a set
T ofF-terms if[[t]]S = [[t]]S′ for all termst ∈ T .
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It is convenient to think of a structureS as a memory, or data-storage, of a kind. For
example, for storing an (infinite) two dimensional table of integers, we need a structure
S over the domain of integers, having a single binary function namef in its vocabulary.
Each entry of the table is a location. The location has two indices,i andj, for its row
and column in the table, markedf(i, j). The content of an entry (location) in the table
is its value[[f(i, j)]]S .

Definition 2 (Structure Union). A structureS of vocabularyF over domainD is the
unionof structuresS′ andS′′ of vocabulariesF ′ andF ′′, respectively, overD, denoted
S = S′]S′′, if F = F ′]F ′′, [[l]]S = [[l]]S′ for every locationl in S′, and[[l]]S = [[l]]S′′

for every locationl in S′′.

Definition 3 (Update).Anupdateof locationl over domainD is a pair, denotedl := v,
wherev is an element ofD.

Definition 4 (Structure Modification). Themodificationof a structureS into a struc-
ture S′ of the same vocabulary and domain, denoted∆(S, S′), is the set of updates
{l := v′ | [[l]]S 6= [[l]]S′ = v′}.

Definition 5 (Structure Mapping). Let S be structure of vocabularyF over domain
D andρ : D → D′ an injection fromD to domainD′. A mappingof S by ρ, denoted
ρ(S), is a structureS′ of vocabularyF overD′, such thatρ([[f(a)]]S) = [[f(ρ(a))]]S′

for every locationf(a) in S.

StructuresS andS′ of the same vocabulary over domainsD andD′, respectively,
are isomorphic, denotedS ' S′, if there is a bijectionπ : D ↔ D′, such thatS′ =
π(S).

2.2 Axiomatic Sequential Procedures

The axiomatization of a “sequential procedure” is very similar to that of Gurevich’s
sequential algorithm [10], with the following two main differences, allowing for the
computation of a specific function, rather than expressing an abstract algorithm:

– The vocabulary includes special constants “In” and “Out.”
– There is a single initial state, up to changes inIn.

Axiom 1 (Sequential Time).The procedure can be viewed as a collectionS of states,
a sub-collectionS0 ⊆ S of initial states, and atransition functionτ : S → S from
state to state.

Axiom 2 (Abstract State).

– States. All states are first-order structures of the same finitevocabularyF .
– Input. There are nullary function namesIn andOut in F . All initial states (S0 ⊆ S)

are over the samedomainD, and are equal up to changes in the value ofIn. (The
initial states may be referred to as a single stateS0).
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– Isomorphism Closure. The procedure states are closed under isomorphism. That is,
if there is a stateS ∈ S, and an isomorphismπ via whichS is isomorphic to a
F-structureS′, thenS′ is also a state inS.

– Isomorphism Preservation. The transition function preserves isomorphism. That is,
if statesS andS′ are isomorphic viaπ, thenτ(S) andτ(S′) are also isomorphic
via π.

– Domain Preservation. The transition function preserves the domain. That is, the
domain ofS andτ(S) is the same for every stateS ∈ S.

Axiom 3 (Bounded Exploration). There exists a finite setT of “critical” terms, such
that∆(S, τ(S)) = ∆(S′, τ(S′)) if S andS′ coincide overT , for all statesS, S′ ∈ S.

The isomorphism constraints reflects the fact that we are working at a fixed level of
abstraction. See [10, p. 89]:

A structure should be seen as a mere representation of its isomorphism type;
only the isomorphism type matters. Hence the first of the two statements: dis-
tinct isomorphic structures are just different representations of the same iso-
morphic type, and if one of them is a state of the given algorithm A, then the
other should be a state of A as well.

Domain preservation simply ensures that a specific “run” of the procedure is over a spe-
cific domain. The bounded-exploration axiom ensures that the behavior of the procedure
is effective. This reflects the informal assumption that the program of an algorithm can
be given by a finite text [10, p. 90].

Elements of a procedureA are indexedFA, τA, etc.

Definition 6 (Runs).

1. A run of procedureA is a finite or infinite sequenceS0 ;τ S1 ;τ S2 ;τ · · · ,
whereS0 is an initial state and everySi+1 = τA(Si).

2. A runS0 ;τ S1 ;τ S2 ;τ · · · terminatesif it is finite or if Si = Si+1 from some
point on.

3. The terminating stateof a terminating runS0 ;τ S1 ;τ S2 ;τ · · · is its last
state if it is finite, or its stable state if it is infinite.

4. If there is a terminating run beginning with stateS and terminating in stateS′, we
write S ;!

τ S′.

Definition 7 (Procedure Extensionality).LetA be sequential procedure over domain
D. Theextensionalityof A, denotedext A, is the partial functionf : D → D, such that
f(x) = [[Out]]S′ whenever there’s a runS ;!

τ S′ with [[In]]S = x, and is undefined
otherwise.

Equality, Booleans and Undefined.In contradistinction with Gurevich’s ASM’s, we do
not have built in equality, booleans, or undefined in the definition of procedures. That
is, a procedure need not have boolean terms (‘True’ and ‘False’) or connectives (‘and’
and ‘or’) pre-defined in its vocabulary; rather, they may be defined like any other func-
tion. It also should not have a special term for undefined values, though the value of
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the function implemented by the procedure is not defined when its run doesn’t termi-
nate. The equality notion is also not presumed in the procedure’s initial state; further-
more, it cannot be a part of the initial state of an “effective procedure” (axiomatize later
as a sequential procedure, satisfying Axiom 4). Nevertheless, the internal mechanism
(transition function) of an effective procedure (e.g. a computer program) may perform
equality checks, as the four axioms don’t prevent it.

3 Effective Models

We are interested in sequential procedures that can be satisfying the “initial-data” pos-
tulate (Axiom 4, below), which states that it may only have finite initial data in addition
to the domain representation (“base structure”). An “effective model” is some set of
“effective procedures” that share the same domain representation.

We formalize the finiteness of the initial data by allowing the initial state to contain
an “almost-constant structure.”

Definition 8 (Almost-Constant Structure). A structureF is almost constantif all but
a finite number of locations have the same value.

Since we are heading for a characterization of effectiveness, the domain over which
the procedure actually operates should have countably many elements, which have to be
nameable. Hence, without loss of generality, one may assume that naming is via terms.
We limit the naming to be unique, thus demanding that any equality notion between
different terms be part of the computational model’s mechanism (see Section 1 for
additional details).

Definition 9 (Base Structure).A structureS of finite vocabularyF over a domainD
is a base structureif all the domain elements are the value of a uniqueF-term. That is,
for every elemente ∈ D there exists a uniqueF-termt s.t. [[t]]S = e.

A base structure is isomorphic to the standard free term algebra (Herbrand universe)
of its vocabulary.

Proposition 1. LetS be a base structure over vocabularyG and domainD, then:

– The vocabularyG has at least one nullary function.
– The domainD is countable.
– Every domain element is the value of a unique location ofS.

Example 1.A structure over the natural numbers with constantzeroand unary function
successor, interpreted as the regular successor, is a base structure.

Example 2.A structure over binary trees with constantnil and binary functioncons,
interpreted as in Lisp, is a base structure.

Axiom 4 (Initial Data). The initial state consists of an infinite base structure and an
almost-constant structure. That is, the initial stateS0 is BS]AS]{In} for some infinite
base structure BS and almost-constant structure AS.

An effective proceduremust satisfy Axioms 1–4. Aneffective modelE must be
some set of effective procedures that share the same base structure.
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Single Initial State. Axiom 4 above speaks of a single initial state, while there are
actually many initial states in a sequential procedure. However, as defined in Axiom 2,
all initial states are equal up to changes in the value ofIn, thus may be referred to as a
single stateS0. This state is a structure union (see Definition 2) of a base structure and
an almost-constant structure.

Infinite Base Structure.We require the initial state to include an infinite base structure
(and not a finite one), for allowing the power comparison with Turing machines via
a firm comparison notion, which demands a bijective mapping between domains (see
Section 4). An initial state with a finite base structure is also effective, however will
require a more permissive comparison notion, as the one developed in [2].

Big Steps and Small Steps.A computational model might have some predefined com-
plex operations, as in a RAM model with built-in integer multiplication. A view of
such a model as a sequential procedure allows the initial state to include these complex
functions as oracles [10]. Since we are demanding effectiveness, we cannot allow arbi-
trary functions as oracles, and force the initial state to include only finite data over and
above the domain representation (Axiom 4). Hence, the view of a model at the required
abstraction level is done by “big steps,” which may employ complex functions, while
these complex functions are implemented by a finite sequence of “small steps” behind
the scenes. That is, a function that is the extensionality of an effective procedure may
be included (as an oracle) in the initial state of another effective procedure. (Cf. the
“turbo” steps of [8].)

4 Computational Power

Since we are dealing with models that operate on different data structures, we adopt
a variant of the quasi-ordering on extensional power developed in [2]. The notion of
[2] is based on a surjective mapping between model domains, while here, to meet also
more conservative comparison notions, we allow only bijective mappings. As a result,
we consider Turing machines (TM) to be at least as powerful as a modelA only if TM
implements all functions implemented byA (TM ⊇ A) or TM is isomorphic to such a
model (TM ' B ⊇ A).

We consider only deterministic computational models, hence their computational
power can be viewed as a set of functions. As models may have non-terminating com-
putations, we deal with sets of partial functions. To simplify the development, we will
assume for now that the domain and range of functions are identical, except that the
range is extended with⊥, representing “undefined.” An extension of this assumption to
the general case can be found in [2].

We do not want to limit computational models to any specific mechanism, hence
we allow it to be any object, as long as it is associated with the set of functions that it
implements.

Definition 10 (Computational Model).
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ρ ρ

Fig. 1.Model mapping:ModelB computes all functions of modelA via mappingρ.

– A computational modelA over domainD is any object associated with a set of
partial functionsf : D → D. This set of functions is called theextensionality
of the computational model, denotedext A. The partial functions may also be
interpreted as total functionsf : D → D ∪ {⊥}.

– We writedom A for the domain over which modelA operates.
– For modelsA and B, and a functionf we shall writef ∈ A as shorthand for

f ∈ ext A, andA ⊆ B as short forext A ⊆ ext B.

To deal with models operating over different domains it is incumbent to map the
domain of one model to that of the other. As a result, we getmodel mapping, which
is a structure mapping of the model’s extensionality, as defined in Definition 5. Model
mapping is illustrated in Fig. 1.

Definition 11 (Computational Power).

1. ModelB is (computationally) at least as powerfulas modelA, denotedB % A, if
there is a bijective model mappingπ : dom B → dom A such thatπ(B) ⊇ A.

2. ModelsA andB are computationally equivalentif A % B % A, in which case we
write A ≈ B.

Proposition 2. The computational power relation% between models is a quasi-order.
Computational equivalence≈ is an equivalence relation.

Transitivity of% is because the composition of bijections is a bijection.
The above notion, when replacing the requirement for a bijective mapping with an

injective mapping, is the notion of “implemented” used in [11, p. 52] and of “incorpo-
rated” used in [19, p. 29].

It should be mentioned that, generally, a model might be isomorphic to one com-
puting more functions [3]. Fortunately,TM are an exception and are not susceptible to
this anomaly [3].

5 Effective Equals Computable

Theorem 1. Turing machines are an effective model.

Theorem 2. Turing machines(TM) are at least as powerful as any effective model.
That is,TM % E for every modelE satisfying the effectivity axioms.

Proofs of Theorems 1 and 2 are relegated to the Appendix.
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6 Discussion

Postulate minimality.An effective procedure should satisfy, by our definitions, Axioms
1–4. In the introduction, we argued for the necessity of the postulates from the intuitive
point of view of effectiveness. Moreover, omitting any of them allows for models that
compute more than Turing machines:

1. The Sequential Time Axiom is necessary if we wish to analyze computation, which
is a step-by-step process. Allowing for transfinite computations, for example, would
allow a model to precompute all values of a recursively-enumerable function.

2. In the context of effective computation, there is no room for infinitary functions,
for example. Without closure under isomorphism there would be no value to the
Bounded-Exploration Axiom, allowing the assigning of any desired value to the
Out location.

3. By omitting the Bounded-Exploration Axiom, a procedure need not have any sys-
tematical behavior, hence may “compute” any function by simply assigning the
desired value at theOut location. That is, for each initial stateS there is a stateS′,
s.t.τ(S) = S′ and[[Out]]S′ is the ‘desired’ value.

4. Omitting the Initial-Data Axiom, one may “compute” any function (e.g. a halting
oracle), by simply having all its values in the initial state. Such functions could also
be encoded in equalities between locations, were the initial data not (isomorphic
to) a free term algebra.

Algorithm vs. model.In [10], Gurevich proved that any algorithm satisfying his postu-
lates can be represented by an Abstract State Machine. But an ASM is designed to be
“abstract,” so is defined on top of an arbitrary structure that may containnon-effective
functions. Hence, it may compute non-effective functions. We have adopted Gurevich’s
postulates, but added an additional postulate (Axiom 4) for effectivity: an algorithm’s
initial state may contain only finite data in addition to the domain representation. Dif-
ferent runs of the same procedure share the same initial data, except for the input;
different procedures of the same model share a base structure. We proved that—under
these assumptions—the class of all effective procedures is of equivalent computational
power to Turing machines.

Constructivity. With our definition of base structure (Definition 9) domain elements
are of no importance, as long as there is a way to construct them. Hence, the domain is
effective up to isomorphism. One may wish to require that domain elements themselves
be effective (not up to isomorphism), requiring additional axioms.
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A Proofs of Theorems

We provide here proofs of Theorems 1 and 2. First, we require some additional defini-
tions and lemmata.
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A.1 Programmable Machines

In Section 2, we axiomatized sequential procedures. To link these procedures with Tur-
ing machines, we define some mediators, named “programmable procedures,” along the
lines of Gurevich’s Abstract State Machines (ASMs) [10]. We then show that sequential
procedures and programable procedures are equivalent (Lemma 1).

A “programmable procedure” is like a sequential procedure, with the main differ-
ence that its transition function should be given by a finite “flat program” rather than
satisfy some constraints.

Definition 12 (Flat Program). A flat programP of vocabularyF has the following
syntax:
if x11

.= y11 and x12
.= y12 and . . . x1k1

.= y1k1

then l1 := v1

if x21
.= y21 and x22

.= y22 and . . . x2k2

.= y2k2

then l2 := v2

...

if xn1
.= yn1 and xn2

.= yn2 and . . . xnkn

.= ynkn

then ln := vn

where each
.= is either ‘=’ or ‘ 6=’, n, k1, . . . , kn ∈ N, and all thexij , yij , li, andvi

areF-terms.
Each line of the program is called arule. The part of a rule between theif and the

then is thecondition, li is its location, andvi is its value.
The activationof a flat programP on anF-structureS, denotedP (S), is a set

of updates{l := v | there is a rule inP , whose condition holds (under the standard
interpretation), with locationl and valuev}, or the empty set if the above set includes
two values for the same location.

Coding style.To make flat programs more readable, let

% comment
if cond-1

stat-1
stat-2

else
stat-3

stand for

if cond-1 then stat-1
if cond-1 then stat-2
if not cond-1 then stat-3

and, similarly, for other such abbreviations.

Definition 13 (Programmable Procedure).A programmable procedureis composed
of: F , In, Out, D,S,S0, andP , where all but the last component is as in a sequential
procedure (see Section 2.2), andP is a flat program ofF .
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Therun of a programmable procedure and itsextensionalityare defined as for se-
quential procedures (Definitions 6 and 7), where the transition functionτ is given by
τ(S) = S′ ∈ S such that∆(S, S′) = P (S).

A.2 Sequential Equals Programmable

We show that every programmable procedure is sequential, and every sequential proce-
dure is programmable. This result is derived directly from the main lemma of [10].

Lemma 1. Every programmable procedure is sequential. That is, letA be a pro-
grammable procedure with statesS and a flat programP , then there exists a sequential
procedureB with the same elements ofA, except for having a transition functionτ
instead of the programP , such that∆(S, τ(S)) = P (S) for everyS ∈ S.

Proof. Let A = 〈F , In, Out, D,S,S0, P 〉 be an arbitrary programmable procedure.
Define the finite set of criticalF-termsT to include all terms and subterms ofP . Define
a transition functionτ : S → S by τ(S) = S′ s.t.∆(S, S′) = P (S). To show thatB =
〈F , In, Out, D,S,S0, τ〉 is a sequential procedure such that∆(S, τB(S)) = PA(S)
for everyS ∈ S it remains to show thatB satisfies the constraints defined forτ in a
sequential procedure. Since the flat programP includes only terms inT (and doesn’t
refer directly to domain elements), it obviously follows thatτ satisfies the isomorphism
constraint. SinceT includes all the terms ofP , as well as the subterms of the location-
terms ofP , it obviously follows that states that coincide overT have the same set of
updates byτ . Thus,τ satisfies the bounded-exploration constraint. ut

Lemma 2. Every sequential procedure is programmable. That is, letB be a sequential
procedure with statesS and a transition functionτ , then there exists a programmable
procedureA with the same elements ofB, except for having a flat programP instead
of τ , such that∆(S, τ(S)) = P (S) for everyS ∈ S.

This follows directly from Gurevich’s analogous proof that for every sequential algo-
rithm there exists an equivalent sequential abstract state machine [10, Lemma 6.11].

A.3 Effective Equals Computable

We prove now that Turing machines are of equivalent computational power to all effec-
tive models.

Turing Machines are Effective. First, we show that the class of effective procedures
is at least as powerful as Turing machines, as the latter is an effective model.

Proof (of Theorem 1).We consider Turing machines (TM) with two-way infinite tapes.
The tape alphabet is{0, 1}. So domain elements are comprised of an internal machine
state and an infinite tape, containing finitely many 0’s and 1’s, and the rest blank, and a
read/write head somewhere along the tape.

As is usual, this Turing machine state (instantaneous description) may be described
as a triple〈Left, q, Right〉, whereLeft is a finite string containing the tape section left of
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the reading head,q is the internal state of the machine, andRight is a finite string with
the tape section to the right to the read head. The read head points to the first character
of theRightstring. The two edges of the tape are marked by a special$ sign.

TMs can be viewed as an effective model with the following components:

Domain: The domain consists of all finite strings over0, 1 with a suffix of a$ sign.
That is the domainD = {0, 1}∗$.

Base structure:Constructors for the finite strings (name/arity): $/0, Cons 0/1, and
Cons 1/1.

Almost-constant structure:

– Input and Output (nullary functions):In, Out. The value ofIn at the initial state is
the content of the tape, as a string over{0, 1}∗ ending with a$ sign.

– Constants for the alphabet characters and TM-states (nullary):0, 1, q 0, q 1, . . . ,
q k. Their values are of no importance as long as it is a different value for each of
them.

– Variables to keep the current status of the Turing machine (nullary):Left, Right,
andq. Their initial values are:Left = $, Right = $, andq = q 0.

– Functions to examine the tape (unary functions):Head andTail. Their initial value,
at all locations, is$.

Transition function:By Lemma 1, every programmable procedure is a sequential pro-
cedure. Thus, a programmable procedure that satisfies the initial-data postulate is an
effective procedure. Every Turing machinem ∈ TM, is an effective procedure with a
flat program looking like this:

if q = q_0 % TM’s state q_0
if Head(Right) = 0

% write 1, move right, switch to q_3
Left := Cons_1(Left)
Right := Tail(Right)
q := q_3
% Internal operations
Tail(Cons_1(Left)) := Left
Head(Cons_1(Left)) := 1

if Head(Right) = 1
% write 0, move left, switch to q_1
Left := Tail(Left)
Right := Cons_0(Right)
q := q_1
% Internal operations
Tail(Cons_0(Right)) := Right
Head(Cons_0(Left)) := 0
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if q = q_1 % TM’s state q_1
...

if q = q_k % the halting state
Out := Right

The updates forHead andTail are bookkeeping operations that are really part of
the “behind-the-scenes” small steps.

The procedure also requires some initialization, so as to fill the internal functions
HeadandTail with their values for all strings up to the given input string. It sequentially
enumerates all strings, assigning theirHeadandTail values, until encountering the input
string. The following internal variables (nullary functions) are used in the initialization
(Name = initial value):New= $, Backward = 0, Forward = 1; AddDigit = 0,
andDirection = $.

% Sequentially constructing the Left variable
% until it equals to the input In, for filling
% the values of Head and Tail.
% The enumeration is $, 0$, 1$, 00$, 01$, ...
if Left = In % Finished

Right := Left
Left := $

else % Keep enumerating
if Direction = New % default val

if Head(Left) = $ % $ -> 0$
Left := Cons_0(Left)
Head(Cons_0(Left)) := 0
Tail(Cons_0(Left)) := Left

if Head(Left) = 0 % e.g. 110$ -> 111$
Left := Cons_1(Tail(Left))
Head(Cons_1(Tail(Left)) := 1
Tail(Cons_1(Tail(Left)) := Tail(Left)

if Head(Left) = 1 % 01$->10$; 11$->000$
Direction := Backward
Left := Tail(Left)
Right := Cons_0(Right)

if Direction = Backward
if Head(Left) = $ % add rightmost digit

Direction := Forward
AddDigit := True

if Head(Left) = 0 % change to 1
Left := Cons_1(Tail(Left))
Direction := Forward

if Head(Left) = 1 % keep backwards
Left := Tail(Left)
Right := Cons_0(Right)

if Direction = Forward % Gather right 0s
if Head(Right) = $ % finished gathering

Direction := New
if AddDigit = 1

Left := Cons_0(Left)
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Head(Cons_0(Left)) := 0
Tail(Cons_0(Left)) := Left
AddDigit = 0

else
Left := Cons_0(Left)
Right := Tail(Right)
Head(Cons_0(Left)) := 0
Tail(Cons_0(Left)) := Left

ut

Effective Procedures are Computable.Next, we show that all effective models are
equal to or weaker than Turing machines by mapping every effective model to awhile-
like computer program(CP). The computer program may be of any programming lan-
guage known to be of equivalent power to Turing machines, as long as it includes the
syntax and semantics of flat programs.

Lemma 3. Every base structureS of vocabularyF over a domainD is isomor-
phic to a computable structureS′ of the same vocabulary overN. That is, there
is a bijectionπ : D ↔ N such that for every locationf(a) of S we have that
[[f(a)]]S = π−1([[f(π(a))]]S′).

Proof. LetS be a base structure of vocabularyF over a domainD. LetT be the domain
of all F-terms, and̃S the standard free term algebra (structure) ofF . Since all structure
functions are total, it follows that everyF-term has a value inD, and by Proposition 1,
every elemente ∈ D is the value of a uniqueF-term. Therefore, there is bijection
ϕ : D ↔ T , such thatϕ−1(t) = [[t]]S for everyt ∈ T . Hence,S andS̃ are isomorphic
via ϕ. SinceF is finite, it follows that its set of termsT is recursive. Define a com-
putable enumerationη : T ↔ N. Define a structureS′ of vocabularyF overN by the
following computable recursion:[[f(n1, . . . , nk)]]S′ = η(f(η−1(n1), . . . , η−1(nk))).
That is, for computing the value of a functionf on a tuplen the program should recur-
sively find the terms ofn, and then compute the enumeration of the combined term. By
the construction ofS′ we have thatS′ andS̃ are isomorphic viaη. Hence,S′ andS are
isomorphic viaϕ ◦ η. ut

Lemma 4. Computer programs (CP) are at least as powerful as any effective model.
That is, for every effective modelE over domainD there is a bijectionπ : D → N
such thatCP % E via π.

Proof. Let E be an effective model over a domainD with base structureBS. By
Lemma 3 there is a bijectionπ : D ↔ N, such that the structureBS′ := π(BS) is
computable. LetPBS be a computer program implementingBS′. For each effective pro-
ceduree ∈ E, let ASe be its almost-constant structure. SinceASe is almost constant,
it follows thatAS′

e := π(ASe) is computable; letPASe be a computer program imple-
mentingAS′

e. By Lemma 2, the transition function of every effective proceduree ∈ E
can be defined by a flat programPe. For every effective proceduree ∈ E, define a
computer programP ′

e = Pe ∪ PASe
∪ PBS . SinceBS′ = π(BS) andAS′

e = π(ASe)
it follows thatext P ′

e = π(ext e). Therefore, there is a bijectionπ : D ↔ N, such that
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for every effective proceduree ∈ E there is a computer programP ′
e ∈ CP such that

ext P ′
e = π(ext e). Hence,CP % E. ut

We are now in position to prove our main theorem, namely that Turing machines
(TM) are at least as powerful as any effective model.

Proof (of Theorem 2).We need to show thatTM % E for every modelE satisfying
the effectivity axioms. We have, by Lemma 4, that computer programs (CP) are at least
as powerful as any effective model, while TMs are of equivalent power to computer
programs (TM ≈ CP). ut
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