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dncwd 1

ici lr zizr dxcq onqp llk jxca .onf jxe`l zeyrpy zeitvz ly sqe` `id zizr dxcq

{yt}, t = 1, . . . , N.

:od zeizr zexcql ze`nbec xtqn

.zepexg`d mipyd 70 jyna dhig ly rvennd izpyd xignd •

.lifxa ,dtiqxa zrvennd ziycegd dxehxtnhd •

.zniieqn dxag ly zeiycegd zexiknd •

.miireayl zg` ,zxpkd ipt daeb •

.miizryl zg` ,miieqn inik jildz ly fekixd •

.IBM zeipn ly ineid dxibqd xign •

.mxbenqiiq •

.cgeina zelecb dnc` zecirx exw ea onfd •

:zeizr zxcq ly zepekz

.sivx e` cica onfa zeidl leki minbec eze` jildzd .1

.zeiaihlxew od :zeielz izla opi` zeitvzd .2

:gezipd zxhn

ote`a jildzd z` x`zl ozip m`d ?izper mxeb yi m`d ?(trend) geeh zekex` zenbn zedfl ozip m`d :xe`z .1
?ihqihhq lcen ici lr heyt

?zeicizr zeitvz lr xn`l ozip dn :iefig .2

izy ly zeitvzd m` ?{xt} dreci hlw zxcq mr {yt} zeitvzd zxcq z` xywl ozip cvike m`d :xaqd .3
zxcq lecinl zizrd dxcqd zyib .diqxbx zxfra ef diral miybip epiid ,zeielz izla eid dl` zexcq
mixyt`n miinpic milcen .dxcqd zegztzd lr onfd zrtyd z` oeayga zgwl epl zxyt`n hlt-hlwd

.dxcqd ly miicizr mikxr `apl mb

,miieqn xdp ly fewip ob`a micxeid mirwynd zenk z` zbviin {xt} dxcqd m` `ed dfk dxwnl `nbec
.xdpa minxefd mind zenk z` zbviin {yt}-e

{yt} dxcqd lr “helyl” ozip {xt} hlwd zxcqn zrtyen {yt} zeitvzd zxcq cvik mipian m` :dhily .4
z` e` miieqn xevii jildz ly dnx zbviin {yt} dxcqd m` ,lynl .{xt} dxcqd lr dhily zervn`a
zxcql hlwd zxcq oia xywd ly oekp lecina dax dcina zeielz zeliri dhily zehiy .lih ly enewin

.hltd
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:zeizr zexcq gezipl zeyib

.{yt} zitvpd dxcqa fkxzn gezipd .jildzd zegztzd z` xiyi ote`a x`zl dqpp o`k :onfd megz •

zeitvz cvik zx`znd ,dxcqd ly (autocorrelation) szeynd m`znd zivwpet `ed ef dyiba gztn ilk
.efl ef zexeyw reaw xrta

-xcza miqepiqewe miqepiq ly mekq `edy mewr jezn mi`ak mitvpd mikxrl miqgiizn o`k :xczd megz •
.dwifitde dqcpdd inegzn ze`ad zeax zeizr zexcql zirah dbvd idef .mipey mi

dcehiltn`de df`td z` jixrdle ,dxcqd z` zexicbnd zeiqiqad zeiexiczd z` zedfl `id gezipd zxhn
`xwp df gezip .“mxbeceixt” `xwpd ilk zxfra ,miqepiqew ly mekqk zbven dxcqd ef dxhn zbydl .odly

.“diixet gezip” e`“ilxhwtq gezip” mb

:zeizr zexcql milcen

dpekp ef dcewp .onfd mr jildzd gztzn cvik ahid x`znd ilwifit lcen yi mizrl :miilwifit milcen .1
.milbd zrepz ly dixe`zd zxfra aeh ic xe`zl ozip mxbenqiiqd ,lynl .miilwifit mipezp xear cgeina
zeidl xen` oey`xd gezipd oeeik okle ,miqepiqew ly mekqk beviil mipzip mipezpd ik zfnxn dixe`zd

dxevd ilra md miilwifit milcen aexl .xczd megza
dY

dt
= k(y, t; θ).

.onfa zelzk Y divwpetd ly milelqn mix`zn ef d`eeyn ly zepexzt

izy epl zepezpyk .mipezpd zxcqn cen`l yi eze`y ,θ reci `l xhnxta ielz didi xewgp ep`y lcend aexl
.zeil`ivpxtic ze`eeyn ly zkxrn xeztl mizirl jxhvp ,xzei e` zexcq

m` elit` ,aexl .dxcqd zegztzd ly wiiecn xe`z zpzep d`eeynd m` ihqipinxhc lcend ik mixne` ep`
lcend lr aeygl mileki ep` dfk dxwna .il`ci`d mewrdn dhqz zitvpd dxcqd ,aeh ilwifit xe`z epicia
lcendn zeihq .zlgezd aiaq ixwn yrx lrk dihqd lre ,Yt ly zlgezd z` ozepd lcen lrk ilwifitd

.odipia xywd z` lcnl yie ,zeinecpx opi` aexl (residuals) rvend

mda yiy miixtqenh` e` miilklk mipezpa migeex df beqn milcen :yrxe zeizper ,dnbn - miaikxl wexit .2
:od zeillk ze`nbec .miinei e` miizpy mixefgn

Yt = mt + St + εt,

Yt = mtSt + εt,

Yt = mtStεt,

.yrxd `ed εt-e ,izper aikx `ed St ,geeh zkex` dnbn bviin mt xy`a

riwyn ,zeipnd ccn z` zbviin {Yt} dxcqd m` ,`nbecl .mixg` mikxvl oiiprn elld miaikxdn cg` lk
mipy xtqn eizeipna wifgnd xzei mkgezn riwyn ,dnbnd aikxa wx oiiprzn diqptl sqk jqegd icileq

.yrxd aikxa oiiprzn ,ineinei ote`a zeipn dpewe xkend ,mkgezn ce`n riwyne ,izperd aikxa oiiprzn
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zbvein zizpyd zeixefgnd ,dnbnd aikx ici lr zbvein ux`d xeck zenngzd :xie`d bfn `id ztqep `nbec
.xgn xie`d bfn iefigl aeyg yrxd aikxe ,izperd aikxd ici lr

.onfa zix`pil dnbn x`zi mt = a+ bt ,lynl .zeizperde dnbnd iaikxl dxebq dxev zzl ozip mizirl

,oerax lkl miilklk mipezp epzeyxa m` ,lynl .mixehwicpi` ly sqe` e` qepiqew zeidl leki izperd aikxd
.oerax lkl dpey reaw ly ztqez zeidl dleki St ly dnexzd

.dfk lcen mi`zdl ick zix`pil diqxbx enk zeihxcphq zeihqihhq zewipkha ynzydl xyt` mizirl
eidi εt yrxd inxeby jk ,onfa zelzd lk z` oeayga gwel `l mizirl lcena dnbnd aikx ik al miyl yi

.ef divlxew oeayga zgwl jxhvi oekp diqxbx gezip .min`ezn

-xtnhd ly lcen ,lynl .mipey mixcza zixefgn zebdpzd ebviiy miizper mixehwicpi` xtqn eidie okzii
zkex` dnbn oia licadl dyw mizirl .zizpye zinei zeixefgn oeayga gwii (dry lk zg` d`ixw) dxeh
.i`ne uxn miycegd oia (dryl zg`) dxehxtnh z`ixw epzeyxay ,`nbecl ,gipp .zizper zeixefgn oiae geeh
dnbn `id dxehxtnha dilrd ik aeygle zerhl milelr epiid dxehxtnhd zebdpzd lr eply rcid `lel

.zizper zeixefgnn wlg `le ,geeh zkex`

myl .yrxd mxeb z`e geehd-zxvw zizperd zeixefgnd z` wilgdl miqpn ep` geeh zkex` dnbn zedfl ick
:rp-revin `ed xzeia heytd ix`pild xhlitd .“miix`pil mixhlit”a aexl miynzyn jk

(1) Xt =
1

2q + 1

t+q∑
u=t−q

Yu.

mincwn mr xhlita ynzydl `id zxg` zexyt` .Xt dxcqa zelw xzia iedifl zpzip geeh zkex` dnbn
.zeil`inepia zeiexazqd mdy

.{Yt} dxcqd ly zix`pil divwpet `id {Xt} dxcqd :miix`pil mixhlit md o`k epiivy mixhlitd ipy
.`ad xhlitd `ed iyeniy ix`pil-`l xhlitl `nbec

(2) Xt = median{Xt−q, Xt−q+1, . . . , Xt+q}.

:(outliers) dxcqa mibixg mikxrl yibx `l df xhlit .Yt aiaqy mikxrd 2q + 1 ly oeivgd `ed Xt ,xnelk
mpi`y mikxrd q + 1-n cg` didi oiicr oeivgd ,Yt aiaqy mikxrd 2q + 1 oia mibixg q xzeid lkl yi m`

.mibixg

`ed jkl `nbec .izperd aikxa fkxzdl xyt`le ,geehd-zkex` dnbnd z` milrdl milekid mixhlit mpyi
:letkd yxtdd xhlit

Xt = Yt+1 − 2Yt + Yt−1.

megza gezipa ynzyp ,dxehxtnhd ly `nbeca enk ,miizper mpi`y miixefgn minxebe miizper minxeb iedifl
.xhqniqd seq z`xwl d`xp eze` ,xczd

okl .zekenpd zeiexiczd z` wx xi`yne ,zedeabd zeiexiczd z` yilgn rpd-revind xhlit ,xczd megza
zgeex dyib .miqcpdn oia migeex dl`k mixhlit .(low pass filter) zekenp zeiexicz xhlit `xwp df xhlit
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.mixi`yn zeiexicz eli`e miwgen zeiexicz eli` wiecna helyl ozip jk ;xczd agxna mixhlit lirtdl `id
yxtdd xhlit .zedeab zeiexicz xi`yne ,zekenp zeiexicz milrn (high pass filter) zedeab zeiexicz xhlit

.df beqn xhlit `ed letkd

qxewd aex .zeix`y zxcq mr mix`yp ep` miixefgnd minxebd z`e dnbnd ieew z` dxcqdn epiwipy xg`l
xn`l lkep dn ,igkepd onfd cr zeix`yd zxcq ozpida ,xnelk .l"pd zeix`yd oiay xywd zpada cwnzi

.zrk xewqp mze`y ,mihqkehq milcen zxfra z`f dyrp .d`ad zix`yd lr

jildz ly divfil`ixk Yt z` ex`zi qxewd ly eaexa ynzyp ep` mda milcend :mihqkehq milcen .3
-miiaiqxbx-ehe`d milcend zgtyn `id mihqkehq mikildz ly cgeina ziyeniy dgtyn .ihqkehq
x`zl ick miyxtd z`eeyna miynzyn dl` milcen .(autoregressive-moving average, ARMA) rp-revin

dxevdn `edy ,ARMA(p, q) lcen `ed d`xp eze` milcend cg` .Yt z`

Yt − φ1Yt−1 − . . .− φpYt−p = Xt + θ1Xt−1 + . . .+ θqXt−q,

sb`e ,p xcqn diqxbx-ehe` `ed l`ny sb` .0 zlgez mr ielz izla ixwn yrx ly dxcq `id (Xt) xy`a
df gpena dyrpy yeniydn dpey“rp-revin” gpena o`k yeniyd ik al miyp) .q xcqn rp-rvenn `ed oini

.(zekenp zeiexicz xhlita

-ilwifit milcen xe`za zeil`ivpxtic ze`eeyn ly ihxwqicd belp`d lrk miyxtd ze`eeyn lr aeygl ozip
.lcend ly erah z` dxicbn yrxd ly zwiiecnd dxevd .mi

:gezipd zhiy

.milcen ly ziyeniy dgtyn gztp .1

.dgtyndn ixyt` lcen zedfl icka zitvpd zizrd dxcqd lr miihqihhq milk lirtp .2

.lcend ly mixhnxtd z` cen`p .3

.dpezpd dxcql mi`zn cnrend lcend m`d wecap .4

.'eke miicizr mikxr `app ,zepwqn wiqp ,mi`zn lcend m` .5

.2-l xefgpe ,milcen ly ziaihpxhl` dgtyn ddfp ,mi`zn epi` lcend m`

dxcqd ly zitxb dbvd 1.1

dxcqd z` bivdl `ed oey`xd crvd ,gezipd zxhn dn epxcbde ,dxcqd lr miillk mipezp eplaiwy xg`l
.dxcqd z` xiaqiy mi`zn lcen gztlo zeqpl ick ode ,mipezpd z` x`zl ick od daeyg ef dbvd .itxb ote`a

zecewp e` dtivx dbvd ,lynl) mipezpd ebvei da jxcd z`e ,zel`wq xegal yi ,oekp dxcqd z` bivdl ick
.dxcqd zpad lr dlecb drtyd mizirl yi el` zexigal .(zecxtp

,yeniyl dgep zitxbd dbvdd oda zeihqihhq zepkez yi .zeihqihhq zepkez zxfra aexl ziyrp dbvdd meik
.jk epi` xacd oda el`k yie
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mipezpd lr zeivnxetqpxh 1.2

yxey e` mzixbel ,lynl ,mipezpd lr zniieqn divnxetqpxh zeyrl yi ik epl fenxl dleki zitxbd dbvdd
:od divnxetqpxh zlrtdl zeixwird zeaiqd yely .ireaix

.zepeyd aevii .1

lr divnxetqpxh lirtdl yie okzii ,zlgezd mr dler zepeyd ik d`xp m`e ,dnbn meiw mi`xn mipezpd m`
.zinzixbel divnxetqpxha jxevd lr zfnxn zlgezl zipeivxetextd owzd zihq .dxcqd

.iaihic`l izperd aikxd zkitdl .2

mipezpd lr divnxetqpxh lirtdl yi ik xacd fnxn ,zlgezd mr dler izperd aikxde ,dnbn zedfl ozip m`
ozipe ,“iltik” `xwp `ed ,zlgezl ipeivxetext izperd aikxd m` .iaihic`l izperd aikxd z` jetdzy
`ed yrxd aikx m` wx zepeyd z` aviiz ef divnxetqpxh ik xekfl yi .zinzixbel divnxetqpxh lirtdl

.iltik mb

.zilnxep mibltznl mipezpd zkitdl .3

.zniiwzn dpi` mizirl ef dgpd iyrn ote`a .zilnxep bltzn yrxd ik eaexa gipn qxewa gztpy gezipd

ze`xwpy zeivnxetqpxh ly dgtyn jezn ze`nbec izy od ireaixd yxeyde mzixbeld zeivnxetqpxh
xhnxt mr divnxetqpxhd ,iynn λ xhnxt lkl .(Box-Cox transformations) qwew-qwea zeivnxetqpxh

:`ad ote`a {zt} dycg dxcq dxicbn {yt} dxcqd lr zlrtend λ

zt =


(yt)

λ−1
λ λ 6= 0,

log(yt) λ = 0.

.xegal yiy λ ly ilnite`d jxrd lr miriavn yegipd zlekie oeiqipd aexl

jxc `evnl ozip `le ,zepeyd z` zaviin `l iaihic`l izperd aikxd z` zktedy divnxetqpxh mizirl
.zipnf ea zexhnd izy z` biydl

dnbnd aikx z`ivn 1.3

.df aikx ly zlaewn zilnxet dxcbd oi` .jildzd ly zlgeza geeh jex` iepiy `id dnbn ,illk ote`a

:zix`pil dnbn `ed xzeia heytd dnbnd aikx

yt = α+ βt+ xt,

,ok m` ,`id t onfa dnbnd aikx znexz .mireaw md α, β-e ,“yrx” zxcq `id {xt} xy`a

mt = α+ βt.

.mipey onf irhwa dpey dnbn ew mi`zp ep`e ,onfd mr dpzyn dnbnd aikx aexl
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mirvennd zxcq z` gzpl dqppe ,xefgn lka dxcqd ly rvenn dligz aygp ,zeizper aikx mb zedfl ozip m`
.dnbnd aikx z` oiit`l ick

mewr lynl ,dheyt divwpet `edy dnbn ew `evnl `id zizxeqnd dyibd ,izper aikx zedfl ozip `l m`
ici lr oezpd Gompertz mewr z` mi`zdl ozip .('eke ,ireaix mewr ,ix`pil ew) il`inepilet

log(yt) = a+ brt,

ici lr oezpd logistic curve-d z` e` ,0 < r < 1-e mireaw md a, b, r xy`a

xt =
a

1 + be−ct
.

rp-revind xhlit `nbecl ,ix`pil xhlit ici lr `id dnbnd aikx iedifl zxg` jxc

zt =
1

2q + 1

t+q∑
j=t−q

yt.

zelwa zedfl didi ozipe ,ohw didi {zt} dxcql zeizperd aikxe yrxd iaikx ly dnexzd ,eic lecb q m`
.dnbnd aikx znexz z` xzei dax

-revin xhlita mincwndn mipeyd mincwn mr mix`pil mixhlit ,xnelk) mitqep milaewn mixhlit mpyi
gezip lr ihxe`z rcie oeiqp zyxec ynzydl jixv ea itivtqd xhlita dxigad .(mix`pil `l mixhlit e` ,rp

.jynda d`xp eze` ,xczd megza
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zeizr zexcql miihqkehq milcen 2

.{Yt} miixwn mipzyn ly ziteqpi` dxcq `ed ihqkehq jildz 2.1 dxcbd

Y0 = 0 ,xnelk ,ixwn jelidd `ed jildzd m` ,`nbecl .ihqkehq jildz ly divfil`ixk zizr dxcq d`xp ep`
ly zitivtq dxcq `id zizrd dxcqd ,ivg xhnxt mr ilepxa ixwn dpzyn `ed Xt xy`a ,Yt+1 = Yt + Xt-e

.l"pd jildzd zxfra dxveiy minly mixtqn
:md miihqkehq mikildzl zeheyt ze`nbec yely

i`xw` jildz `xwp dfk jildz .zebltzd ieey miielz izla milnxep miixwn mipzyn ly dxcq `id {Yt} .1
.oal yrx jildz e` xedh

,miielz-izla miixwn mipzyn ly dxcq `id Xt xy`a ,Yt+1 = Yt +Xt-e Y0 = 0 :`ad ote`a zxcben {Yt} .2
.obed ixwn jelid jildz `xwp dfk jildz .ziteq zepeye 0 zlgez mr zebltzd-ieey

,miielz-izla miixwn mipzyn ly dxcq `id Xt xy`a ,Yt+1 = Yt +Xt-e Y0 = 0 :`ad ote`a zxcben {Yt} .3
.obed-`l ixwn jelid jildz `xwp dfk jildz .ziteq zepeye 0 dpi`y zlgez mr zebltzd-ieey

lkl ,iaeig m lkl m` ixpeivhq `ed {Yt} ihqkehq jildz 2.2 dxcbd

-e (Yt1 , Yt2 , . . . , Ytm
) miicnn-axd miixwnd mipzynl ,iaeig τ lkle ,t1, . . . , tm

.zebltzd dze` yi (Yt1+τ , Yt2+τ , . . . , Ytm+τ )

zlgezd ,okl .t-a dielz dpi` Yt ly zebltzdd if` ixpeivhq jildzd m` ,hxta

µ(t) = E[Yt]

zepeyde
σ2(t) = Var(Yt) = E[(Yt − µ(t))2]

.σ2-e µ-a opnql heyt ozipe ,t-a zeielz opi` (zeniiw od m`)
ici lr epl dpezpd zizrd dxcqd z` onqp .ihqkehqd jildzd ly ziteq divfil`ix `id zizr dxcq

.cala zeitvz N milawn ep` ,xnelk .(y1, . . . , yN )

illk `ed ihqkehqd jildzd m` ,Y1, . . . , YN miixwnd mipzyndn cg` lkn zg` zitvz mi`ex ep`y oeeikn
.zeitvzd jezn jildzd lr xac cenll lkep `l

,lynl ,idylk zeiweg miiwl aiig dxcqd z` xviy jildzd ,jildzd lr rcin epl wtqz zitvpd dxcqdy ick
.ixpeivhq `edy

:zeitvza yeniy ici lr zepeyde zlgezd z` cen`l ozip ,ixpeivhq jildzd m`

µ̂ =
1
N

N∑
t=1

yt = y,

σ̂2 =
1
N

N∑
t=1

(yt − y)2.

daxda dpyn `l o`k epzpy dxcbdd .N-a dwelg mewna N−1-a dwelg ici lr lawzn zepeyl dhen `ld cne`d
.jynda mb dyrp minec miaexiw .ze`gqepd z` zhytne ,cne`d z`
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(auto-correlation) szeynd m`znd zivwpete (auto-covariance) ztzeynd zepeyd zivwpet 2.1

.ipya cg`d miielz mipky mikxr cvik `ed zizr dxcq ly cg` oiit`n
:ici lr zxcben `id .reaw xrta dxcqd ikxr oia ztzeynd zepeyd z` zccen ztzeynd zepeyd zivwpet

γk(t) = Cov(Yt, Yt+k) = E[(Yt − µ(t))(Yt+k − µ(t))].

.γ0 = σ2(t) ik al miyp
.t-a dielz dpi` γk ztzeynd zepeyd ,ixpeivhq jildz `ed {Yt} m`
ici lr szeynd m`znd zivwpet z` xicbp ixpeivhq jildzd xy`k

ρk =
γk

γ0
.

:ze`ad zepekzd z` zniiwn szeynd m`znd zivwpet 2.3 dprh

.ρ0 = 1 .1

.ρ−k = ρk .2

.k lkl |ρk| ≤ 1 .3

yi ,xnelk .ihqkehqd jildzd z` cigi ote`a zx`zn dpi` szeynd m`znd zivwpet .4

.szeyn m`zn zivwpet dze` yi mdl mipey mihqkehq mikildz ipy

.szeynd m`znd zivwpet zxcbd jezn zeraep zepey`xd zeprhd izy .dgked

zedfa ynzyp ziyilyd dprhd z` gikedl ick

Var(X ± Y ) = Var(X) + Var(Y )± 2Cov(X,Y ).

,ixpeivhq jildzdy oeeikn

0 ≤ Var(Yt ± Yt+k)

= Var(Yt) + Var(Yt+k)± 2Cov(Yt, Yt+k))

= 2σ2 ± 2γk.

.dprhd zraep o`kne
`ed Yt .`ad ote`a {Yt} jildz xicbpe ,ziteq zepey lra ixwn dpzyn Z `di ,ziriaxd dprhd z` gikedl ick
zeielz izla zeitvz ly dxcq xviin {Yt} jildzd ,xnelk .Z zebltzdl ddf ezebltzde ,{Yj}j<t-a ielz izla

.k 6= 0 lkl ρk = 0 `id {Yt} jildzd ly szeynd m`znd zivwpet df dxwna .Z ixwnd dpzynd ly

dylg zeixpeivhq 2.2

.dylgd zeixpeivhqd byen z` xicbp df sirqa
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E[Yt] m` (weak stationary) ylg ixpeivhq `xwp {Yt} ihqkehq jildz 2.4 dxcbd

.t-a `le ,k xrta wx ielz Cov(Yt, Yt+k)-e ,t-a ielz epi`

.oekp gxkda epi` jtidd j` ,ylg ixpeivhq `ed ixpeivhq jildz lk ik raep zexcbddn
.ylg ixpeivhq `ed jildzd ik yexcl ic ,d`xpy mikildz ly mipiit`nd aex xear

ztzeynd zebltzdd mda ,milnxepd mikildzd zgtyn `id miylg miixpeivhq mikildz ly dgtynl `nbec
zilnxep-axd zebltzdd .t1, t2, . . . , tm mipey miqwcpi` ly sqe` lkl zilnxep-ax `id (Yt1 , Yt2 , . . . , Ytm) ly
.ztzeynd zepeyd zivwpete ezlgez ici lr oiit`n ilnxep jildz okle ,ipyde oey`xd mihpnend ici lr zpiite`n
ixwn dpzyn Yt `di t lkl .d`ad `nbeca opeazp ixpeivhq `ed ylg ixpeivhq jildz lk `l ik ze`xl ick

,xnelk ,1/2 xhnxt mr ilepxa
P(Yt = 0) = P(Yt = 1) =

1
2
.

.{Yt}) dxcqd ly ztzeynd zebltzdd z` xicbp zrk
:`ad ote`a xcben Y3 ixwnd dpzynd ,z`f znerl .miielz izla md (Yt)t6=3 miixwnd mipzynd

Y3 = Y1 + Y2 mod 2.

zixpeivhq `id {Yt} dxcqd okle ,i 6= j lkl miielz izla Yj-e Yi ,okl .t 6= 3 lkl ,Yt-a ielz izla Y3 ik ze`xl lw
.ylg

dpi` dxcqd ,{Y4, Y5, Y6} ly ztzeynd zebltzddn dpey {Y1, Y2, Y3} ly ztzeynd zebltzddy oeeikn
.zixpeivhq

mihqkehq mikildzl ze`nbec 2.3

(purely random process) xedh i`xw` jildz 2.3.1

mipzynd m` xedh i`xw` jildz z`xwp miixwn mipzyn ly dxcq 2.5 dxcbd

.zebltzd ieeye miielz izla md miixwnd

:miiwne ,ixpeivhq `ed xedh i`xw` jildz

γk = 0, k = ±1,±2, . . .

.cgein dpan lk `ll yrxl `nbec ynyie ,oal yrx mb `xwp xedh i`xw` jildz

(random walk) ixwn jelid 2.3.2

jildz .σ2
X zepeye µX zlgez mr xedh i`xw` jildz `ed {Xt}-y gipp 2.6 dxcbd

m` ixwn jelid `xwi {Yt}
Yt = Yt−1 +Xt.
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f`e ,Y0 = 0 mr ligzp llk jxca

Yt =
t∑

j=1

Xj .

:od {Yt} jildzd zepekz

E[Yt] = tµX ,

Var(Yt) = tσ2
X .

.ixpeivhq epi` df jildz ,hxta
ici lr xcbend {∇Yt} jildzd ik al miyp

∇Yt = Yt − Yt−1 = Xt

.ixpeivhq hxtae ,xedh i`xw` jildz `ed

(moving average process) rp-revin jildz 2.3.3

{Yt} jildz .σ2
X zepeye 0 zlgez mr xedh i`xw` jildz `ed {Xt}-y gipp 2.7 dxcbd

miiwzn t lkly jk θ0, θ1, . . . , θq mireaw miniiw m` q xcqn rp revin jildz `xwi

Yt = θ0Xt + θ1Xt−1 + · · ·+ θqXt−q.

.MA(q) ici lr oneqz dl`d mikildzd zgtyn

jildzd z` dpyn dpi` ef dlerte ,reaw eze`a {Xt} z` wlgle ,reawa θk mireawd lk z` litkdl ozipy oeeikn
.θ0 = 1 ik gipp llk jxca ,{Yt}

:od q xcqn rp revin jildz ly zepekz dnk

µ(t) = E[Yt] =
q∑

j=0

θjE[Xt−j ] = 0,

σ2(t) = Var(Yt) = σ2
X

q∑
j=0

(θj)2.

:y oeeikn

Cov(Xt, Xt+k) =

 0 k 6= 0,

σ2
X k = 0,

:y oeeikne

γk = Cov(Yt, Yt+k)

= Cov(θ0Xt + · · ·+ θqXt−q, θ0Xt+k + · · ·+ θqXt+k−q)

ik raep

γk =


0 k > q,

σ2
X

∑q−k
j=0 θjθj+k k = 0, 1, . . . , q,

γ−k k < 0.
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okl

(3) ρk =


0 k > q,∑q−k

j=0 θjθj+k∑q
j=0 θ2

j
k = 0, 1, . . . , q,

ρ−k k < 0.

.q ly xrt ixg` znhwp szeynd m`znd zivwpet ik al miyp
:lawp q = 1 xear ,`nbecl

γ0 = σ2
X(1 + θ21),

γ1 = θ1σ
2
X ,

γk = 0, k > 1.

:ici lr dpezp szeynd m`znd zivwpet okle

ρk =


1 k = 0,

θ1
1+θ2

1
k = ±1,

0 k = ±2,±3, . . .

(gaussian process) iqe`b jildz 2.3.4

ly ztzeynd zebltzdd m` iqe`b jildz `xwi {Yt} jildz 2.8 dxcbd

lkl mipey mixhnxt mr) t1, . . . , tm lkle m lkl zilnxep-ihlen `id {Yt1 , Yt2 , . . . , Ytm
}

.(t1, . . . , tm lkle m

.szeynd m`znd zivwpete ,σ2 zepeyd ,µ zlgezd ici lr ikxr cg ote`a rawp dfk jildz ik xazqn

ρk-e γk zcin` 2.4

ynzydl ozip oda mikxc xtqn yi .k xrta zeitvz ly zebef N −k epl yi y1, . . . , yN zeitvz N epzeyxa m`
.ρk-e γk zcin` myl rcina
:md milaewnd micne`d

ck = γ̂k =
1
N

N−k∑
t=1

(yt − y)(yt+k − y),

rk = ρ̂k =
ck
c0
.

.N � k xy`k xkip ote`a ze`vezd z` dpyn epi` df xac ,ziy`x .N −k-a mewna N-a `id dwelgd ,ck aeyiga
dphw dihd yi N − k `ed dpknd ea cne`ly zexnl ,zipy .k ≥ N/4 xear ck z` aygl daiq oi` ,iyrn ote`a
(mean square error) zrvenn zireaix d`iby yi df cne`l ik mipreh Jenkins and Watts (1968)-y ixd ,xzei

oke ,1/N ly lceb xcqn `id dihdd ik ze`xdl ozip ,dhen cne` `ed ck-y zexnl .xzei dlecb

lim
N→∞

E[ck] = γk,
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.dhen epi` cne`d zihehtniq` okle
(jackknife xle`d zhiy z`xwp `ide ,Quenouille ici lr dgzet ztzeynd zepeyd zivwpet zcin`l ztqep dhiy
ivg lka ztzeynd zepeyd zivwpet z` micne`e ,mi`vg ipyl zizrd dxcqd z` miwlgn ef dhiya .estimation)

z` ck-ae ,dxcqd i`vgn cg` lka ztzeynd zepeyd zivwpetl micne`d z` ck2-ae ck1-a onqp .dlek dxcqae
:ici lr oezp ztzeynd zepeyd zivwpetl xle`d cne` if` .dlek dxcqa ztzeynd zepeyd zivwpet

ĉk = 2ck −
1
2
(ck1 + ck2).

dhiy ly sqep oexzi . 1
N2 ly lceb xcql 1

N ly lceb xcqn cne`d ly dihdd z` cixen df cne` ik ze`xdl ozip
jildzn dxvei dxcqd m`d ze`xl jkae ,zenec m`zn zepekz yi dxcqd i`vg ipyl m` ze`xl ozipy `ed ef

.miaeyig xzei zyxec `idy `ed ef dhiy ly oexqg .ixpeivhq
`ed ρk-l xle`d cne`

r̂k = 2rk −
1
2
(rk1 + rk2),

.dxcqd i`vg ipya szeynd m`znd zivwpetl micne`d md rk2-e rk1 xy`a
zivwpety oeeikn ,(Cov(rk, rk+t) e` E[rk] z` ,lynl) szeynd m`znd zivwpet ly zepekz `evnl ce`n dyw

.miheyt `l miixwn mipzyn ipy ly dpn `id szeynd m`znd

(standard error) rk ly owzd zerh 2.5

ik egiked Kendall, Stuart and Ord ,zebltzd ieeye miielz izla miixwn mipzyn md {Yt} m`

E[rk] ≈ − 1
N
, Var(rk) ≈ 1

N
,

.zeylg zegpd zgz ,seqpi`l s`ey N xy`k zilnxep zebltzdl zt`ey rk ly zebltzdde
ik giked Bartlett ,ixpeivhq ip`iqe`b jildz xear

Var(rk) ≈ 1
N

∞∑
j=−∞

(
ρ2

j + ρj+kρj−k − 4ρkρjρj−k + 2ρ2
jρ

2
j−k

)
.

if` |j| > q xy`k ρj = 0-y jk q yi m` ,xnelk ,mideab mixrt xear zqt`zn szeynd m`znd zivwpet m`
aexwa `id k > q xear rk ly zepeyd

(4) Var(rk) ≈ 1
N

1 +
q∑

j=1

ρ2
j

 .

.milecb mixrt xear owzd zerh `ed df jxr ly yxeyd
:aexiwa `ed milecb mixrt xear rk+s-e rk oia ztzeynd zepeyd ,dnec ote`a

Cov(rk, rk+s) ≈
1
N

∞∑
j=−∞

ρjρj+s.

.min`ezn zeidl mileki mipky rk la` ,(uncorrelated) min`ezn `l hrnk md rk+s-e rk if` ,lecb s m`
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ρ1 = 0.4 ze`ivna ik cer gipp .N = 200 xnelk ,{Yt} ihqkehq jildzn zeitvz 200 epl zepezp :`nbec

.ρk = 0 miiwzn k ≥ 2 lkle (zen`ezn od zepky zeitvz ,xnelk)
:md mipezpdn epayigy ρk-l micne`d ik gipp

k 1 2 3 4 5 6 7 8 9 10 11 12

rk .38 −.04 −.17 −.05 −.05 −.08 −.12 .02 −.12 −.11 −.04 −.07
.

Var(rk) ≈ okle ,q = 0 dfk dxwna .zeielz izla od ike ixpeivhq ip`iqe`b jildzn ze`a zeitvzd ik mixryn ep`
zecr milawn ep` ,owzd zerh minrt 5 `ed r1 = 0.38-y oeeikn .1/

√
200 ≈ 0.07 `id owzd zerh okl .k lkl 1

200

.dpekp dpi` eply dxryddy jkl dwfg ic
ik lawp ,k ≥ 2 lkl ρk = 0 ik mixryn ep` m`

Var(rk) ≈ 1
200

(
1 + 2(.38)2

)
= 0.0064,

zecr yi okle ,owzd zerh miinrtn xzei hrn `ed r3 mipezpdn .
√

0.0064 = 0.08 jxra `id owzd zerh okle
.dcicn zerh ly geeha hlgda od zeivlxewd x`y lk .3 xrta divlxew yiy jkl dylg

(correlaogram) mxbelxewd 2.6

.k xrt lkl rk mikxrd ly sxbd edf :mxbelxewd `ed zizr dxcq gezipa iyeniy ilk
.migpn mieew dnk o`k ozip .oeiqp zyxecd dheyt `l dniyn `id mxbelxewa zernyn z`ivn

zi`xw` dxcq 2.6.1

lawp ,(lecb N m` ,xnelk) dic dkex` dxcqd m` if` ,xedh i`xw` jildz ici lr dxvei zizrd dxcqd m`
.± 2√

N
laxhpi`a eidi m`znd incwnn 95% okle ,N(0, 1

N ) bltzn rk df dxwna ,weic xvil .k 6= 0 lkl rk ≈ 0 ik
.miizernyn e`xi m`znd incwnn 5%-y `ed rahnd ly ipyd dciv

xy`k mb miizernyn ze`xdl milelr mincwn xtqn :mxbelxewd z` yxtl lw df oi` recn dnibcn ef dcewp
.4.1 xei` d`x) jkl znxebd daiq lk oi`

(short-term correlation) geeh-xvw m`zn 2.6.2

lkk .(r1 ly deab jxr) 1 xrta m`zn ici lr oiite`nd ,geeh-xvw m`zn yi zeax zeixpeivhq zeizr zexcqa
milecb mixrt xear rk ly jxrd ,xnelk .izernyn m`zn miiw `l miieqn xrtny cr ,ohw m`znd ,lcb xrtdy

.2.1 xei`a ze`xl ozip efk szeyn m`zn zivwpet `nbec .0-l aexw zeidl dhep
zitvzd m`y cera ,zlgezd lrn zeidl ehi ze`ad zeitvzd ,zlgezl lrn `id t onfa zitvzd m` ,efk dxcqa

.zlgezl zgzn ok mb zeidl ehi ze`ad zeitvzd ,zlgezl zgzn `id t onfa

(alternating series) ztlgzn zizr dxcq 2.6.3

zivwpet mb if` ,jtidle dkenp zitvz aexl lawp ddeab zitvz ixg` m` xnelk ,slgzdl zehep zeitvzd m`
ly oeeik eze`n zeidl ehi 2 xrta zeitvzy oeeikn) iaeig didi r2 ,ilily didi r1 :slgzdl dhiz szeynd m`znd

.(2.7 ,2.2 mixei` d`x) 'eke ,(zlgezd
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zixpeivhq-`l zizr dxcq 2.6.4

milecb onf ixrta hrnl ,0-l et`yi `l (rk) szeynd m`znd incwn (trend) dnbn yi zizrd dxcqa m`
l"pke ,zlgezd lrn ok mb zeidl zehep zlgezd lrn z`vnpd zitvz ixg` ze`ad zeitvzdy oeeikn z`f .ce`n
zrtydy oeeikn ,df dxwna mxbelxewdn zeax wiqdl ozip `l .(2.3 xei` d`x) zlgezl zgzn z`vnpd zitvz iabl
zernyn zlra `id szeynd m`znd zivwpet ,zn`d ornl .zexg`d zeihqihhqd zertezd lk lr dlit`n dnbnd

.mixpeivhq mikildz xear wx

miizper minxeb ly drtyd 2.6.5

yi oda zeiyceg zeitvz xear ,`nbecl .z`f dlbi mxbelxewd ,zeizper zertyd zllek zizrd dxcqd m`
.iaeige 'lecb' didi r12-e ,ililye 'lecb' zeidl dhi r6 ,zizpy zeixefgn

-xefgnd z` qtqtl ozip `l .lifxa ,dtiqxa zeiyceg zexehxtnh ly mxbelxewd z` ze`xl ozip 2.4(a) xei`a
.zxg` zihqihhq drtez lk lr dlit`n zizpyd zeixefgnd :jkl xarn cenll ozip ce`n hrn la` .zizpyd zei
dxcq lawp (dpnn ±12n wgxna zeitvzd rvenn z` zitvz lkn xqgp ,xnelk) zizperd drtydd z` xiqp m`
,1 mixrta m`zn yiy epl d`xn (2.4(b) xei` d`x) d`xn ef dxcq ly mxbelxewd .zizperd drtydd `ll ,dycg

.izpyd rvenndn xw yceg cer aexl lawp izpyd rvenndn xw yceg ixg` ik wiqp o`kn .3-e ,2

Outliers 2.6.6

.dze` migzpn ep`y iptl dxcqd z` owzl yie ,mxbelxewd lr rityi xacd ,outliers dlikn zitvpd dxcqd m`

.outlier-d `ll lawl mixen` epiidy ze`vezdn xzei daxd miphw eidi mxbelxewd incwn ,cigi outlier yi m`
.mixrtd x`y lka mikenp min`zne ,t2 − t1 xrta deab m`zn lawp ,t2-e t1 mipnfa ,outliers ipy yi m`

ztzeynd zepeyd zvixhn 2.7

qp`ixaewd zvixhn z` aygl ozip ,Y1, Y2, . . . , Yn ,jildzd ly mipey`xd ziaikxd n-a mippeazn m`

Γn =



γ0 γ1 γ2 · · γn−1

γ1 γ0 γ1 · · γn−2

γ2 γ1 γ0 · · γn−3

· · · · · ·
· · · · · ·
· · · · · γ1

γn−1 γn−2 γn−3 · γ1 γ0
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:ici lr dpezp szeynd m`znd zvixhn .Cov(Yi, Yj) = γi−j `ed ef dvixhna (i, j) xai`d

Pn =



1 ρ1 ρ2 · · ρn−1

ρ1 1 ρ1 · · ρn−2

ρ2 ρ1 1 · · ρn−3

· · · · · ·
· · · · · ·
· · · · · ρ1

ρn−1 ρn−2 ρn−3 · ρ1 1


.Γn = σ2Pn ik milawn dxcbdd jezn

,xnelk .n ≥ 1 lkl ,(positive definite) oihelgl ziaeig `id Γn dvixhnd 2.9 dprh

miiwzn v ∈ Rn dxey xehwee lkl

vΓnv
t ≥ 0.

.qt`d xehwee epi` v xy`k wfg `ed oeieey-i`d if` ,Var(Yt) > 0 m`

.oihelgl ziaeig mb `id Pn dvixhnd ik raep ,Γn = σ2Pn-y oeeikny al miyp
if` .v ∈ Rn xehwee rawp .dgked

vΓnv
t =

∑
i,j

vivjCov(Yi, Yj)

= Var

(
n∑

i=1

viYi

)
≥ 0.

xehwee `ed v m` wx dxew dfk xac ,Var(Yt) > 0 m` j` .reaw `ed∑n
i=1 viYi m` wxe m` oeieey yi ef d`eeyna

.qt`d
.iaeig `ed zixhniq dvixhn-zz lk ly dhppinxhcdy `ed oihelgl ziaeig `id dvixhny jkl lewy i`pz

:ik lawp hxta∣∣∣∣∣∣ 1 ρ1

ρ1 1

∣∣∣∣∣∣ > 0 ⇒ −1 < ρ1 < 1.

∣∣∣∣∣∣ 1 ρ2

ρ2 1

∣∣∣∣∣∣ > 0 ⇒ −1 < ρ2 < 1.

∣∣∣∣∣∣∣∣
1 ρ1 ρ2

ρ1 1 ρ1

ρ2 ρ1 1

∣∣∣∣∣∣∣∣ > 0 ⇒ ρ2
1 <

1 + ρ2

2
.

-l lewy ziaeig dhppinxhcdy i`pzd ik al miyp oexg`d oeieey-i`d z` wiqdl ick

2ρ2
1ρ2 − 2ρ2

1 − ρ2
2 + 1 > 0,
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.yxcpd z` xxebd
.miiwl szeynd m`znd zivwpet lry mitqep zepeieey-i` lawl ozip dnec ote`a
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zeihnzn zepkd 3

.odly ihxe`zd oexztd z` ozipe ,miix`pil milcen gezip zra zelerd zeihnzn zel`y xtqn bivp df wxta

minepilet ly zekitd 3.1

xeyina) eiyxey lky d dbxcn mepilet Φ(B) = 1 +
∑d

i=1 φiB
i `di 3.1 htyn

{Yt} `die ,xedh i`xw` yrx jildz {Xt} `di .dcigid lebirl uegn mi`vnp (akexnd

zeqpkzd qeicx mr Θ(B) =
∑∞

j=0 θjB
j mepilet yi if` .Φ(B)Yt = Xt miiwnd jildz

:miiwnd 1 zegtl

.Φ(B)Θ(B) = 1 •

.limn→∞E
[
(Yt −

∑n
j=1 θjXt−j)2

]
= 0 •

xeh `ed Φ ly Θ iktedd illk ote`ay oeeikn .Xt = Φ(B)−1Yt ik zetvl did ozip Yt = Φ(B)Xt-y oeeikn
xehd ly zeqpkzdd qeicxy ,xnelk) xcben ikteddy xexa `l okle ,qpkzn ∑∞

j=1 θj mekqdy xexa `l ,iteqpi`
.xcben didi iktddy jkl witqn i`pz ozep df htyn .(iaeig `ed iteqpi`d

:`ad oeieeyl al miyp ,ziy`x .dgked

α0z
k + α1z

k+1 + · · ·+ αpz
k+p

1 + β1z + · · ·+ βpzp
= (5)

= α0z
k +

(α1 − α0β1)zk+1 + (α2 − α0β2)zk+2 + · · ·+ (αp − α0βp)zk+p

1 + β1z + · · ·+ βpzp
.

-y oeeikn
Φ(B)Yt = Xt,

-y ixd
Yt = Φ(B)−1Xt.

.Φ(B)−1 z` aygp zrk
ik xekfp

Φ(B) = 1 +
p∑

i=1

φiB
i.

`ad ote`a (δk, αk,1, . . . , αk,p) zexcqd z` iaiqxewx ote`a xicbp

α0,i = −θi, i = 1, . . . , p,

αk+1,i = αk,i+1 − αk,1φi, i = 1, 2, . . . , p− 1,

αk+1,p = −αk,1φp,

δk+1 = αk1.
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miiwzn n lkl 3.2 dprh

1
1 + φ1z + · · ·+ φpzp

= 1 +
n∑

k=1

δkz
k +

αn,1z
n+1 + · · ·+ αn,pz

n+p

1 + φ1z + · · ·+ φpzp
.

.n lr divwecpi`a gikep .dgked
(5) d`eeynn lawp n = 0 xear

1
1 + φ1z + · · ·+ φpzp

= 1− φ1z + · · ·+ φpz
p

1 + φ1z + · · ·+ φpzp

= 1 +
α0,1z

n+1 + · · ·+ α0,pz
n+p

1 + φ1z + · · ·+ φpzp
.

,(5) d`eeyne divwecpi`d zgpd itl ,miiwzn n ≥ 0 lkl

1
1 + φ1z + · · ·+ φpzp

= 1 +
n∑

k=1

δkz
k +

αn,1z
n+1 + · · ·+ αn,pz

n+p

1 + φ1z + · · ·+ φpzp

= 1 +
n∑

k=1

δkz
k + αn,1z

n+1

+
(αn,2 − αn,1φ1)zn+2 + · · ·+ (αn,p − αn,1φp−1)zn+p − αn,1z

n+p+1

1 + φ1z + · · ·+ φpzp

= 1 +
n∑

k=1

δkz
k + δn+1z

n+1 +
αn+1,1z

n+2 + · · ·+ αn+1,pz
n+p+1

1 + φ1z + · · ·+ φpzp
,

.yxcpk
|z| ≤ 1 miiwnd z akexn xtqn lkl ,okl .dcigid lebirl uegn mi`vnp Φ mepiletd ly miyxeyd lky epgpd

miiwzn

Φ(z) =
p∑

i=1

φiz
i 6= 0.

if` .Φ mepiletd ly miyxeyd z1, . . . , zp eidie ,φp 6= 0 ik gipp .xcben 1
Φ(z) okl

1
Φ(z)

=
1∑p

i=1 φizi
=

C∏p
i=1

(
1− z

zi

) = C ′
p∏

i=1

∞∑
j=1

(
z

zi

)j

=
∞∑

j=1

δjz
j .

meqg ∑j≥n δj okle ,z = 1 xy`k mb oekp df .df dxwna iteq oini sb` mb ,|z| ≤ 1 xy`k iteq oini sb`y oeeikn
i = 1, . . . , p lkl ik xxeb df j` .z lkl 0-l s`ey αn+1,1zn+2+···+αn+1,pzn+p+1

1+φ1z+···+φpzp lcebd ik lawp hxta .n ≥ 0 lkl
okle ,limn→∞ αn,i = 0 miiwzn

lim
n→∞

E

(Yt −
n∑

j=1

ψjXt−j)2


= lim

n→∞
E
[
(αn,1Yt−n−1 + · · ·+ αn,pYt−n−p)2

]
= 0.
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zeipbened miyxtd ze`eeyn oexzt 3.2

.mepiletd ly yxey epi` 0 ,hxta .φ0 = 1 miiwnd ,p dlrnn mepilet Φ(z) =
∑p

i=0 φiz
i `di

:(yt)∞t=1 minlrpa d`ad ze`eeynd zkxrna opeazp

(6)
p∑

i=1

φiyt−i = 0, ∀t ≥ p.

.zipbened miyxtd ze`eeyn zkxrn z`xwp efk ze`eeyn zkxrn
.efk zkxrn ly zepexztd mdn d`xp df sirqa

,xnelk .φ mepiletd ly miyxeyd 1
G1
, . . . , 1

Gp
eidi

Φ(z) =
p∏

i=1

(1−Giz),

miiwzn k = 1, . . . , p lkle

0 = Φ(
1
Gk

) =
p∑

i=1

φiG
−i
k .

.(6) z` zexzetd (yt) zexcq p epl zpzep d`ad dprhd

ici lr zxcbend (yt) dxcqd 3.3 dprh

yt = Gt−1
k

.)6( zkxrnd ly oexzt `id

,t ≥ p lkl .dgked

p∑
i=1

φiyt−i =
p∑

i=1

φiG
t−i−1
k

= Gt−1
k

p∑
i=1

φiG
−i
k = 0,

.yxcpk
zx`yen d`ad dprhd zgked .ix`pil agxn `ed zepexztd agxn ,(yt)-a zix`pil `id (6) zkxrndy oeeikn

.`xewl

mixtqn ipy α, β ∈ R eidie ,(6) zkxrnd ly zepexzt ipy (zt)-e (yt) eidi 3.4 dprh

ici lr zxcbend (wt) dxcqd if` .miiynn

wt = αyt + βzt

.(6) zkxrnd ly oexzt `id

.zkxrnd ly zepexztd lk md el` ,dfn df mipey 1
G1
, . . . , 1

Gp
miyxeyd xy`k
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`ed (6) zkxrnd ly (yt) oexzt lk if` ,dfn df mipey 1
G1
, . . . , 1

Gp
m` 3.5 dprh

dxevdn

yt =
p∑

k=1

AkG
t−1
k ,

.miiynn mireaw md A1, . . . , Ap xy`a

xear) k dxeya da ,zecenr ∞-e zexey p + 1 za dvixhna opeazp .(6) zkxrnd ly oexzt (yt) `di .dgked

.(yt) dxcqd driten dpezgzd dxeyae ,(G0
k, G

1
k, G

2
k, G

3
k, . . .) dxcqd riten (k = 1, . . . , p

oeeikn ,zencewd zecenrd p ly ix`pil sexvk dbvdl zpzip t-d dcenrd :p `id dvixhnd ly zecenrd zbxc
.p `id s` dvixhnd ly zexeyd zbxc okl .(6) d`eeynd z` zniiwn dxey lky

p z` dliknd p × p xcqn dvixhnd-zz ,ok` .zeielz izla od zepey`xd zexeyd p , 1
G1
, . . . , 1

Gp
-y oeeikn

ze`xp zepey`xd zexeyd p-a zepey`xd zecenrd
1 G1 G2

1 G3
1 · · · Gp

1

1 G2 G2
2 G3

2 · · · Gp
2

· · ·
1 Gp G2

p G3
p · · · Gp

p


.dkitd `idy ,dcpen-xc-oe zvixhn `id ef dvixhne

.yxcpk dbvd dl yi okle ,zepey`xd zexeyd p ly ix`pil sexvk dbvdl zpzip dpezgzd dxeyd okl
.ieaix mr yxey yi Φ mepiletl xy`k dxew dn d`xp zrk
.zeixehpianew zeiedf izya xkfip ,df dxwna lthpy iptl

zeixehpianew zeiedf izy 3.2.1

mixai` i za dveaw-zz xegal zeiexyt`d xtqn edf .mi`znd inepiad mcwnd `ed
(
n
i

)
= n!

(n−i)!i! ik xekfp
.mixai` n ly dveaw jezn

`id miniiwn mepiad incwny ziqiqad zedfd(
n

i

)
=
(
n− 1
i− 1

)
+
(
n− 1
i

)
deey mixai` n ly dveaw jezn mixai` i za dveaw-z xegal zeiexyt`d xtqn ,ok` .(

(
n−1

n

)
= 0 o`k miyxtn ep`)

(mixai`d n−1 x`y jezn mixai` i−1 xegal xzep) oey`xd xai`d z` dliknd dveaw xegal zeiexyt`d xtqnl
.(mixai`d n− 1 x`y jezn mixai` i xegal xzep) eze` dlikn dpi`y dveaw xegal zeiexyt`d xtqn cere

ik al miyp(
n

0

)
=
(
n

n

)
= 1.

:0 `ed minepiad mincwnd ly slgznd mekqd

(7)
n∑

i=0

(−1)n

(
n

i

)
= 0.
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j` ,
(
n
i

)
-le
(

n
i−1

)
-l :xeha minxeb ipyl mxez

(
n−1

i

)
dxevdn xai` lk okl .

(
n−1

i

)
-e
(
n−1
i−1

)
ly `ed

(
n
i

)
xai`d ok`

:ilnxet ote`a .qt`zn mekqd okl .(−1)i-a
(
n
i

)
z` militkn ik) −1-a ipyle +1-a `id cg`l dnexzd

n∑
i=0

(−1)n(−1)n

(
n

i

)
=

n∑
i=0

(−1)n(−1)n(
(
n− 1
i− 1

)
+
(
n− 1
i

)
) =

n−1∑
i=0

(
n

i

)
(1− 1) = 0.

:qt`zn `ed s` `ad xehd
(8)

n∑
i=0

(−1)ni

(
n

i

)
= 0.

,ok`
n∑

i=0

(−1)ni

(
n

i

)
=

n∑
i=0

(−1)ni(
(
n− 1
i− 1

)
+
(
n− 1
i

)
)

=
n∑

i=1

(−1)ni

(
n− 1
i− 1

)
+

n−1∑
i=0

(−1)ni

(
n− 1
i

)

= −
n−1∑
i=0

(−1)n−1(i+ 1)
(
n− 1
i− 1

)
+

n−1∑
i=0

(−1)ni

(
n− 1
i

)

= −
n−1∑
i=0

(−1)n−1i

(
n− 1
i− 1

)
−

n−1∑
i=0

(−1)n−1

(
n− 1
i− 1

)
+

n−1∑
i=0

(−1)ni

(
n− 1
i

)
.

yi dgkedd meiql .(7) d`eeynn qt`zn ipyd xai`de ,divwecpi`d zgpdn miqt`zn iyilyde oey`xd xai`d
.`xewl x`yen df xac .divwecpi`d ly dlgzdd i`pz z` wecal

.(8) d`eeynd z` lilkdl dqpp zrk
miiwzn n > j lkle ,0 ≤ k ≤ j lkl ,j > 1 lkl 3.6 dprh

n∑
i=k

(−1)i

(
j + i− k

j

)(
n

i

)
= 0.

.n lre j lr :dletk divwecpi`a `id dgkedd .dgked

lawp (7) d`eeynn .k = 0 ,df dxwna .j = 0 xy`k dpekp dprhd ik wecap
n∑

i=0

(−1)i

(
n

i

)
= 0.

.k = j = n − 1 xy`k dxew dn wecap dligz .j xear dgikepe ,j − 1 xear dpekp dprhd ik divwecpi`a gipp
df dxwna

j+1∑
i=j

(−1)i

(
j + i− k

j

)(
j + 1
i

)
= (−1)j

(
j

j

)(
j + 1
j

)
+ (−1)j+1

(
j + 1
j

)(
j + 1
j + 1

)

= (−1)j(
(
j + 1
j

)
−
(
j + 1
j

)
) = 0.
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df dxwna .n ≥ j + 1-e k ≤ j ik gipp zrk
n∑

i=k

(−1)i

(
j + i− k

j

)(
n

i

)
=

n∑
i=k

(−1)i

(
j + i− k

j

)
(
(
n− 1
i

)
+
(
n− 1
i− 1

)
)

=
n−1∑
i=k

(−1)i

(
j + i− k

j

)(
n− 1
i

)

+ +
n∑

i=k

(−1)i

(
j + i− k

j

)(
n− 1
i− 1

)

=
n−1∑
i=k

(−1)i

(
j + i− k

j

)(
n− 1
i

)

+
n−1∑

i=k−1

(−1)i

(
j + i+ (k − 1)

j

)(
n− 1
i

)
.

k − 1 lr divwecpi`d zgpdn qt`zn ipyd mekqd .n − 1-e k iabl divwecpi`d zgpdn qt`zn oey`xd mekqd
.n− 1-e

daexn yxey mr mepilet 3.2.2

,xnelk ,Φ mepiletd ly d ieaixn yxey `ed 1
G0

ik gipp

Φ(z) = (1−G0z)d ×
p−d∏
i=1

(1−Giz).

ea dxwna opeazp ,illkd oexztd z` gztpy iptl

Φ(z) = (1−G0z)2 = 1− 2G0z +G2
0z

2.

ici lr zxcbend (yt) dxcqd ,mcew enk
yt = Gt−1

0

ici lr zxcbend (zt) dxcqd mb la` .oexzt `id

y1 = 0

yt = (t− 1)Gt−2
0

okle ,y2 = 1-e y3 = 2G0 ok` .oexzt `id

y3 − 2G0y2 + y1 = 2G0 − 2G0 = 0,

t > 3 lkle
yt − 2G0yt−1 + yt−2 = (t− 1)Gt−2

0 − 2G0(t− 2)Gt−3
0 +G2

0(t− 3)Gt−4
0 = 0.
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dxcqd if` .d ieaixn 1
G0

yxey el yiy ,p dlrnn mepilet `ed Φ ik gipp 3.7 dprh

:ici lr zxcbend (yt)

yt = 0, t = 1, . . . , j

yt =
(
t− 1
j

)
Gt−j

0 , t > j.

.(6) ze`eeynd zkxrn ly oexzt `id

ly mincwnd z` yxetna bivdl ozip df dxwna .Φ(z) = (1 − G0z)d ,xnelk ,d = p ik gipp dligz .dgked

:Φ mepiletd
φi = (−1)i

(
n

i

)
Gi

0.

ik ze`xdl yi ,(6) ze`eeynd zkxrn ly oexzt `id dprhd zxcbend (yt) dxcqdy ze`xdl ick
d∑

i=0

φiyt−i = 0, ∀t ≥ j.

-y ze`xdl yi ik d`xn yt lye φi ly zyxetnd dxevd zavd ,t > 2j m` .mixwn ipyl wlgp
d∑

i=0

(−1)i

(
n

i

)
Gi

0

(
t− i

j

)
Gt−i−j

0 = 0.

ik gikedl yi okle ,mvnvl ozipy ,reaw mxez Gi
0 ×Gt−i−j

0 = Gt−j
0 mxebd

d∑
i=0

(−1)i

(
n

i

)(
t− i

j

)
= 0.

.3.6 dprhn miiwzn df oeieey
miiwzn ,d ieaixn yxey `ed 1

G0
-y oeeikn .d = p ik gipp `l zrk

Φ(z) = Θ ◦Ψ(z),

drnyn zniieqn (yt) dxcq lr Φ mepiletd zlrtd ,okl .Ψ(z) = (1−G0z)d-e ,p−d dlrnn mepilet `ed Θ xy`a
,oey`xd wlgdn la` .zlawznd dxcqd lr Θ mepiletd zlrtd okn xg`le ,dxcqd lr Ψ mepiletd zlrtd dligz
mepiletd zlrtd ixg` mb okle ,miqt` zxcq zlawzn dprha zxcbend (yt) dxcqd lr Ψ mepiletd zlrtd ixg`

.miqt` zxcq mr x`yip Θ

.daexn yxey yi xy`k (6) ze`eeynd zkxrn ly zepexztd lk z` oiit`l ozip zrk

mireaw miniiw m` wxe m` (6) ze`eeynd zkxrn ly oexzt `id (yt) dxcqd 3.8 dprh

-y jk C1, . . . , Cp−d mireawe A0, . . . , Ad−1

yt =
(
A0 +A1

t− 1
1

+ · · ·+Ad−1
t− 1
d− 1

)
Gt−1

0 +
p−d∑
i=1

CiG
t−1
i .
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ote`a zraep el`k md zepexztd lky dcaerd .3.7 dprhn zraep oexzt `id efk dxcq lky dcaerd .dgked

.3.5 dprh zgkedl dnec
ici lr zxcbend (yt) dxcqd illk ote`a ik wiqdl ozip (8) d`eeyna yeniy ici lr

y1 = 0

yt = (t− 1)αt−2

.Φ(z) = (1− 1
Gz)

d mepiletd xear oexzt `id
cnin ik lawl ozip 3.5 dprha enke ,oexzt `ed zepexzt ly ix`pil sexv lk ik lawp 3.4 dprha yeniy ici lr

.p `ed zepexztd agxn
x`y lke ,d ieaix mr cg` yxey yi Φ mepiletl xy`k ,(6) d`eeynl illkd oexztd ik dnec jxca ze`xdl ozip

`ed ,1 ieaix mr miyxeyd

yt =
(
A0 +A1(t− 1) +A2(t− 1)2 + · · ·+Ad−1(t− 1)d−1

)
Gt−1

0 +
p−d∑
k=1

CiG
t−1
k .

,zipbenedd ze`eeynd zkxrnl miitivtq zepexzt d xicbn d ieaixn Φ ly 1
G yxey lk ik lawp ,illk ote`a

.miyxeyd lk ici lr mixcbend zepexztd p ici lr yxtpd icnin p-d ix`pild agxnd `ed zepexztd lk agxne
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illk ix`pil xhlit 4

mixvein mipezpd ik migipn ep` df lcena .ix`pild xhlitd lcen `ed zeizr zexcq gezipl iyeniye heyt lcen
.{Xt} i`xw` yrx ly jildzn ,ix`pil xhlit e` ,zix`pil divnxetqpxh zervn`a

zeaeyg zegtyn izy xicbp okn xg`le ,illkd lcend mr jiynp ,heyt ix`pil jildz ly `nbec ozna ligzp
lcend ly mipiit`nd z` xewgp jk xg` .miiaiqxbx-ehe` mikildze rp-revin ikildz :miix`pil mikildz ly

.ix`pild

MA(1) ix`pil lcen :`nbec 4.1

zniiwnd ,xedh i`xw` yrx ly dxcq `id {Xt} ik gipp

E[Xt] = 0, Var(Xt) = σ2
X .

:`gqepd zervn`a ayegn {Yt} jildzd ik gipp

(9) Yt = Xt + θXt−1.

.iynn xtqn lk zeidl lekiy ,θ xhnxta ielz {Yt} jildzd
m`znd zivwpet ik 2.3.3 sirqa epi`x .2.3.3 sirqa xcbedy itk ,1 xcqn rp-revin jildz `ed {Yt} jildzd

`id MA(1) jildz ly szeynd

ρk = ρk(θ)


1 k = 0,

θ
1+θ2 k = ±1,

0 zxg`.

-y oeeikn ik al miyp
1/θ

1 + (1/θ)2
=

θ

1 + θ2
,

.ρk(θ) = ρk(1/θ) ik raep
,hxta .1/θ xhnxtd xear szeynd m`znd zivwpetl ddf θ xhnxtd xear szeynd m`znd zivwpet ,xnelk

.MA(1) beqn mihqkehq mikildz `ln ote`a mipiit`n mpi` ipy xcqn mihpnend
jezn {Xt} hlwd zxcq z` xfgyl dvxp mizirl .{Xt} hlwd zxcq jezn {Yt} hltd zxcq z` epipa o`k
m` :hltd zxcq z` xviiy lcend edn mircei ep`y `ceel ick `id z`f zeyrl zg` daiq .{Yt} hltd zxcq

.i`xw` yrx ly dxcq zeidl dkixv zxfgeynd dxcqd ,oekp lcend
:ik ze`xl lw

Xt = Yt − θXt−1

= Yt − θ(Yt−1 − θXt−2)

= Yt − θYt−1 + θ2Yt−2 − θ3Yt−2 · · · .

dxcqd z` xfgyl ozip `l θ ≥ 1 m` ,hxta .zxg` zxcazne ,|θ| < 1 m` zqpkzn ef dbvdl dni`znd dxcqd
.{Yt} dxcqd jezn {Xt}
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,|θ| < 1 m` (invertible) jitd `ed (9) d`eeyna xcbend MA(1) jildz 4.1 dxcbd

.zxg` jitd epi`e

illkd ix`pild lcend 4.2

lawn B xeg`l dffdd xehxte` .(backward shift) xeg`l dffdd xehxte` z` xicbp ,lcend z` xicbpy iptl
:dpini cg` xai`a zffen dxcqd z` xifgne ,ziteqpi` dxcq

B(. . . , y−1, y0, y1, y2, y3, . . .) = (. . . , y−2, y−1, y0, y1, y2, . . .).

,lewy ote`a
B(Xt) = Xt−1.

:dpini mixai` j zffen dxcqd z` lawp ,minrt j dxcqd lr B xehxte`d z` lirtp m`

Bj(Xt) = B(Bj−1(Xt)) = B( B · · ·B︸ ︷︷ ︸
minrt j−1

(Xt)) = Xt−j .

.ix`pild xhlitd zxcbdl xefgp zrk
miiwnd ,xedh i`xw` yrx ly jildz `ed {Xt} ik gipp 4.2 dxcbd

E[Xt] = 0, Var(Xt) = σ2
X .

:t lkl miiwzny jk θ1, θ2, . . . mireaw miniiw m` ix`pil jildz `ed {Yt} jildzd

Yt = Xt + θ1Xt−1 + θ2Xt−2 + · · ·

= Xt +
∞∑

j=1

θjXt−j .

yrxd zxcqy `id divhxtxhpi`d .ilily qwcpi` mr Xk mb llek l"pd mekqd ,meqg epi` j xhnxtdy oeeikn 4.3 dxrd

.t ≥ 0 xear wx {Yt} dxcqd ly mikxrd z` mi`ex ep`e ,−∞ < t < +∞ lkl zxcben {Xt}

:miiwn ix`pild jildzd ik lawp B dffdd xehxte`a ynzyp m`

Yt =

1 +
∞∑

j=1

θjB
j

Xt.

zix`pild divnxetqpxhd zervn`a xcben ix`pild xhlitd ,xnelk

Θ(B) = 1 +
∞∑

j=1

θjB
j .
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q xcqn rp-revin jildz 4.3

θq+1 = θq+2 = m` q xcqn rp revin jildz `ed {Yt} ix`pil jildz 4.4 dxcbd

miiwzn m` ,xnelk .· · · = 0

Yt = Xt + θ1Xt−1 + · · ·+ θqXt−q.

xehxte`a ynzyp m`
Θ(B) = 1 +

q∑
j=1

θjB
j ,

ik lawp
Yt = Θ(B)Xt.

dxwna .qt` dpi` mzlgezy rp-revin ikildza milwzp mizirl .0 ezlgez o`k epxcbdy rp-revind jildz
:miiwny jildzk llken rp-revin jildz xicbdl ozip dfk

Yt = µ+ Θ(B)Xt

.0 dpi`y E[Yt] = µ zlgez mr q xcqn rp-revin jildz milawn ep` jk
:ici lr dpezp rp-revin jildz ly szeynd m`znd zivwpet ik epi`x 16 cenra

ρk =


0 k > q,∑q−k

j=0 θjθj+k∑q
j=0 θ2

j
k = 0, 1, . . . , q,

ρ(−k) k < 0.

.k > q xrt xear zqt`zn ef divwpet ,hxta

rp-revin lcen zn`zd 4.4

mincwnd mdne q jildzd xcq edn mircei eppi` j` ,rp-revin jildz ici lr dxveiy dxcq epl dpezpy gipp
.θ1, . . . , θq

micne` aygp ,k > q xrt xear zqt`zn ef divwpety oeeikn .szeynd m`znd zivwpet itl zedfl lw q z`
.0-l miaexw micne`d q-n milecb mixrtay jk q `evnl dqppe ,szeynd m`znd ikxrl

,xnelk ,0 gxkda dpi` µ jildzd zlgeze ,1 xcqn `ed jildzd xy`k mincwnd z` cen`l cvik dligz d`xp
d`eeynd z` miiwn jildzd xy`k

Yt = µ+Xt + θXt−1.

ziaiqxewx aygl ozip x0-e θ ,µ-l zervd ozpida

(10) xt = yt − µ− θxt−1.
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-a onqp

S = S(µ, θ, x0) =
1
N

N∑
t=1

(xt)2.

lawp (mxear wxe) x0-e µ ,θ ly mipekpd mikxrd xear if` ,1 xcqn rp-revin jildz ici lr dxvei ok` dxcqd m`
.σ2

X aexiwa epid S ik
if` .x′t = yt − µ′ − θ′x′t−1 ziaiqxewx xicbp .mdylk µ′, θ′, x′0-a zrk opeazp

S(µ′, θ′, x′0) =
1
N

N∑
t=1

(x′t)
2,

oke
x′t − xt = (µ− µ′) + (θxt−1 − θ′x′t−1) = (µ− µ′) + (θ − θ′)xt−1 + θ′(xt−1 − x′t−1).

lawpe ziaihwecpi` ef `gqep lirtp

x′t − xt = (µ− µ′)
t∑

j=1

θ′j + (θ − θ′)
t∑

j=1

θjxt−j .

okl

x′t = xt + (µ− µ′)
t−1∑
j=1

θ′j−1 + (θ − θ′)
t−1∑
j=1

θjxt−j = xt +A+
t−1∑
j=1

Cjxt−j .

hxta

S(µ′, θ′, x′0) =
1
N

N∑
t=1

(x′t)
2

=
1
N

N∑
t=1

(xt +A+
t−1∑
j=1

Cjxt−j)2

=
1
N

N∑
t=1

(xt)2 +A2 +
1
N

N∑
t=1

(
t−1∑
j=1

Cjxt−j)2

+
2A
N

N∑
t=1

xt +
2A
N

N∑
t=1

t−1∑
j=1

Cjxt−j +
2
N

N∑
t=1

t−1∑
j=1

Cjxtxt−j .

iriaxd xai`d ,ilily-i` `ed iyilyd xai`d ,ilily-i` `ed ipyd xai`d ,S(µ, θ, x0) `ed oini sb`a oey`xd xai`d
xai`de ,Cj-d ly mi`zn mekq `ed C xy`a ,CE[Xt] = 0-l aexiw `ed iyingd xai`d ,2AE[Xt] = 0-l aexiw `ed

ik lawl dtvp okl .Cov(Xt, Xt − j) = 0 ly miaexiw ly ix`pil sexv `ed iyiyd

S(µ, θ, x0) ≥ S(µ′, θ′, x′0).

okl .xzei daxd ddeab dlrnn `l` ,zireaix dpi` miyxtdd ireaix mekql θ-e µ z` zxywnd `gqepd epxrvl
.ilnipin miyxtdd ireaix mekq mxear x0-e θ ,µ ikxr z` `evnle qt`l dzeeydl ,dze` xefbl ozip `l

.d`ad jxcd `id dl` mincwn `evnl zlaewnd jxcd
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.x0 = 0 ik gipp •

.ilnipin df mekq mda mikxrd z` `vnpe ,θ-e µ ly (grid) dtetv zyx xear miyxtdd ireaix mekq z` aygp •

-zlgzd drvda mzixebl`d z` lgz`l yi m` .menipind z`ivnl zeihxcphq zeixnep zehiya ynzydl ozip
-a ynzyp ,zi

µ :=
1
N

N∑
t=1

yt,

d`eeynd ly oexztd `ed θ-e
r1 =

θ

1 + θ2
.

qgi z` minqwnn miyxtdd ireaix mekq z` mixrfnnd mikxrd ,zilnxep zbltzn {Xt} yrxd zxcq m`
.x0 = 0-y ozpida ,ze`xpd

m` ,ok` .dphw `id ,lecb t xear ,xt-l x0 znexz df dxwna .|θ| < 1 m` daxd dpyn dpi` x0 = 0-y dgpdd
lawp (µ = 0 ik zehyt myl gippe) dnvra (10) d`eeyn z` ziaiqxewx aivp

xt = yt − θxt−1 = yt − θyt−1 + θ2xt−2 = · · · =
t−1∑
j=0

(−1)jθjyt−j + (−1)tθtx0,

.ixhne`b avwa 0-l zt`ey x0 znexz okle
zepnl jixvy oeeikn ,miaeyig onf xzei yexcz `id ik m`) dnec dwipkha ynzyp ,1-n lecb q jildzd xcq m`

.(θ1, . . . , θq ly mikxrd lr

(auto-regressive processes) miiaiqxbx-ehe` mikildz 4.5

miiwnd ,xedh i`xw` yrx jildz {Xt} `di 4.5 dxcbd

E[Xt] = 0, Var(Xt) = σ2
X .

jk φ1, . . . , φp mireaw miniiw m` p xcqn iaiqxbx-ehe` jildz jildz `ed {Yt} jildz

:t lkl miiwzny

(11) Yt = Xt + φ1Yt−1 + φ2Yt−2 + · · ·+ φpYt−p.

:xeg`l dffdd xehxte` zxfra dfk jildz bivdl ozip

(1− φ1B − · · · − φpB
p)Yt = Xt,

:dbvdd z` lawp Φ(B) = 1− φ1B − · · · − φpB
p aivp m`e

Φ(B)Yt = Xt.
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µ ik lawp ,µ = E[Yt] onqpe ,ixpeivhq jildz `ed {Yt} ik gipp ,mitb`d ipya zlgez (11) d`eeyna gwip m`
:diqxewxd z`eeyn z` miiwn

µ = E[Yt] =
p∑

i=1

φiE[Yt−i] + E[Xt]

= µ×
p∑

i=1

φi.

.(d`eeynd z` xezti µ lk ,∑p
i=1 φi = 0 m`) µ = 0 ik lawp ,hxtae

,idylk zlgez mr zexcql lcend z` mi`zdl ick .0 aiaq zeaivi ody zexcql wx dni`zn ef dbvd ,okl
:ici lr illk p xcqn iaiqxbx-ehe` jildz xicbp

Yt − µ = Xt +
p∑

i=1

φi(Yt−i − µ).

.µ = 0 ik rbxk gipp ,ztzeynd zepeyd lr drityn dpi` zlgezdy oeeikn
.ztzeynd zepeyd z` aygp zrk

γk = Cov(Yt, Yt−k) = E[Yt−kYt].

-y oeeikn

Yt−kYt = Yt−kXt +
p∑

i=1

φiYt−kYt−i,

ik lawp

(12) γk =


∑p

i=1 φiγk−i k > 0∑p
i=1 φiγi + σ2

X k = 0.

ik k = 0 xear lawl ick ρi = γi

γ0
zedfa ynzyp

Var(Yt) = γ0 =
p∑

i=1

φiγi + σ2
X

= γ0

p∑
i=1

φiρi + σ2
X .

ik lawp ,Φ(B) = 1−
∑p

i=1 φiB
i-y oeeikn

σ2
X = γ0(1−

p∑
i=1

φiρi) = γ0 × Φ(B)ρi.

ik eplaiw okl
(13) γ0 =

σ2
X

Φ(B)ρi
=

σ2
X

1− φ1ρ1 − · · · − φpρp
.

lawpe γ0-a mitb`d ipy z` wlgp .Φ(B)γk = 0-l lewyd ,γk =
∑p

i=1 φiγk−i ik lawp k > 0 xear

Φ(B)ρk = 0.
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miyxtdd z`eeyn z` zniiwn p xcqn iaiqxbx-ehe` lcena szeynd m`znd zivwpet ik milawn ep`

(14) ρk − φ1ρk−1 − · · · − φpρk−p = 0.

`ed ef d`eeyn ly illkd oexztd if` dfn df mipey Φ ipiite`d mepiletd ly miyxeyd m` ,3.5 dprha epi`xy itk

(15) ρk = A1G
k
1 +A2G

k
2 + · · ·+ApG

k
p,

ly miyxeyd md 1
G1
, 1

G2
, . . . , 1

Gp
xy`a

Φ(B) = 1− φ1B − · · · − φpB
p.

.dfn df mipey mpi` miyxeyd xy`k illkd oexztd z` ep`vn 3.8 dprha
miyxeyd z` `evnl ick .i lkl |Gi| < 1 ik yexcl jxhvp ixpeivhq didi jildzdy icky `ad sirqa d`xp
ly zebef mipzepd miireaix minxebe (1 − GiB) minepen ly dltknk df mepilet bivdl xyt` Φ(B) mepiletd ly

.micenv miakexn zepexzt
miyxey ly bef lk .AiG

k
i il`ivppetqw` mxeb (15) szeynd m`znd zivwpetl mxez iynn Gi yxey lk

mxeb .Gi, Gj miyxeyl mixeyw F df`tde f xczd xy`k ,dk sin(2πfk+ F ) dxevdn mxeb mxez Gi, Gj miakexn
.(ixhne`ib avwa qt`l dti`yl mxeb dk mcwndy oeeikn ribn“jrec” gpend) jrec qepiq lb `xwp ipyd beqdn

.mikrec qepiq ilbe miil`ivppetqw` minxeb ly sexiv `id szeynd m`znd zivwpet ,illk ote`a ,okl

ze`eeynd zkxrn z` milawn (14) d`eeynn

ρ1 = φ1 + φ2ρ1 + · · ·+ φpρp−1

ρ2 = φ1ρ1 + φ2 + · · ·+ φpρp−2

·

ρp = φ1ρp−1 + φ2ρp−2 + · · ·+ φp.

ipeivixhn aizka e`
Pp
~φ = ~ρ.

`ed efd zix`pild ze`eeynd zkxrn oexzt
~φ = P−1

p ~ρ.

.(Yule-Walker equations) xwee-lei ze`eeyn z`xwp ef ze`eeyn zkxrn
lr mixhnxtd z` zelwa cen`l mileki ep` p xcqn iaiqxbx-ehe` jildzn dribd dxcqdy mixryn ep` m`

:Yule-Walker ze`eeyn oexzt ici
~̂φ = P̂−1

p ~̂ρ.

.szeynd m`znd zivwpetl micne`d md ~̂ρ xy`k
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miiaiqxbx-ehe` mikildz ly zeixpeivhqe ,rp-revin ikildz ly zekitd 4.5.1

:`ad htynd z` epgked 3.1 sirqa

xeyina) eiyxey lky d dbxcn mepilet Φ(B) = 1 +
∑p

i=1 φiB
i `di 4.6 htyn

{Yt} `die ,xedh i`xw` yrx jildz {Xt} `di .dcigid lebirl uegn mi`vnp (akexnd

zeqpkzd qeicx mr Θ(B) =
∑∞

j=0 θjB
j mepilet yi if` .Φ(B)Yt = Xt miiwnd jildz

:miiwnd 1 zegtl

.Φ(B)Θ(B) = 1 •

.limn→∞E
[
(Yt −

∑n
j=1 θjXt−j)2

]
= 0 •

`ed iaiqxbx-ehe` jildz izne ,jitd `ed rp-revin jildz izn zrcl epl xyt`n df htyn ik d`xp zrk
.ixpeivhq

miyxeyd lk m` (invertible) jitd `xwp Yt = Θ(B)Xt rp-revin jildz 4.7 dxcbd

.dcigid lebirl uegn md (akexnd xeyina) Θ(B) = 1 + θ1B + · · ·+ θqB
q mepiletd ly

dxcqd z` xfgyl ozip if` .jitd rp-revin jildz Yt = Θ(B)Xt `di 4.8 dpwqn

.Xt = (Θ(B))−1Yt `gqepd zervn`a {Yt} dxcqd jezn {Xt}

ly miyxeyd lky miiwnd iaiqxbx-ehe` jildz Φ(B)Yt = Xt `di 4.9 dpwqn

.ixpeivhq jildz `ed {Yt} if` .dcigid lebirl uegn mi`vnp Φ(B) mepiletd

s` `ed zeqpkzdd qeicx) iaeig zeqpkzd qeicx lra `ed Θ(B) = (Φ(B))−1) mepiletd ,3.1 htynn .dgked

ok enk .(1 zegtl
Yt = (Φ(B))−1Xt = Θ(B)Xt.

i`xw` yrx jildz `ed {Xt} jildzdy oeeikn .∑∞
j=1 θj < +∞ ,iaeig zeqpkzd qeicx Φ(B) mepiletly oeeikn

.ixpeivhq `ed {Yt} jildzd oke ,E[Yt] =
∑∞

j=0 θjE[Xt] = 0 ,xedh

ze`nbec 4.6

AR(1) jildz :`nbec 4.6.1

d`eeynd ici lr oezp ,aewxn jildz mb `xwpd ,AR(1) jildz

Yt = φ1Yt−1 +Xt, |φ1| < 1,

Yt igkepd jxrd lr ritynd jildzd ly dixehqiddn icigid wlgdy oeeikn“aewxn jildz” `xwp jildzd
.Yt−1 oexg`d jxrd `ed

:lawp mitb` xiarp m`
Yt − φ1Yt−1 = Xt.
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:jildzd z` bivdl ick xeg`l dffdd xehxte`a ynzyp

(1− φ1B)Yt = Xt.

lawp 35 cenrn (13)-e 35 cenrn (12) zeillkd ze`gqepa yeniy ici lr

γ1 = φ1

γ2 = φ1γ1 = φ2
1

γ3 = φ1γ2 = φ3
1

· · ·

γk = φk
1 , k ≥ 2.

.0-d aiaq zcpcpzn `id ,ilily `ed φ1 < 0 m` .0-l zil`ivppetqw` zkrec szeynd m`znd zivwpet ik eplaiw
35 cenrn (13) d`eeynn ik al miyp

γ0 = Var(Yt) =
σ2

X

1− φ1ρ1
=

σ2
X

1− φ2
1

.

ik lawp (1− φ1B)Yt = Xt-y oeeikn

Yt = (1− φ1B)−1Xt

= (1 + φ1B + φ2
1B

2 + · · · )Xt

= Xt + φ1Xt−1 + φ2
1Xt−2 + · · · .

.{Xt} ly divwpetk {Yt} z` riadl ozipe ,hlgda qpkzn l"pd xehd |φ1| < 1 m`

AR(2) jildz :`nbec 4.6.2

`gqepd ici lr oezp ,AR(2) jildz

Yt = φ1Yt−1 + φ2Yt−2 +Xt.

lawpe xeg`l dffdd xehxte`a ynzyp

(1− φ1B − φ2B
2)Y2 = Xt,

e`
Yt = (1− φ1B − φ2B

2)−1Xt.

xnelk ,Φ(B) ly miyxeyd z` 1
G2

-e 1
G1

-a onqp

1− φ1B − φ2B
2 = (1−G1B)(1−G2B).
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Φ(B) = 0 ly miyxeyd .dcigid lebirl uegn eidi miyxeydy jixv ixpeivhq didi jildzdy ick ,4.9 dpwqnn
md

−φ1 ±
√
φ2

1 + 4φ2

2φ2
.

yxey lawp φ2
1 + 4φ2 = 0 dhppinixwqicd m` .miiynn miyxey ipy lawp φ2

1 + 4φ2 > 0 dhppinixwqicd m`
ozip .(hlgen jxra) 1-n ynn milecb eidi miyxeydy jxhvp ixpeivhq didi jildzdy ick .(2 ieaix mr) cg` iynn

xy`k dxew dfy ze`xdl

.φ1 + φ2 < 1-e φ1 ≥ 0 •

.φ2 − φ1 < 1-e φ1 < 0 •

:micenv miakexn miyxey ipy lawp φ2
1 + 4φ2 < 0 dhppinixwqicd m`

1
G1

=
φ1

2φ2
+

√
φ2

1 + 4φ2

2φ2
= a+ bi = reiθ,

1
G2

=
φ1

2φ2
−
√
φ2

1 + 4φ2

2φ2
= a− bi = re−iθ,

xy`k
r2 = a2 + b2 =

φ2
1

4φ2
2

+
−(φ2

1 + 4φ2)
4φ2

2

= − 1
φ2
.

z` mkqp m` .φ2 > −1-l lewyd ,1 < r2 = − 1
θ2
-y jixv dcigid lebirl uegn eidi miakexnd miyxeyd ipyy ick

,φ2 > −1-e φ2
1 + 4φ1 < 0-y jixv ixpeivhq didi jildzdy ick ,miakexn md miyxeyd ipy xy`k ,eplaiwy dn

.(−2,−1), (2,−1), (0, 1) eicewcwy yleyna zeidl mikixv (φ1, φ2) xnelk
miakexn miyxeyd ipy xy`k ik al miyp

G1 +G2 =
1
r

(
eiθ + e−iθ

)
=

2 cos θ
r

.

if` ,G1 6= G2 xnelk ,mipey miyxeyd m`
1

1− φ1B − φ2B2
=

1
1−G1B

× 1
1−G2B

(16)

=
G1

G1 −G2
× 1

1−G1B
− G2

G1 −G2
× 1

1−G2B

=
G1

G1 −G2

(
1 +G1B +G2

1B
2 + · · ·

)
(17)

− G2

G1 −G2

(
1 +G2B +G2

2B
2 + · · ·

)
. (18)

`ed (18) dbvda Bk ly mcwnd
1

G1 +G2

(
Gk+1

1 +Gk+1
2

)
=

r

2 cos θ

(
1

rk+1
e−i(k+1)θ +

1
rk+1

ei(k+1)θ

)
=

1
2rk cos θ

× 2 cos(k + 1)θ

=
cos(k + 1)θ
rk cos θ

.
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,ok lr xzi
θ = arctan(

b

a
) = arctan

−(φ2
1 + 4θ2)
|θ1|

= arccos
|φ1|

2
√
−θ2

.

.(θ/2π ly zexicz) 2π/θ xefgn mr zixefgn-ecaqt zebdpzd d`xi AR(2) jildz df dxwna ik wiqdl ozip o`kn

opid df lcen xear Yule-Walker ze`eeyn

ρ1 = φ1 + φ2ρ1

ρ2 = φ1ρ1 + φ2,

`ed opexzty

φ1 =
ρ1(1− ρ2)

1− ρ2
1

φ2 =
ρ2 − ρ2

1

1− ρ2
1

.

ik lawp hxta
ρ1 =

φ1

1− φ2
,

:e ,φ1 ly oniql ddf ρ1 ly oniqd okle
ρ2 = φ2 +

φ2
1

1− φ2
.

zniiwn szeynd m`znd zivwpet
ρk = φ1ρk−1 + φ2ρk−2.

illkd oexztd .(3.8-e 3.5 zeprh d`x) miyxtd z`eeyn ly oexztk ρk z` riadl ozip ,ρ1 = φ1
1−φ2

-e ρ0 = 1-y oeeikn
dxevdn `ed

ρk = A1G
k
1 +A2G

k
2 .

miixabl` miwgyn ixg` .A1G1 +A2G2 = φ1
1−φ2

ik lawp ρ1 = φ1
1−φ2

-y oeeikn .A1 +A2 = 1 lawp ρ0 = 1-y oeeikn
:ik lawp milw

ρk =
G1(1−G2

2)G
k
1 −G2(1−G2

1)G
k
2

(G1 −G2)(1 +G1G2)
.

hehxy d`x .φ1, φ2 mixhnxta dielz AR(2) jildz ly szeynd m`znd zivwpet ly sxbd ik lawp o`kn
.sxevn

,miakexn miyxey ly dxwnd xear

(19) ρk =
(sgn(φ1))kdk sin(2πf0k + F )

sinF
,

zexicza `iy didi mexhwtql df dxwna .tan(F ) = 1+d2

1−d2 × tan(2πf0)-e ,cos(2πf0) = |φ1|
2
√
−φ2

,d =
√
−φ2 xy`a

.''jrec qepiq lb'' z`xwp (19) d`eeyna oini sb`a divwpetd .f0
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(partial autocorrelation function) ziwlgd szeynd m`znd zivwpet 4.7

ly xcqd z` mircei eppi` j` ,micnel ep`y dxcql mi`zdl leki iaiqxbx-ehe` lceny mixryn ep` ik gipp
.lcend

:od k xcqn lcend xear Yule-Walker ze`eeyn

ρ1 = φk1 + φk2ρ1 + · · ·+ φkkρk−1

ρ2 = φk1ρ1 + φk2 + · · ·+ φkkρk−2

· · ·

ρk = φk1ρk−1 + φk2ρk−2 + · · ·+ φkk.

ze`eeynd z` xeztp .p = k xcqn iaiqxbx-ehe` jildz xear φ1, . . . , φk mixhnxtd md φk1, φk2, . . . , φkk o`k
hxta lawp .xcqd itl k lkl elld

φ11 = ρ1,

φ22 =
ρ2 − ρ2

1

1− ρ2
1

,

.k lkl φkk xear oexzt lawp dnec ote`ae
m`znd ,p xcqn iaiqxbx-ehe` jildz xear ik al miyp .k xrta iwlgd szeynd m`znd `xwp φkk lcebd
okle ,Yule-Walker ze`eeyn zkxrna“zxzein” dcenr lawp ,ok` .k > p xear qt`zi k xrta iwlgd szeynd

.φkl = 0 ik lawp k, l > p lkl ,zn`d ornl .qt`zi mi`znd mcwnd
.lcend ly xcqd z` zedfl ozip ef jxca

Quenouille ,p xcqn iaiqxbx-ehe` jildz `ed {Yt} jildzd m` ?iwlgd szeynd m`znd ly owzd zerh idn
,Var(φ̂kk) ≈ 1

N zepeye 0 aexiwa `idy zlgez mr miielz izla aexiwa md φ̂kk micne`d k ≥ p+1 xear ik d`xd
.epl zepezpy zeitvzd xtqn `ed N xy`a

4.10 `nbec

gipp .iaiqxbx-ehe` jildzn dribn dxcqd ik micyeg ep`e ,mieqn inik jildzn zeitvz N = 70 epl zepezp
:oldlck iwlgd szeynd m`znd zivwpet xear micne` epayigy

k 1 2 3 4 5 6 7 8 9 10

φ̂kk −.4 .19 .01 −.07 −.07 −.15 .05 0 −.1 .05

md mikxrd x`y lk ,φ̂11 hrnl ,okle , 1√
70
≈ .12 aexiwa `id lcend xcqn lecbd k xear φ̂kk ly owzd zerh

.AR(1) `ed lcend ik dxrydd mr jiyndl okl ozip .0 zlgezn owz zeihq izy ly megza

miiwzn Yt = Xt + θ1Xt−1 `gqepd ici lr oezpd ,MA(1) ,1 xcqn rp-revin lcen xear

φkk = θk
1

1− θ21

1− θ
2(k+1)
1

,
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.θk
1 aexwa `ed φkk okle

ly miyxeyd m` .jaeqn `ed iwlgd szeynd m`znl wiecnd iehiad ,MA(2) ,2 xcqn rp-revin lcen xear
md miyxeyd m` .miil`ivppetqw` minxeb ly mekq `ed iwlgd szeynd m`znd ,miiynn md Φ(B) mepiletd
zivwpeta epi`x dnec dpan .(damped sine wave) jrec qepiq lb ici lr oezp iwlgd szeynd m`znd ,miakexn

.AR(2) jildz ly szeynd m`znd

iaiqxbx-ehe` lcen zn`zd 4.8

.eincwn z`e jildzd xcq z` mircei eppi` ep` j` ,iaiqxbx-ehe` jildz ici lr dxveiy dxcq epl dpezpy gipp
cenrn (14) d`eeyna epi`xy itk .ziwlgd szeynd m`znd zivwpet zxfra zedfl ozip jildzd ly xcqd z`

.k > p xear φkk = 0 ,36
d`eeynd ici lr oezp jildzdy gipp .jildzd ly mincwnd z` cen`l cvik d`xp zrk

Yt − µ =
p∑

i=1

φi(Yt−i − µ) +Xt.

if`
Xt = (Yt − µ)−

p∑
i=1

φi(Yt−i − µ).

dxcqd z` aygp m` ,okl

xt = (yt − µ)−
p∑

i=1

φi(yt−i − µ),

mipekp `ld mincwnd xeary cera ,σ2
X zepeye 0 zlgez mr zilnxep bltzz ef dxcq mipekpd mincwnd xear

onqp m` ,okl .xzei dlecb didz dzepey

S = S(φ1, . . . , φp) =
N∑

t=1

(xt)2,

.S(φ1, . . . , φp) z` exrfniy φ1, . . . , φp mincwn `evnl eppevxa ik wiqp
mikxrd p ik mipzn m` ,ilniqwn ze`xp qgi cne` `ed df cne` ,zilnxep mibltzn {Xt} z` ik xazqn

.mireaw md dxcqd ly mipey`xd
ik dxifb ici lr lawp p = 1 xear

µ̂ =
y(2) − φ̂1y(1)

1− φ̂1

,

-e
φ̂1 =

∑N−1
t=1 (yt − µ̂)(yt+1 − µ̂)∑N−1

t=1 (yt − µ̂)2

oeeikn .dn`zda oey`xde oexg`d xai`d `ll dxcqd ikxr rvenn md y(2)-e y(1) xy`a ,φ1-e µ ly micne`d md
ik lawp y(1) ≈ y(2) ≈ y-y

µ̂ ≈ y,
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-e
(20) φ̂1 ≈

∑N−1
t=1 (yt − y)(yt+1 − y)∑N−1

t=1 (yt − y)2
.

iaiqxbx-ehe`d lcend z`eeynl miqgiizn epiid el milawn epiidy micne`d eid el` micne` ik al miyp

Yt − y = φ1(yt−1 − y) +Xt

cakp wlg ik ze`xdl ozip ,illk xzei ote`a .ielz-izlad dpzynd `ed yt−1 − y xy`k diqxbx z`eeyn l`k
.zepekpd ze`vezd dpiidz ze`vezd ihehtniq` ote`ae ,miiaiqxbx-ehe` milcen lr lirtdl ozip diqxbxd zxezn

okle ,∑N
t=1(yt − y)2 = c0 ici lr axwl ozip (20) d`eeyna dpknd z` ik cer al miyp

φ̂1 ≈
c1
c0

= r1.

ziihq φ1 = 0 xy`k .
√

1−(φ1)2

N `id φ̂1 ly owzd ziihq ihehtniq` ote`ay oeeikn lawzn φ1 xear jnq geex
.±2/

√
N megza `vnp φ̂1 = r1 m`d `ed φ1 = 0 zwical ogand okle ,1/

√
N `id owzd

xy`k ,xnelk ,φ1 = 1 xy`k

yt =
t−1∑
j=0

xt−j + y0,

ik ze`xdl ozip
(21) N(φ̂1 − 1) =

1
N × σN

t=2yt−1xt

1
N2σN

t=2y
2
t−1

= O(1)

okl .zilnxep dpi`y zileab zebltzdl miqpkzn dpknd ode dpend ode ,seqpi`l s`ey dxcqd jxe` xy`k meqg
xidn avw `edy , 1

N `ed zeqpkzdd avwe ,φ1 = 1 izin`d ekxrl qpkzn φ̂1 seqpi`l s`ey dxcqd jxe` xy`k
.ixpeivhqd dxwndn xzei

:md φ2-e φ1 ,µ-l micne`d ,ipy xcqn iaiqxbx-ehe` lcen xear

µ̂ ≈ y,

φ̂1 ≈ r1(1− r2)
1− r21

,

φ̂2 ≈ r2 − r21
1− r21

.

.o`k d`xp `ly ,(φ̂1, φ̂2) xear confidence regions aeyigl zehiy epzip ik cer xikfp
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ARMA lcen 5
jildz .σ2

X zepeye µX zlgez mr xedh i`xw` jildz `ed {Xt}-y gipp 5.1 dxcbd

jk φ1, . . . , φp-e θ1, . . . , θq mireaw miniiw m` (p, q) xcqn ARMA jildz `xwi {Yt}
miiwzn t lkly

(22) Yt = φ1Yt−1 + · · ·+ φpYt−p +Xt + θ1Xt−1 + · · ·+ θqXt−q.

.ARMA(p, q) ici lr dfk jildz onqp

:ARMA(p, q) jildzl dlewy dbvd lawp xeg`l dffdd xehxte`a yeniy ici lr

(1− φ1B − · · · − φpB
p)Yt = (1 + θ1B + · · ·+ θqB

q)Xt.

zxvewn dbvd lawp Θ(B) = 1 + θ1B + · · ·+ θqB
q-e Φ(B) = 1− φ1B − · · · − φpB

p onqp m`e

Φ(B)Yt = Θ(B)Xt,

e`
Yt = (Φ(B))−1Θ(B)Xt.

lawpe Ψ(B) = (Φ(B))−1Θ(B) onqp
Yt = Ψ(B)Xt.

-y oeeikn ,ok lr xzi .{Xt} hlwd zxcq ly divwpetk {Yt} hltd zxcq ly zihwtnew dbvd eplaiw ef jxca
Π(B) = (Θ(B))−1Φ(B) = onqp m` .MA(∞) jildzk jildzd ly dbvd eplaiw ,B ly zewfg ly xeh `ed Ψ(B)

lawp (Ψ(B))−1

Xt = Π(B)Yt,

.AR(∞) jildzk jildzd ly dbvd o`k eplaiw ,hxta .hltd zxcq ly divwpetk hlwd zxcq ly dbvd `idy
.d`ad dpwqnd z` miwiqn ep` 22 cenrn 3.1 htynn

.Φ(B)Yt = Θ(B)Xt d`eeynd z` miiwnd ARMA jildz {Yt} `di 5.2 dpwqn

.ixpeivhq `ed jildzd ,dcigid lebirl uegn mi`vnp Φ mepiletd ly miyxeyd lk m` •

dxcqd z` xfgyl ozip ,dcigid lebirl uegn mi`vnp Θ mepiletd ly miyxeyd lk m` •
zegtl zeqpkzd qeicx yi Θ(B)Φ(B)−1 mepiletl ,xnelk .{Yt} dxcqd jezn {Xt}

.jitd jildzdy xn`p df dxwna .1

lebirl uegn mi`vnp Θ(B)-e Φ(B) minepiletd ly miyxeyd lky miniiwnd ARMA(p, q) ikildza oiiprzp ep`
.dcigid
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Π lye Ψ ly mincwnd aeyig 5.1

:`ad ote`a AR(∞) jildzke MA(∞) jildzk ARMA jildz bivdl ozip ,epxn`y itk

Yt = Ψ(B)Xt =
∞∑

i=0

ψiXt−i,

Xt = Π(B)Yt =
∞∑

j=0

πjYt−j .

,xekfk
Φ(B) = 1− φ1B − · · · − φpB

p,

-e
Θ(B) = 1 + θ1B + · · ·+ θqB

q.

.miyxtd z`eeyn miniiwn (ψi)-e (πj) mincwnd ik d`xp zrk
,p dlrnn mepilet `ed Φ-y oeeikne ,Φ(B)Ψ(B) = Θ(B)-y oeeikn

θj = φ0ψj − φ1ψj−1 − · · · − φpψj−p, ∀j ≥ 0,

,j = 0 xear .p xcqn miyxtd z`eeyn zniiwn (ψi) dxcqd ,hxta .j < 0 xear ψj = 0 ik mipian ep` xy`k
.ψ0 = 1 ik lawp θ0 = φ0 = 1-y oeeikn

.j > q xear θj = 0 ,q dlrnn mepilet `ed Θ-y oeeikny al miyp
okl .q dlrnn mepilet `ed Θ-e ,Φ(B) = Θ(B)Π(B) ,dnec ote`a

1 = φ0 = θ0π0,

-e
−φj = θ0πj + θ1πj−1 + · · ·+ θpπj−p,

.j < 0 xear πj = 0 ik mipian ep` xy`k
m` .mdly zillkd dxevd idn mircei ep` ,miyxtd ze`eeyn ly zepexzt md Π-e Ψ ly mincwndy oeeikn
(πj)-e (ψi) mincwnd f`e ,dcigid lebirl uegn mi`vnp Θ-e Φ ly miyxeyd lk ,jitde ixpeivhq `ed jildzd

.lcb xrtdy lkk qt`l zt`ey divlxewehe`d ,jitde ixpeivhq ARMA jildza ,hxta .qt`l mit`ey

ARMA(1, 1) jildz :`nbec 5.2

:`ad ARMA(1, 1) jildza opeazp

Yt = 0.5Yt−1 +Xt − 0.3Xt−1.
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jildz okl .dcigid lebirl uegn mde ,3 1
3 -e 2 md Θ-e Φ ly miyxeyd .Θ(B) = 1− 0.3B-e ,Φ(B) = 1− 0.5B if`

ok enk .ixpeivhqe jitd `ed df

Ψ(B) =
Θ(B)
Φ(B)

=
1− 0.3B
1− 0.5B

= (1− 0.3B)(1 + 0.5B + 0.52B2 + · · · )

= 1 + 0.5B − 0.3B + 0.52B2 − 0.3 · 0.5B2 + · · ·

= 1 + 0.2B + 0.2 · 0.5B2 + · · · .

ici lr oezp Ψ ly i-d mcwnd ,illk ote`a

ψi = (0.5− 0.3) · 0.5i−1 = 0.2 · 0.5i−1, i ≥ 1.

,illk ARMA(1, 1) jildz xear
Yt − φ1Yt−1 +Xt − θ1Xt−1.

okle
(1− φ1B)Yt = (1 + θ1B)Xt.

.|φ1| < 1-y yexcl jixv ixpeivhq didi jildzdy ick .|θ1| < 1-y yexcl jixv jitd didi jildzdy ick

ARMA ikildz ly miihqihhq milcb 5.3

m`znd zivwpet z` mb xikfpe ,ARMA jildz ly szeynd m`znd zivwpete ,zepeyd ,zlgezd z` aygp zrk
oecpe ,MA-e AR ikildz ly mixhnxtd iedif enk heyt epi` ARMA jildz ly mixhnxtd iedif .ziwlgd szeynd

.jynda ea

zepeyde zlgezd 5.3.1

ik lawp ,Yt = Ψ(B)Xt =
∑∞

i=0 ψiXt−i-y oeeikn

E[Yt] = (
t∑

i=0

ψi)µX ,

-e
Var[Yt] = (

t∑
i=0

ψ2
i )σ2

X .

...iteqpi`d mekqd edn mircei `l cer lk ,cgeina zeiyeniy opi` el` ze`gqepy al miyp
-y oeeikn .zlgezd xear xzei ziyeniy `gqep gztl dqpp

Yt = φ1Yt−1 + · · ·+ φpYt−p +Xt + θ1Xt−1 + · · ·+ θqXt−q,
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lawp mitb`d ipyn zlgez zgiwl ici lr

µ = E[Yt] =
p∑

j=1

φjE[Yt−j ] +
q∑

i=0

θiµX

= µ×
p∑

j=1

φj + µX

q∑
i=0

θi.

okl
µ = µX

∑q
i=0 θi

1−
∑p

j=1 φj
.

.jynda edylk oexzt d`xpe ,xzei dyw dniyn `id zepeyl zwiiecn `gqep gezit

szeynd m`znd zivwpet 5.3.2

lawp 44 cenrn (22) d`eeyna yeniy ici lr

Yt−kYt = φ1Yt−kYt−1 + · · ·+ φpYt−kYt−p

+Yt−kXk + θ1Yt−kXt−1 + · · ·+ θqYt−kXt−q. (23)

lawpe ,γk(Y,X) = E[Yt−kXt] onqp

(24) γk = E[Yt−kYt] = φ1γk−1 + · · ·+ φpγk−p + γk(Y,X) + θ1γk−1(Y,X) + · · ·+ θqγk−q(Y,X).

.γk(Y,X) z` aygp zrk
:lawp k = 0 xear

γ0(Y,X) = E[YtXt] = σ2
X ,

.Xt-a miielz mpi` Yt−1, . . . , Yt−p, Xt−1, . . . , Xt−q ik z`fe
.γk(Y,X) = 0 ik lawp okle ,Xt-a miielz mpi` Yt−k−1, . . . , Yt−k−p ,k > 0 xear

,k < 0 xear

γk(Y,X) = E[Yt−kXt]

= E[φ1Yt−k−1Xt + · · ·+ φpYt−k−pXt

+Xt−kXt + φ1Xt−k−1Xt + · · ·+ φqXt−k−qXt].

lawp k = −1 xear ,hxta
(25) γ−1(Y,X) = E[Yt+1Xt] = φ1σ

2
X + θ1σ

2
X ,

lawp k = −2 xear
γ−2(Y,X) = E[Yt+2Xt] = φ1γ−1(Y,X) + φ2σ

2
X + θ2σ

2
X ,

.ilily k lkl lawzz dnec `gqepe
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miiwzn k ≥ q + 1 xear ik (23)-n lawp ,k > 0 xear γk(Y,X) = 0-y oeeikn

γk = E[Yt−kYt] = φ1γk−1 + · · ·+ φpγk−p,

ze`eeynd zeniiwzn okle
Φ(B)γk = 0, k ≥ q + 1.

lawp ,γ0-a dwelg ici lr
Φ(B)ρk = 0, k ≥ q + 1.

k > q xeare ,ρk-l d`ln `gqep eplaiw k ≤ q xear :iwlgd m`znd zivwpet aeyigl ziaiqxewx jxc eplaiw
ze`eeyn zkxrn ly illkd oexztd d`xp cvik mircei ep` 3.8-e 3.5 zeprhn ik xekfp .miyxtd z`eeyn eplaiw

.ef miyxtd
ik al miyp

Var(Yt) = γ0

= φ1γ1 + · · ·+ φpγp + σ2
X + θ1γ−1(Y,X) + · · ·+ θqγ−q(Y,X).

.γ0 z` `evnl ick γ1, . . . , γp xear ze`eeynd p mr cgi ef d`eeyn xeztl ozip

ziwlgd szeynd m`znd zivwpet 5.3.3

-y dcaera ynzyp ziwlgd szeynd m`znd zivwpet z` aygl ick

Xt = (Θ(B))−1Φ(B)Yt

zivwpet okle ,(Θ(B))−1 ici lr xwira rawp zedeabd zewfgd zebdpzd ik ze`xdl ozip o`kn .iteqpi` xeh edfe
.MA jildz ly ziwlgd szeynd m`znd zivwpet enk zbdpzn ,mideab mi-k xear ,ziwlgd szeynd m`znd

ARMA(1, 1) jildz :`nbec jynd 5.4

5.3.2 sirqa epgzity zeillkd ze`eeyndn .ARMA(1, 1) jildz ly szeynd m`znd zivwpet z` aygp

γ0 = φ1γ1 + σ2
X + θ1γ−1(Y,X),

γ1 = φ1γ0 + θ1σ
2
X , (26)

γk = φ1γk−1, k ≥ 2.

lawpe (26) d`eeyna (25) d`eeyn z` aivp

γ0 =
1 + θ21 + 2θ1φ1

1− φ2
1

σ2
X ,

γ1 =
(1 + φ1θ1)(φ1 + θ1)

1− φ2
1

σ2
X ,

γk = φ1γk−1, k ≥ 2.
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ik lawp o`kn
ρ1 =

γ1

γ0
=

(1 + φ1θ1)(φ1 + θ1)
1 + θ21 + 2φ1θ1

,

-e
ρk = φ1ρk−1, k ≥ 2.

.0-l zil`ivppetqw` zcxei (ρk) ik mi`ex ep`
m`znd zivwpet k > 1 xeare ,φ11 = ρ1 ik lawzn ?ziwlgd szeynd m`znd zivwpet mr dxew dne
mxeb `ed da hleyd mxebde ,MA(1) jildz ly ziwlgd szeynd m`znd zivwpet enk zbdpzn ziwlgd szeynd

.ylgen il`ivppetqw`
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miixpeivhq-`l milcen 6

d`eeynd z` miiwnd jildza opeazp
(27) Φ(B)Yt = Θ(B)Xt.

milwzp ep`y zeax zexcq .ixpeivhq `ed {Yt} jildzd ,dcigid lebirl uegn mi`vnp Φ(B) ly miyxeyd lk m`
irah oexzt .el`k zexcq cenill miiyeniy mpi` dk cr epgzity milcend okl .zeixpeivhq opi` meineid iiga oda

.zeixpeivhqd zgpd z` yilgdl `ed

6.1 `nbec

lcena opeazp `nbec myl
Yt = φ1Yt−1 +Xt,

i`xw`d yrxd zxcq z` `nbecl gwipe

a1 a2 a3 a4 a5 a6 a7 a8 a9 a10

0.1 −1.1 0.2 −2 −0.2 −0.8 0.8 0.1 0.1 −0.9

:φ1 ly mipey mikxr xear {Yt} dxcqd zbdpzn cvik d`xpe ,Y0 = 0.7 ik gipp

φ1 Y0 Y1 Y2 Y3 Y4 Y5 Y6 Y7 Y8 Y9 Y10

1
2 .7 .45 −.88 −.24 −2.12 −1.26 −1.43 .09 .14 .17 −.82

2 .7 1.5 1.9 4 6 11.8 22.8 46.4 92.9 185.9 370.9

1 .7 .8 −.3 −.1 −2.1 −2.3 −3.1 −2.3 −2.2 −2.1 −3

cera ,zil`ivppetqw` `id zebdpzdd ,lecb φ1 xy`k :φ1 ly jxra ce`n dielz jildzd zebdpzd ik mi`ex ep`
.jk epi` avnd ,ohw φ1 xy`k

:ik ze`xl lw .zxceqn dxeva φ1-a zelzd z` gzpp zrk

Y1 = φ1Y0 +X1,

Y2 = φ2
1Y0 + φ1X1 +X2,

. . .

Yk = φk
1Y0 + φk−1

1 X1 + · · ·+Xk, k ≥ 1.

φk
1 ,ilily φ1 m`) lcbe jled |φ1|k hlgend ekxry ,φk

1 `ed mekqd lr xzeia ritynd xai`d |φ1| > 1 xy`k
eppi` aexl j` ,il`ivppetqw` lecib `id oibtz dfk jildz ici lr zxveind dxcqy zillkd zipazd .(cpcpzn

.zetvp zexcqa dfk leciba miybtp
.AR(1) jildz lawpe ,qpkzn ∑∞

k=1 |φ1|k xehd |φ1| < 1 xy`k
.eiykr lthp df dxwna .|φ1| = 1 xy`k `ed xzepd dxwnd

x`y lke ,d ieaixn Φ(B) ly yxey `ed 1 ik gipp ,`nbecl .dcigid lebir zty lr yxey yi Φ(B)-l ik gipp
:d`ad dxeva lcend z` aezkl ozip dfk dxwna .dcigid lebirl uegn mi`vnp Φ(B) ly miyxeyd

(28) Φ(B)(1−B)dYt = Θ(B)Xt,
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.dcigid lebirl uegn md Φ(B) ly miyxeyd lk xy`k
:`ad ote`a (Zt) ycg jildz xicbp

Zt = (1−B)dYt.

,d = 1 xear
Zt = (1−B)Yt = Yt − Yt−1 = ∇Yt,

,d = 2 xear .(Yt) jildzd ly miyxtdd zxcq idefe

Zt = (1−B)(1−B)Yt = ∇2Yt,

.d ≥ 3 lkl l"pke ,ipy xcqn miyxtdd zxcq idefe
ik lawp

Φ(B)Zt = Θ(B)Xt,

{Zt} jildzd hxta .dcigid lebirl uegn md Φ(B) mepiletd ly miyxeyd lke ,ARMA jildz `ed {Zt} xnelk
.ixpeivhq `ed

Zt = (1 − miyxtdd zxcq if` ,ARIMA(p, d, q) jildz `ed (Yt) m` 6.2 dpwqn

.ARMA(p, q) jildz `id B)dYt

zedfl dqppe ,d = 0, 1, 2, . . . xear ,(1−B)dYt miyxtdd zexcq lr lkzqp ,ARIMA jildz zedfl icky ,o`kn
1.ARMA jildz `id (1−B)dYt miyxtdd zxcq exear d yi m`d

okle ,Zt = ∇Yt = Yt − Yt−1 miiwzn d = 1 xear .(Yt) dxcqd z` xfgyl ozip (Zt) dxcqd jezn al miyp
lawp o`kne ,Yt = Zt + Yt−1

Yt =
t∑

j=−∞
Zj .

okle ,Zt = ∇2Yt lawp d = 2 xear ,dnec ote`a

Yt =
t∑

i=−∞

i∑
j=−∞

Zj .

xewn o`kn .{Zt} ixpeivhq jildz ly minrt d (divxbhpi` e`) mekqk {Yt} z` bivdl ozip ik eplaiw
AutoRegressive Integrated Moving Average zilbp`a ,rp-revin-miiaihxbhpi`-miiaiqxbx-ehe` mikildz myd

.ARIMA ikildz ,xeviwae ,processes

d`eeynd z` miniiwnd mikildzd zgtyna oecp df wxta

(29) Φ∗(B)Yt = Φ(B)(1−B)dYt = µ+ Θ(B)Xt.

:ef dbvda

.illk AR xehxte` `ed Φ∗(B) xehxte`d •

.ARMA jildz `ed mieqn jildz m`d midfn cvik jynda d`xp1
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,(dcigid lebirl uegn eiyxey lk ,xnelk) ixpeivhq jildz bviin `ed .AR xehxte` `ed Φ(B) xehxte`d •
.p xcqn `ede

.reaw `ed µ •

.q xcqn `ede ,(dcigid lebirl uegn eiyxey lk) jitd `ed ,MA xehxte` `ed Θ(B) •

siqedl `id µ reawd ly drtydd .ARIMA(p, d, q)-a zpneqn (29) d`eeynd z` miniiwnd mikildzd zgtyn
.jildzd ly dnbnl ihqipinxhc aikxn

heyt jildza opeazp
(30) (1−B)Yt = µ+Xt.

lawp mitb` zxard ici lr
Yt = Yt−1 + µ+Xt.

,zilily µ zlgezd m`e ,zelrl dhep {Yt} jildzd ,ziaeig µ zlgezd m` .µ (drift) sgq mr ixwn jelid jildz edf
,ok` .zcxl dhep {Yt} jildzd

Yt = Yt−1 + µ+Xt

= (Yt−2 + µ+Xt−1) + µ+Xt

= Yt−2 + 2µ+Xt +Xt−1

· · ·

= Y0 + tµ+
t−1∑
i=0

Xt−1.

dpi` yrxd zepey ik) ixpeivhq-`l yrxe ,µ retiy mr dreaw dnbn yi (30) d`eeyna xcbend jildzl ik eplaiw
.(dreaw

.onfa d dbxcn mepilet `edy lceb xcqn zihqipinxhc dnbn jildzl znxez µ reawd zllkd ,illk ote`a
.µ = 0 ik lawp ,onfa dielz dpi` E[Yt] m` ,iyrn ote`a

.d = 1 ik lawp t-a zix`pil E[Yt] m`
.(t-a ireaix mepilet `id E[Yt] ,dfk dxwna) d = 2 ik lawp t-a zix`pil E[Yt − Yt−1] m`

ARIMA jildz ly zepey zebvd 6.1

.jildzd ly xg` cv dhilan dbvd lk .ARIMA jildz ly zepey zebvd yelya opeazp df sirqa
:zxfra jildzd ly Yt igkepd jxrd z` bivp

.{Xj}j≤t yrxd zxcq ly mincewde igkepd mikxrde ,{Yj}j<t dxcqd ly mincew mikxr .1

.{Xt−j}j≥0 yrxd ly mincew mikxre igkepd jxrd .2

.Xt igkepd yrxde ,{Yt−j}j≥0 dxcqd ly mincew mikxr ly llweyn rvennk .3
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dpey`x dbvd 6.1.1

d`eeynd z` miiwn ARIMA jildz ik xak epi`x

(31) Φ∗(B)Yt = Φ(B)(1−B)dYt = Θ(B)Xt.

-k dbvdl ozip Φ∗(B) mepiletd

Φ∗(B) = Φ(B)(1−B)d = 1− φ∗1B − φ∗2B
2 − · · · − φ∗p+dB

p+d.

okle

Yt =
p+d∑
i=1

φ∗i Yt−i +Xt +
q∑

j=1

θjXt−j .

dipy dbvd 6.1.2

:i`xw` yrx ly mekqk {Yt} jildzd z` bivdl dqpp

(32) Yt =
∞∑

i=0

ψiXt−i.

`id zyweand dbvdd ik lawp ,Ψ(B) =
∑∞

i=1 ψiB
i onqp m`

Yt = Ψ(B)Xt.

z` aygl ozip ik eplaiw .Φ∗(B)Ψ(B) = Θ(B) lewy ote`ae ,Ψ(B) = (Φ∗(B))−1Θ(B) ik mi`ex 31 d`eeynn
:Θ lye Φ∗ ly mincwndn Ψ ly mincwnd(

1− φ∗1B − · · · − φ∗p+dB
p+d
) (
ψ0 + ψ1B + ψ2B

2 + · · ·
)

= 1 + θ1B + · · ·+ θqB
q.

.Φ(B)(1−B)dψj = 0 lewy ote`a e` ,Φ∗(B)ψj = 0 ik lawp j > max{p+d−1, q} xear ,ok lr xzi .ψ0 = 1 ,hxta
dxcqd ,hxta .3.8-e 3.5 zeprha epi`x dpexzt z`y ,miyxtd ze`eeyn zkxrn ly oexzt `id (ψj) dxcqd ,xnelk

.miylgen qepiq ilbe mihppetqw` ly mekq `id (ψj)

ziyily dbvd 6.1.3

d`eeynd ici lr oezp ARIMA jildz ,xekfk

Φ∗(B)Yt = Θ(B)Xt.

lawp ,Π(B) = (Θ(B))−1Φ∗(B) onqp m`

(33) Φ∗(B) = Θ(B)Π(B).

zpzep (33) d`eeyn ,Π(B) = π0 − π1B − π2B
2 − · · · m`

(34) (1− φ∗1B − · · · − φ∗p+dB
p+d) = (1 + θ1B + · · ·+ θqB

q)(π0 − π1B − π2B
2 − · · · ).
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okle ,Π(B)Yt = Xt ,ok lr xzi .π0 = 1 okle

Yt =
∞∑

j=1

πjYt−j +Xt.

j > max{p+ d, q} xeary milawn (34) d`eeynn

Θ(B)πj = 0.

mihppetqw` ly mekq `id okle ,miyxtd ze`eeyn zkxrn ly oexzt `id (πj) dxcqd mb ik milawn ep` o`kn
.miylgen miqepiqe

ik lawp B = 1 aivp m` ,d ≥ 1 xy`k .B-a minepilet md Ψ(B)-e Θ(B) ,Φ(B) minepiletd

Φ∗(1) = Φ(1)× (1− 1)d = 0.

la` .Π(1) = 1 ik lawp Θ(1) 6= 0-y oeeikn

Π(1) = π0 −
∞∑

i=1

πi,

ik lawp π0 = 1-y oeeikn
∞∑

i=1

πi = 1.

ik lawp Π(B)Yt = Xt-y oeeikn ,dcigid lebirl uegn md Θ-e Φ∗ ly miyxeyd lky oeeikn

Yt = Xt +
∞∑

i=1

πiYt−i,

.dxcqd ly mincew mikxr ly rvenne igkepd yrxd ly mekq `ed Yt okle
okle ,(xdn ic llk jxcae) 0-l zt`ey πi dxcqd ,miylgen miqepiqe mihppetqw` ly mekq md (πi)-y oeeikn

.dphw `id Yt lr dxcqd ly miwegx mikxr zrtyd

ARIMA(1, 1, 1) jildz :`nbec 6.1.4

d`eeynd z` miiwn ARIMA(1, 1, 1) lcen

(1− φB)(1−B)Yt = (1 + θB)Xt.

okl
1− (1 + φ)B + φB2 = Φ∗(B) = Θ(B)Π(B) = (1 + θB)(1− π1B − π2B

2 − · · · ).

okle ,−(1 + φ) = −π1 + θ :lawp B ly mincwnd z`eeyd ici lr

π1 = θ + 1 + φ.

okle ,φ = −π2 − θπ1 lawp B2 ly mincwnd z`eeyd ici lr

π2 = −φ− θπ1 = −φ− θ(φ+ 1 + θ) = −(φ+ θ)(1 + θ).
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okle ,0 = −π3 − θπ2 lawp B3 ly mincwnd z`eeyd ici lr

π3 = −θπ2 = +θ(θ + φ)(1 + θ).

,j > 3 lkl ik lawp ote` eze`a
πj = −(−θ)j−2(θ + φ)(1 + θ).

ly mincew mikxrn lawl ozipy Yt lr rcind aex okle ,ixhne`ib avwa 0-l micxei (πj) mincwnd |θ| < 1 xy`k
.dxcqd ly mipexg`d mikxra `vnp Y dxcqd

ARIMA(0, 1, 1) jildz :`nbec 6.1.5

ici lr oezp ARIMA(0, 1, 1) jildz

∇Yt = Yt − Yt−1 = Xt + θXt−1.

xnelk ,Yt − Yt−1 = Xt + θXt−1 o`k

(1−B)Yt = (1 + θB)Xt.

okl
ψ(B) = (Ψ∗(B))−1Θ(B) =

1 + θB

1−B
= (1 + θB)(1 +B +B2 + · · · ).

lawp o`kn

ψ(B) = 1 +
∞∑

j=1

(1 + θ)Bj .

.(1+θ-l deeye) dreaw `id `l` ,seqpi`l s`ey j xy`k 0-l zt`ey dpi` Xt−j-e Yt oia divlxewd ik mi`ex ep`
ok enk

Π(B) = (Θ(B))−1Φ∗(B) == frac1−B1 + θB = (1−B)(1− θB + θ2B2 − θ3B3 + · · · ).

okl
Π(B) = 1− (1 + θ)B + θ(1 + θ)B2 − θ2(1 + θ)B3 + · · · .

55



(forecasting) iefig 7

t-d zitvzd xg`l ik gipp .reci `l jildzn y1, . . . , yt zeitvz t epl zepezp .d`ad diraa oiiprzp df sirqa
wtql dvxp ep` ,ze`cee-i` o`k zaxerny oeeikn .iefigd xrt `xwp l lcebd .yt+l dxcqd jxr z` zefgl eppevxa

.eply iefigd ly zepeyde zlgezd z`
d`eeynd z` miiwn ,xnelk ,ARIMA(p, d, q) jildz `ed epiptly jildzd ik gipp df sirqa

Φ∗(B)Yt = Φ(B)(1−B)dYt = Θ(B)Xt,

wlgzn epi` Φ(B) mepiletde ,σ2
X zepeye 0 zlgez mr ixpeivhq i`xw` yrx jildz `ed {Xt} jildzd xy`k

.1−B-a

:mikxc yelya dbvdl zpzip Yt+l zitvzd ARIMA jildza ik xekfp

:mincew miyrx lye ,igkepd yrxd ly ,zencew zeitvz ly mekqk .1

(35) Yt+l = φ∗1Yt+l−1 + · · ·+ φ∗p+dYt+l−p−d +Xt+l − θ1Xt+l−1 − · · · − θqXt+l−1.

:mincewd miyrxde igkepd yrxd ly llweyn mekqk .2

(36) Yt+l =
∞∑

j=0

ψjXt+l−j .

:igkepd yrxde zencew zeitvz ly mekqk .3

(37) Yt+l =
∞∑

j=1

πjYt+l−j +Xt+l.

zifgzd ik gipp ,xnelk .zitvpd dxcqa zix`pil `idy zzl ozipy xzeia daehd zifgzd dn ze`xl zrk dqpp
{Yt} jildzd ARIMA jildzay oeeikn .(t onf llek) t onf cr zeitvzd lk ly zix`pil divwpet `id ŷt(l) eply
:yrxd jildz ly zix`pil divwpet `id eply zifgzd mb ik lawp ,{Xt} yrxd jildz ly zix`pil divwpet `ed

Ŷt(l) = clXt + cl+1Xt−1 + · · · ,

.mdylk mireaw md j≥l(cj) xy`a
E
[(
Yt+l − Ŷt(l)

)2
]
lcebd ,xnelk ;zxrfnzn d`ibyd ireaix zlgez mxear (cj) mireawd z` `evnl dqpp dligz

.ilnipin
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ik lawp (36) d`eeyna ynzyp m`

E
[(
Yt+l − Ŷt(l)

)2
]

= E


 ∞∑

j=0

ψjXt+l−j −
∞∑

j=0

cj+lXt−j

2


= E


 l−1∑

j=0

ψjXt+l−j +
∞∑

j=0

(ψj+l − cj+l)Xt−j

2


= (1 + ψ2
1 + · · ·+ ψ2

l−1)σ
2
X +

∞∑
j=0

(ψl+j − cl+j)2σ2
X ,

lawp df dxwna .j lkl cl+j = ψl+j xy`k xrfnzn df lceb

(38) Yt+l = (Xt+l + ψ1Xt+l−1 + · · ·+ ψl−1Xt+1) + (ψlXt + ψl+1Xt−1 + · · · ).

onqp
et(l) := Xt+l + ψ1Xt+l−1 + · · ·+ ψl−1Xt+1,

-e
Ŷt(l) := ψlXt + ψl+1Xt−1 + · · · .

if`
Yt+l = et(l) + Ŷt(l).

ly zlgezd ,i`xw` yrx zxcq (Xt)-y oeeikn .t onfa reci Ŷt(l) lcebdy ixd ,t onfa reci epi` et(l) lcebdy cera
.iefigd zerh `id et(l)-e ,l onf xrta t onfa zifgzd `id Ŷt(l) ik xn`p okl .0 `id et(l)

.zepwqn xtqn o`kn wiqdl ozip
md {Xt} ik xekfp .t onfa miiwd rcind ozpida Yt+l ly dpzend zlgezd z` E[Yt+l | Yt, Yt−1, . . .]-a onqp

.miielz izla miixwn mipzyn
ik lawp ,{Xj}j<t-a ielz izla Xt-y oeeikn

E[Xt+j | Yt, Yt−1, . . .] = 0, j > 0.

lawp (38) d`eeyn ly mitb`d ipya zlgez gwip m`

(39) E[Yt+l] = Ŷt(l) = ψlXt + ψl+1Xt−1 + · · · .

`ide ,l onf xrt xear ,t onfa (mean square error) zerhd ireaix rvenn z` zxrfnnd zifgzd `id Ŷt(l) ,xnelk
.llka cre t onf cr rcind ozpida ,t onfa Yt+l ly dpzend zlgezl deey

z` zxrfnn cinz `idy) Yt+l ly dpzend zlgezdy ick igxkd i`pz `ed E[Xt+j ] = 0 i`pzd ik xazqn
.zix`pil iefig zivwpet zxfra ribdl ozip dil` zilnihte`d zifgzl deey didz (miyxtdd ireaix rvenn

:ici lr dpezp l onf xrta Ŷt(l) ly iefigd zerh ik xekfp

et(l) = Xt+l + ψ1Xt+l−1 + · · ·+ ψl−1Xt+1
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`id zifgzd ly zepeyd ,ok enk .(unbiased) dhen-`l `id zifgzd ,E[et(l)] = 0-y oeeikn

(40) V (l) = Var(et(l)) = (1 + ψ2
1 + ψ2

2 + · · ·+ ψ2
l−1)σ

2
X .

.zicizrd zitvzd z` dpezp zexazqda liknd rhw ,xnelk ,iefig igeex wtql epl xyt`z ef d`eeyn
ly miyxtdd ireaix rvenn z` zxrfnn zeifgzd ly ∑L

l=1 wlŶt(l) zix`pil divwpet lk ik ze`xdl ozip
.∑L

l=1 wl Yt(l) divwpetd
m`e ,xardn zeiyceg zeitvz zervn`a miieqn xven ly zexiknd z` zefgl miqpn ep` `nbecl m` ,okl
Ŷt(1) + if` ,dlrnl epx`zy jxca zeitvzdn elawzd mi`ad miycegd zyely xear Ŷt(1), Ŷt(2), Ŷt(3) zeifgzd

.miyxtdd ireaix rvenn z` zxrfnnd `ad oeraxa zexiknd xear zifgzd `id Ŷt(2) + Ŷt(3)

d`eeyndn
et(l) = Xt+l + ψ1Xt+l−1 + · · ·+ ψl−1Xt+1

ik ze`xl ozip (38) d`eeynne
et(1) = Xt+1 = Yt+1 − Ŷt(1).

md Xt-dy oeeikn .zialy-cgd iefigd zerh mvra `ed ,i`xw` yrxk wx ea epynzyd dk cry ,{Xt} yrxd okl
.zeielz-izla od mipey mipnf oia zialy-cgd iefigd zeierh ,miielz izla

minxeb mze` yiy oeeikn z`fe) zen`ezn eidi mipey mipnfa 1-n milecb onf ixrta iefigd zeierh ,illk ote`a
.(mipey mipnfa zifgzd aeyiga oeayga migwlpd Xt

.oeeik eze`a zehen dpiidz eply zeifgzd lke okziiy `id ef dpgadl yiy zihwxtd dklydd

`ven onf xear iefigd zivwpet z`xwp l 7→ Ŷt(l) divwpetd ,reaw t lkl 7.1 dxcbd

.t

zifgzl zebvd yely 7.1

onfa rcind ozpida E[Yt+l] ly dpzend zlgezd `id miyxtdd ireaix rvenn z` zxrfnnd Yt+l-l zifgzd
,ze`gqepd zehyt myl .ef zifgzl miiehia dyely zzl ,ARIMA jildz ly zebvdd yely zxfra ,zrk ozip .t

onqp
〈Yt+l〉 = E[Yt+l | Yt, Yt−1, . . .],

-e

〈Xt+l〉 = E[Xt+l | Xt, Xt−1, . . .] =

 0 l > 0,

Xt+l l ≤ 0.

ik lawp ,(Xj)j≤t dxcqd z` xfgyl ozip (Yj)j≤t dxcqd jezny oeeikn

E[Xt+l | Yt, Yt−1, . . .] = E[Xt+l | Xt, Xt−1, . . .] = 〈Xt+l〉.

lawp 56 cenrn (35) d`eeyna yeniy ici lr okl

〈Yt+l〉 = Ŷt(l) (41)

= φ1〈Yt+l−1〉+ · · ·+ φp+d〈Yt+l−p−d〉 − θ1〈Xt+l−1〉 − · · · − θq〈Xt+l−q〉+ 〈Xt+l〉.
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lawp 56 cenrn (36) d`eeyna yeniy ici lr

(42) 〈Yt+l〉 = Ŷt(l) =
∞∑

j=0

ψj〈Xt+l−j〉.

lawp 56 cenrn (37) d`eeyna yeniy ici lr

(43) 〈Yt+l〉 = Ŷt(l) =
∞∑

j=1

πj〈Yt+l−j〉+ 〈Xt+l〉.

Yt+l ly zelzd ,dpezp weic znx xear ,okl .0-l zqpkzn (πj) dxcqd mcew epi`xy itk ,jitd jildzd m`
.xdn ic qt`l mit`ey aexl-πj-d ,iyrn ote`a .dgpfdl zpzip eic lecb j xear Yt−j zeitvza
:miiwzn j ≥ 0 lkly al miyp ,epgzit df j`y miiehiaa dpzend zlgezd z` aygl ick

〈Yt−j〉 = E[Yt−j | Yt, Yt−1, . . .] = Yt−j , j ≥ 0,

〈Yt+j〉 = E[Yt+j | Yt, Yt−1, . . .] = Ŷt(j), j ≥ 1,

〈Xt−j〉 = E[Xt−j | Xt, Xt−1, . . .] = Xt−j = Yt−j − Ŷt−j−1(1), j ≥ 0,

〈Xt+j〉 = E[Xt+j | Xt, Xt−1, . . .] = 0, j ≥ 1.

,dlrnl eritedy mikxcd zyelyn zg`a jildzd zbvda ynzyp l onf xrta Ŷt(l) zifgzd z` wtql ick ,okl
:mi`ad millka ynzype

.didyk x`yp t onf `vena dtvp xaky j ≥ 0 xear Yt−j lk .1

.Ŷt(j) zifgza slgen ,dtvp `l cery j ≥ 1 xear Yt+j lk .2

.Yt−j − Ŷt−j−1(1) iehiaa slgen rx` xaky j ≥ 0 xear Xt−j lk .3

.0-a slgen rx` `l cery j ≥ 1 xear Xt+j lk .4

dxeva iehial zpzip ,l ≥ 1 xear ,Ŷt(l) zifgzd df dxwna .(41) miyxtdd z`eeyn mr cearl heyt ikd aexl
:d`ad

Ŷt(l) =
p+d∑
j=1

φj Ŷt(l − j)−
q∑

j=l

θjXt+l−j ,

l > q onf xrt xear rpd-rvennd ly minxebde ,j ≥ 0 xear Yt−j zitvzd z` oiivn Ŷt(−j) = 〈Yt−j〉 xy`a
.mihnyen

(41) miyxtdd z`eeyna yeniyl `nbec 7.2

.iefig jxevl (41) miyxtdd z`eeyna yeniyl ze`nbec xtqn d`xp df sirqa
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ARIMA(1, 1, 0) jildz xear iefig 7.2.1

:ici lr oezpd ARIMA(1, 1, 0) jildza opeazp

(1− 0.8B)(1−B)Yt+1 = Xt+1.

xnelk
(1− 1.8B + 0.8B2)Yt+1 = Xt+1,

lewy ote`a e`
Yt+l = 1.8Yt+l−1 − 0.8Yt+l−2 +Xt+l.

:ici lr dpezp t `ven onfa zifgzd ,(41) d`eeynn .φ2 = −0.8-e φ1 = 1.8 ,q = 0 ,d = 1 ,p = 1 ,hxta

Ŷt(1) = 1.8Yt − 0.8Yt−1,

Ŷt(2) = 1.8Ŷt(1)− 0.8Yt, (44)

Ŷt(l) = 1.8Ŷt(l − 1)− 0.8Ŷt(l − 2), l ≥ 3

.iaiqxewx ote`a aeyigl zepzip zeifgzd ik ze`xl lw
.rp-rvenn ly minxeb oi` ,q = 0-y oeeikn

ARIMA(0, 2, 2) jildz xear iefig 7.2.2

:ici lr oezpd ARIMA(0, 2, 2) jildza opeazp

∇2Yt = (1− 0.9B + 0.5B2)Xt,

xnelk
(1− 2B +B2)Yt = (1− 0.9B + 0.5B2)Xt.

ik lawp .θ2 = 0.5-e ,θ1 = −0.9 ,φ2 = −1 ,φ1 = 2 ,q = 2 ,d = 2 ,p = 0 if`

Yt+l = 2Yt+l−1 − Yt+l−2 +Xt+l − 0.9Xt+l−1 + 0.5Xt+l−2,

(41) d`eeynn okle

Ŷt(1) = 2Yt − Yt−1 − 0.9Xt + 0.5Xt−1,

Ŷt(2) = 2Ŷt(1)− Yt + 0.5Xt,

Ŷt(l) = 2Ŷt(l − 1)− Ŷt(l − 2), l ≥ 3.

mpi` el` mikxry oeeikn .Xt−1-e Xt yrxd zxcq ikxr z` zrcl mikixv ep` ,zifgzd z` df dxwna wtql ick
aygp .d`ad jxca mze` micne` ep` ,mireci

Xs = Ys − Ŷs−1(1) = Ys −

p+d∑
j=1

φjYs−j −
q∑

j=1

θjXs−j

 , s = p+ d+ 1, . . . , t.
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.ziaiqxewx dxeva Xs z` miaygne ,j < 1 xear Yj = Xj = 0 miaivn ep` ,ef `gqepa
exwy {Xt} -e {Yt} mikildzd ly mikxrd z` micne` ep` da ,(7.5 sirq d`x) iefigl xzei zwiiecn dhiy dpyi
ireaix rvenn z` zxrfnnd zifgzd z` lawp ef dhiya .back-forcasting z`xwpd dhiya zitvpd dxcqd iptl

.ze`vezd oze` aexiwa zepzep zehiyd izy ,lecb `ed zeitvzd xtqn m` .E[Yt+l | Yt, . . . , Y1] ly zeierhd

oeic 7.2.3

zexcqd ly mincew mikxra jildzd ly zelz oi` ,q = 0 xnelk ,ARIMA(p, d, 0) `ed jildzd ea dxwna
ici lr dpezp zifgzd ik mi`ex (41) d`eeynn .{Xt} e` {Yt}

Ŷt(l) = φ1Ŷt(l − 1) + φ2Ŷt(l − 2) + · · ·+ φp+dŶt(l − p− d), l ≥ 1,

xy`k
Ŷt(1) = φ1Yt + φ2Yt−1 + · · ·+ φp+dYt+1−p−d.

.zepexg`d zeitvzd p+ d-a wxe j` zeielz miieqn onfa zeyrpd zeifgz okl
zeielz dpiidz Ŷt(1), Ŷt(2), . . . , Ŷt(q) zeifgzd ,q > 0 mr ARIMA(p, d, q) jildz `ed jildzdyk ,illk ote`a
ote`a wx `l` ,xiyi ote`a el` minxeba zeielz dpiidz `l l > q xear Ŷt(l) zeifgzd j` ,yrxd inxeba xiyi ote`a

.yrxd inxeba ielzy ,Ŷt(q)-a iaiqxewx ote`a ielzy ,Yt(l − 2)-a ielzy ,Ŷt(l − 1)-a ielz Ŷt(l) :siwr
.sqep ote`a zifgzd z` bivdl ozip ,d ≥ 1 xy`k ,xnelk ,ixpeivhq-`l ARIMA jildz xear ik dpgada miiqp
jildz `ed {Wt} jildzd df dxwna .Yt = Wt + Yt−1 e` ,Wt = (1 − B)Yt bivdl ozip d = 1 xy`k ,`nbecl

:d`ad dxeva bivdl ozip {Yt} jildzd xear zeifgz okl .ixpeivhq ARMA(p, q)

Ŷt(l) = Ŵt(l) + Ŷt(l − 1) = Ŵt(l) + Ŵt(l − 1) + · · ·+ Ŵt(1) + Yt,

.{Wt} zeitvzd zxcq lr jnzqda ARMA(p, q) jildz xear zeifgzk zelawzn Ŵt(l) zeifgzd xy`k
ici lr ARMA(p, q) jildz xicbp d = 2 xear ,dnec ote`a

Wt = (1−B)2Yt = Yt − 2Yt−1 + Yt−2,

lawpe

Ŷt(l) = Ŵt(l) + 2Ŷt(l − 1)− Ŷt(l − 2) =
l−1∑
j=0

(j + 1)Ŵt(l − j) + Yt + l(Yt − Yt−1).

.d ≥ 1 lkl zifgzl ze`gqep lawl ozip dnec dxeva

zeifgz oekcre aeyig 7.3

.l = 1, 2, . . . , L onf ixrta dxcqd jxr z` zefgl mikixv epgp`e ,(y1, y2, . . . , yt) zizr dxcq epl dpezp ik gipp
igeex aygl didi xyt`y ick ,zifgzd ly owz zihq wtqle ,l onf xrt lka dxcqd jxr z` zefgl mikixv ep`

.t onfa zeifgzd jezn t+ 1 onfa zeifgzd z` okcrl xyt` da dhiy d`xp ep` .(probability limits) iefig
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(ψj) mireawd aeyig 7.3.1

yeniy ici lr el` mireaw aygl ozip .ψ1, ψ2, . . . , ψL−1 mireawd z` aygl jxhvp df iaiqxewx aeyig jxevl
lawp zewfg xehk mepilet lk bivp m` .53 cenra 6.1.2 sirqa epi`xy itk ,Φ(B)Ψ(B) = Θ(B) d`eeynd jezn

(1− φ1B − · · · − φp+dB
p+d)(1 + ψ1B + ψ2B

2 + · · · ) = (1− θ1B − θ2B
2 − · · · − θqB

q).

,dxcqd dxvei epnn jildzd edn mircei ep` m` ,xnelk ,φ1, . . . , φp+d, θ1, . . . , θq ly mikxrd z` mircei ep` m`
:d`ad jxca ψ1, ψ2, . . . mincwnd z` aygl lw

ψ1 = φ1 − θ1,

ψ2 = φ1ψ1 + φ2 − θ2,

· · ·

ψj = φ1ψj−1 + · · ·+ φp+dψj−p−d − θj .

z`eeyn zniiwzn j > max{p + d − 1, q} lkl .j > q xear θj = 0-e ,j < 0 xear ψj = 0 ,ψ0 = 1 ,df aeyiga
miyxtdd

ψj = φ1ψj−1 + φ2ψj−2 + · · ·+ φp+dψj−p−d,

.iaiqxewx ote`a (ψj)-d ly xidn aeyig zxyt`nd
milawn (1− 1.8B + 0.8B2)Yt = Xt jildzd xear ,`nbecl

(1− 1.8B + 0.8B2)(1 + ψ1B + ψ2B
2 + · · · ) = 1,

ok m` lawp .φ2 = −0.8-e φ1 = 1.8 ,q = 0 ,d = 0 ,p = 2 okle

ψ0 = 1

ψ1 = 1.8

ψj = 1.8ψj−1 − 0.8ψj−2, j = 2, 3, 4, . . . .

zeifgzd oekcrl (ψj) mireawa yeniy 7.3.2

:d`ad jxca Ŷt+1(l)-e Ŷt(l + 1) zeifgzd z` bivdl ozip 57 cenrn (39) d`eeynn

Ŷt+1(l) = ψlXt+1 + ψl+1Xt + ψl+2Xt−1 + · · · ,

Ŷt(l + 1) = ψl+1Xt + ψl+2Xt−1 + · · · .

lawpe ze`eeynd izy z` xqgp
(45) Ŷt+1(l) = Ŷt(l + 1) + ψlXt+1.

-y oeeikn
Xt+1 = Yt+1 − Ŷt(1),

62



ik lawp
(46) Ŷt+1(l) = Ŷt(l + 1) + ψl(Yt+1 − Ŷt(1)),

.dax zelwa t+ l + 1 onfl zifgzd z` okcrl mileki ep` Yt+1 zitvzd z` milawn ep` xy`k ,xnelk
Ŷt+1(1), . . . , Ŷt+1(L− z` aygl (46) d`eeyn zxfra lkep ,Yt+1 z` eplaiwe ,Ŷt(1), . . . , Ŷt(L) zeifgzd z` epayig xak m`
zeifgzdn 58 cenrn (41) miyxtdd z`eeyn zxfra elawl ozip j` ,ef dhiya rvazdl leki epi` Ŷt+1(L) aeyig .1)

.df onf xrtl zencewd

iefig igeex aeyig 7.3.3

:ik zxne` 58 cenrn (40) d`eeyn

V (l) = Var(et(l)) = (1 + ψ2
1 + ψ2

2 + · · ·+ ψ2
l−1)σ

2
X =

 l−1∑
j=0

ψ2
j

σ2
X .

zipzend zebltzdd if` .N(0, σ2
X) bltzn Xt ixwnd dpzynd t lkl xnelk ,ilnxep `ed i`xw`d yrxd ik epgpd

,iefig igeex wtql ozip ,hxta .
(∑l−1

j=1 ψ
2
j

)
σ2

X zepeye Ŷt(l) zlgez mr zilnxep `id Y1, . . . , Yt ozpida Yt+l ly
.zitvzd z` milikn dpezp zexazqday mirhw ,ixw

ziktedd dbvdd zxfra zeifgz aeyig 7.3.4

:d`ad jxca ebivdl ozip jitd jildzd m` ik xekfp

Xt = Π(B)Yt = (1− π1B − π2B
2 − π3B

3 − · · · )Yt.

d`eeynd oexzt ici lr (πj) mincwnd z` lawl ozip ,oezpd jildzd z`eeyn z` mircei m`

Θ(B)(1− π1B − π2B
2 − · · · ) = Φ(B).

jxcdn xzei daeh dpi` zrk d`xp dze` jxcd .zeifgz wtql ick ef dbvd lvpl ozip cvik d`xp df sirqa
.mincewd mitirqa epi`x dze`

:zxne` 59 cenrn (43) d`eeyn ik xekfp

〈Yt+l〉 = Ŷt(l) =
∞∑

j=1

πj〈Yt+l−j〉+ 〈Xt+l〉.

ik lawpe ,j ≤ 0 xear Ŷt(−j) = Yt−j onqp

Ŷt(l) =
∞∑

j=1

πj Ŷt(l − j)

= π1Ŷt(l − 1) + · · ·+ πl−1Ŷt(1) + πlYt + πl+1Yt−1 + · · · .

lawp l = 1 aivp m`
Ŷt(1) = π1Yt + π2Yt−1 + π3Yt−2 + · · · .
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lawp l = 2 xear ,`nbecl .{Yt} zeitvzd ly miix`pil mitexvk riadl ozip milecb onf ixrta zeifgzd z` mb

Ŷt(2) = π1Ŷt(1) + π2Yt + π3Yt−1 + · · ·

= π1

∞∑
j=1

πjYt−j+1 +
∞∑

j=1

πj+1Yt−j+1

=
∞∑

j=1

π
(2)
j Yt−j+1,

xy`a
π

(2)
j = π1πj + πj+1, j ≥ 1.

bivdl ozip ef jxca
Ŷt(l) =

∞∑
j=1

π
(l)
j Yt−j+1,

d`eeynd ici lr iaiqxewx aeyigl mipzip (π(l)
j ) mincwnd xy`a

π
(l)
j = πj+l−1 +

l−1∑
h=1

πhπ
(l−h)
j ,

.π(1)
j = πj-e

opekcrle zeifgzd aeyigl ze`nbec 7.4

.oze` mipkcrn cvike zeifgzd z` miaygn cvik d`xpe ,mikildz ly ze`nbec xtqna lkzqp df sirqa
:(58 cenrn (41) d`eeyn d`x) zifgzd xear `ad iehial eprbd miyxtdd z`eeyna yeniy ici lr ik xekfp

〈Yt+l〉 = Ŷt(l) (47)

= φ1〈Yt+l−1〉+ · · ·+ φp+d〈Yt+l−p−d〉 − θ1〈Xt+l−1〉 − · · · − θq〈Xt+l−q〉+ 〈Xt+l〉.

ARIMA(0, 1, 1) jildz 7.4.1

d`eeynd z` miiwnd ARIMA(0, 1, 1) jildza opeazp

∇Yt = (1 + θB)Xt.

lawp (47) d`eeyna yeniy ici lr .θ1 = θ-e q = 1 ,d = 1 ,p = 0 df dxwna

Ŷt(1) = Yt + θXt, (48)

Ŷt(l) = Ŷt(l − 1), l ≥ 2.

.zedf onfd ixrt lkl zeifgzd ,hxta
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:`ad ote`a dycg zitvz zlaw mr zeifgzd z` okcrl ozip ,Yt = Ŷt−1(1) +Xt-y oeeikn

Ŷt(l) = Ŷt−1(l) + (1 + θ)Xt = Ŷt−1(l) + (1 + θ)(Yt − Ŷt−1(1)).

.1− θ mxebd letk miizyd oia yxtda zeifgzd lk z` mipkcrn ,Yt zitvzdn dpey Ŷt−1(1) zifgzd m` ,okl
`id (48) d`eeyn z` aezkl ztqep jxc

Ŷt(l) = (1− θ)Yt + θŶt−1(l).

0-l aexw θ m` .dycgd zitvzde zncewd zifgzd ly llweyn rvenn `id l onf xrt xear dycgd zifgzd,xnelk
lwynd 1-l aexw θ m`y cera ,dphw zifgzd lr zencewd zeitvzd zrtyde lecb dycgd zitvzd ly lwynd

.dycgd zifgzd lr hrna j` drityn dycgd zitvzde ,lecb zncewd zifgzd ly
ik 55 cenra 6.1.5 sirqa epayig df lcen xear

ψj = 1 + θ ∀j ≥ 1.

ici lr dpezp zeifgzd ly zepeyd 58 cenrn (40) d`eeynn

V (l) = σ2
X

(
1 + (l − 1)(1 + θ)2

)
.

ARIMA(0, 2, 2) jildz 7.4.2

d`eeynd z` miiwnd ARIMA(0, 2, 2) jildza opeazp

(1− 2B +B2)Yt = ∇2Yt = (1− θ1B − θ2B
2)Xt.

lawp 58 cenrn (41) d`eeyna yeniy ici lr .φ2 = −1-e φ1 = 2 ,q = 2 ,d = 2 ,p = 0 df lcena

Ŷt(1) = 2Yt − Yt−1 − θ1Xt − θ2Xt−1,

Ŷt(2) = 2Ŷt(1)− Yt − θ2Xt, (49)

Ŷt(l) = 2Ŷt(l − 1)− Ŷt(l − 2), l ≥ 3.

-y oeeikn ik al miyp ,ziy`x .(ψj) dxcqd z` aygp zrk

(1− 2B +B2)(1 + 2B + 3B2 + 4B3 + · · · ) = 1

ik lawp

ψ(B) =
Θ(B)
Φ∗(B)

= (1− θ1B − θ2B
2)(1 + 2B + 3B2 + 4B3 + · · · )

= 1 + (2− θ1)B + (3− 2θ1 − θ2)B2 + (4− 3θ1 − 2θ2)B3 + · · · .
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okl
ψj = (j + 1)− jθ1 − (j − 1)θ2 = 1 + θ2 + j(1− θ1 − θ2).

d`eeynd ici lr dyrp zeifgzd oekcr 62 cenrn (45) d`eeynn

Ŷt+1(l) = Ŷt(l + 1) + 1 + θ2 + j(1− θ1 − θ2)Xt+1

= Ŷt(l + 1) + 1 + θ2 + j(1− θ1 − θ2)(Yt+1 − Ŷt(1)).

ik milawn ψj = 1 + θ2 + j(1− θ1 − θ2)-y oeeikne ,(40) d`eeynn

V (l) = σ2
X

(
1 + (l − 1)(1 + θ2)2 +

1
6
(l − 1)(2l − 1)(1− θ1 − θ2)2 + l(l − 1)(1 + θ2)(1− θ1 − θ2)

)
.

ARIMA(p, d, 0) jildz 7.4.3

d`eeynd z` miiwnd ARIMA(p, d, 0) jildza opeazp

Φ(B)(1−B)dYt = Xt.

d`eeynd z` zniiwn l onf xrt xear zifgzd zivwpet l ≥ 1 reaw onf xrt lkl ,58 cenra (41) d`eeynn

Φ(B)Ŷt(l) = 0.

minxeb ly mekq `id okle ,miyxtd ze`eeyn zkxrn ly oexzt `id (Ŷt(l))l≥1 dxcqd ,reaw t xear ik al miyp
.mikrec qepiq ilbe mil`ivppetqw`

d`eeynd ici lr oezp jildzd m` ,`nbecl

(1−B)Yt = Xt,

xnelk
Yt = Yt−1 +Xt,

ici lr dpezp zifgzd if`
Ŷt(l) = Yt,

.zigkepd zitvzl deey zifgzd ,xnelk
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ARMA jildz ly dketdd dbvdd 7.5

d`eeynd z` miiwn ARMA jildz

Yt = Xt +
q∑

i=1

θiXt−i −
p∑

j=1

φjYt−j .

lawp mitb` zxard ici lr

φt−pYt−p = Xt +
q∑

i=1

θiXt−i −
p−1∑
j=0

φjYt−j ,

lawp t mewna t+ p aivp m` .φ0 = 1 iedif mr

φt−pYt = Xt+q +
q∑

i=1

θiXt+p−i −
p−1∑
j=0

φjYt+p−j .

,ok m` ,lawp .t lkl Wt = Xt+p aivdl ozip ,xnelk ;onfa efifdl ozip okle ,i`xw` yrx jildz `ed {Xt} jildzd

φt−pYt =
q∑

i=0

θq−iXt+i −
p∑

j=1

φp−1−jYt+j ,

lewy ote`ae

Yt =
q∑

i=0

θq−i

φt−p
Xt+i −

p∑
j=1

φp−1−j

φt−p
Yt+j .

.miicizr yrx inxebe ,igkep yrx mxeb ,zeicizr zeitvz ly ix`pil sexvk Yt zigkepd zitvzd z` epbvd ,xnelk
.Y−1 ,Y0 zeitvzd z` zefgl ozip ,epi`xy iefigd zwipkha yeniy ici lr .onfd oeeik z` epktd ,zexg` milina

icka Y0, . . . , Y−p zeitvzd z` zrcl zyxec epgzity iefigd zwipkh .d`ad daiqd `id df aeyigl daiqd
.Yt+l ly zitvzd z` zefgl

.Y0, . . . , Y−p zeitvzl zeifgz wtqpe ,Yt+1 = Yt+2 = . . . = 0 ik gipp ,dketdd dxcqa opeazp oey`x alya ,okl
.Yt+1 = Yt+2 = . . . = 0 zeitvzl zeifgz wtqp el` zeifgz zxfra
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lcen ziipa 8

zexveind zexcqy zepekz xtqn epi`xe ,zeizr zexcq mix`znd milcen xtqn epbvd mincewd miwxta
mikxr zefgl ozip cvik epi`x ,zizrd dxcqd z` xviind lcend ozpida ,ok lr xzi .zeniiwn el` milcenn

?zizrd dxcqd dxvei epnn lcend edn rcp cvik j` .dxcqd ly miicizr
mda oi`y zexcqa wqrzp o`k .zizrd dxcqd dxvei cvik xiaqiy lcen iedifl zehiy xtqna oecp df sirqa

.izper mxeb
`id o`k epzxhn .mwcale jiyndl i`cky milcen lr zefnxn wxe j` ode ,zewiiecn opi` orahn iedif zehiy
mikxrde ,ilnihte`d ote`a dxcqd z` xiaqiy illk ARIMA lcen ly q-e p ,d ly mikxrd iabl illk oeirx lawl

.xzei zeliri zeilnxet zehiyl dgizt zcewpk ynyi lawpy ipey`xd lcend .mincwnd ly miilnihte`d
m`znd zivwpete szeynd m`znd zivwpet `id lcend ziipal epze` ynyzy dxcqd ly ziqiqad dpekzd

.ziwlgd szeynd
dligz okl .dxcqd z` xiaq ote`a xiaqnd xzeia heytd lcend z` `evnl `ed lcen ziipaa iqiqad oeirxd

.ixpeivhq lcendy dxrydd z` wecap

ARIMA-e ARMA ikildz ly ze`xpd 8.1

:d`ad dxeva eze` aezkpe .mireci mincwn mr ARMA(p, q) jildz {Yt} `di

Xt = Yt − φ1Yt−1 − φpYt−p + θ1Xt−1 + · · ·+ θqXt−q.

.zeitvzd lkn zlgezd z` cixep ,µ = 0 dpi` jildzd zlgez m`
.t ≥ 1 lkl ,Xt z` aygl mileki epiid ,mipezp eid Y0, Y−1, . . . , Y−p+1, X0, X−1, . . . , X−q+1 ly mikxrd m`

,Y0, Y−1, . . . , Y−p+1, X0, X−1, . . . , X−q+1 ly miizlgzd mikxr ozpidae ,θ1, . . . , θq, φ1, . . . , φp mincwn ly drvd lkl ,okl
.{Xt} yrxd zxcq ikxr z` aygl ozip

onqp ,ze`gqepd zehyt myl

~θ = (θ1, . . . , θq),

~φ = (φ1, . . . , φq),

~X0 = (X0, X−1, . . . , X−p+1),

~Y0 = (Y0, Y−1, . . . , Y−q+1).

ztzeynd zetitvd zivwpet ,miielz izla dikxre ,zilnxep zbltzn i`xw`d yrxd zxcq ik migipny oeeikn
-l zipeivxetext {Xt} dxcqd ly

p(X1, X2, . . . , Xt) ∝
1
σn

X

exp

(
−

N∑
t=1

X2
t

2σ2
X

)
.

`id ,~θ, ~φ, ~X0, ~Y0, σ
2
X ozpida ,zipzend ze`xp-beld zivwpet ik lawp o`kn

l∗(~θ, ~φ, ~X0, ~Y0, σ
2
X) = −n ln(σX)− S∗(~θ, ~φ, ~X0, ~Y0, σ

2
X)

2σ2
X

,
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xy`a

S∗(~θ, ~φ, ~X0, ~Y0, σ
2
X) =

N∑
t=1

X2
t (~θ, ~φ, ~X0, ~Y0).

`xwp S∗ lcebd .S∗ ly zix`pil divwpet `id l∗ if` ,dreaw ,yrxd jildz ly zepeyd ,σ2
X m` ik al miyp

.conditional least squares estimates

mlawl `id xzei daeh jxc .0-a el` mikxr lgz`l `id ziai`p jxc ? ~X0, ~Y0 miizlgzdd mikxrd mirawp cvik
.7.5 sirqa dx`ezy dhiyd zxfra

,m` .zenec ze`vez dpziz zehiyd izy ,dcigid lebir ztyn miwegx Θ ly miyxeyde ,dkex` dxcqd m`
`l jildz ly zebdpzdl dnec jildzd ly zinewnd zebdpzdd ,dcigid lebirl miaexw miyxeyd ,z`f znerl

.milegzi`d ipy oia milecb milcad epkziie ,ixpeivhq
.dly zwiecnd `gqepl o`k qpkip `le ,zakxen xzei hrn `id ARMA jildz ly zipzen-`ld ze`xpd

miyxtdd zxcq z` xicbp ,mireci mincwn mr ARIMA(p, d, q) jildz `ed {Yt} m`

Zt = ∇dYt.

.mcew epi`xy itk ely ze`xpd z` aygl ozipe ,ARMA(p, q) jildz `ed {Zt} if`
zepkezae) zextqa .zxrfnzn ze`xpd-bel mxear mikxrd z` `evnl yi ,mireci mpi` ~φ-e ~θ mincwnd xy`k

.el` mincwnl micne` miaygnd minzixebl` `evnl ozip (zeihiqhhqd

ziwlgd szeynd m`znd zivwpete szeynd m`znd zivwpet zxfra iedif 8.2

lcen zepal ick ziwlgd szeynd m`znd zivwpete szeynd m`znd zivwpet z` lvpl cvik d`xp df sirqa
.dpezp zizr dxcql

d iedif 8.2.1

d`eeynd z` miiwnd ARIMA(p, 0, q) jildz {Yt} `di

Φ(B)Yt = Θ(B)Xt.

miyxtdd z`eeyn z` zniiwn jildzd ly szeynd m`znd zivwpet

Φ(B)ρk = 0, ∀k > q.

z`eeyn ly zepexztd if` ,mipey df mepilet ly miyxeyd lk m`e ,Φ(B) =
∏p

i=1(1 − GiB) m` ,ok lr xzi
dxevdn md miyxtdd

ρk = A1G
K
1 +A2G

k
2 + · · ·+ApG

k
p, ∀k > q − p.

xy`k 0-l mit`ey ρk ik ze`xl lw .dcigid lebir jeza mi`vnp G1, . . . , Gp miyxeyd ,ixpeivhq jildzd sqepa m`
xzei miwegx miyxeydy lkk :dcigid lebir ztye G1, . . . , Gp miyxeyd oia wgxna dielz dti`yd zexidn .lcb k

.xzei dxidn 0-l dti`yd ,dcigid lebir ztyn
,ρk ≈ A1(1−kδ) ,lecb epi` kδ cer lk if` ,ohw iaeig xtqn `ed δ xy`a ,G1 = 1− δ-e p = 1 m` ,`nbec myl

.k-a zix`pil dxeva j` 0-l jrec ρk okle
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ly miyxeyd cg` zegtle okzii ,xidn avwa 0-l zkrec dpi` szeynd m`znd zivwpet ik mi`ex ep` m` ,okl
.ixpeivhq epi` jildzdy `id ef drtezl ztqep zixyt` daiq .dcigid lebir ztyl aexw Φ mepiletd

yie ,ixpeivhq epi` jildzde okzii ,0-l xdn zkrec dpi` szeynd m`znd zivwpet m` :ziaihxte` dpwqn
.miyxtdd zxcq lr lkzqdl

:d xcqn miyxtdd zxcq z` d ≥ 0 lkl aygp ,d z` zedfl ick

W
(d)
t = ∇dYt.

.xdn 0-l zt`ey szeynd m`znd zivwpet exear d ytgp .W (d) ly szeynd m`znd zivwpet z` aygp
.2 e` 1 ,0 llk jxca `ed d ,iyrn ote`a

q-e p iedif 8.2.2

revin jildz xear ziwlgd szeynd m`znd zivwpete szeynd m`znd zivwpet zebdpzda xkfip ,q-e p iedifl
.(okl mcew ztxevnd `lahd d`x) rp-revin-iaiqxbx-ehe` jildz xeare ,iaiqxbx-ehe` jildz xear ,rp

ziwlgd szeynd m`znd zivwpete ,zqt`zn `l szeynd m`znd zivwpet :AR(p) iaiqxbx-ehe` jildz •
p-n lecb xrt xear zqt`zn

szeynd m`znd zivwpete ,q-n lecb xrt xear zqt`zn szeynd m`znd zivwpet :MA(q) rp-revin jildz •
.zqt`zn `l ziwlgd

ziwlgd szeynd m`znd zivwpete szeynd m`znd zivwpet :ARMA(p, q) rp-revin-iaiqxbx-ehe` jildz •
.zeqt`zn opi`

-petqw` ly mekqk `id ARMA(p, q) rp-revin-iaiqxbx-ehe` jildz ly szeynd m`znd zivwpet zebdpzd
.q − p-n lecb xrt xear mirec qepiq ilbe mihp

ly mekqk `id ARMA(p, q) rp-revin-iaiqxbx-ehe` jildz ly ziwlgd szeynd m`znd zivwpet zebdpzdd
.p− q-n lecb xrt xear zkrec qepiq zivwpete mikixrn divwpet

zivwpet z` xikdl aeyg okle ,ARIMA(1, d, 1) jildz ici lr xaqdl zepzip zeax zeizr zexcq ,iyrn ote`a
.(sxevn xei` d`x) df jildz ly ziwlgd szeynd m`znd zivwpete szeynd m`znd

zilniqwnd ze`xpd zervn`a mincwnd zcin`e p, q iedif 8.3

miniiw ,ok enk .ze`xpd z` ~θ, ~φ mincwn ly yegip lkle p, d, q ly yegip lkl ,aygl ozip ik epi`x 8.1 sirqa
ze`xpd mxear ~θ, ~φ mincwnd ixehwe z` ,p, d, q ly zitivtq drvd xear ,miytgnd mipey minzixebl` zextqa

.znqwnzn
-nihte`d milcbd z` `vnp cvik .ARMA jildz ici lr dxvei `id ik migipn ep`e ,zizr dxcq epl dpezpy gipp

:`ad lcebd z` p, q lkl aygl `id Akaike ici lr drvedy zg` jxc .dpezpd dxcql p, q xear miil

AICp,q =
−2 ln(maximum likelihood) + 2(p+ q + 1)

N
,
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oeayga `ian ipyd mxebd .ze`xpd z` mqwnl dqpp ,oey`xd mxebd llba .xrfnzn df lceb mxear p, q z` xegale
ozip .lcenl siqepy yteg zbxc lkl (penalty)“qpw” siqen `ed .lcena (ytegd zebxc) mincwnd xtqn z`

-l aexiwa deey df lceb ik ze`xdl

AICp,q ≈ ln(σ̂2
X) + (p+ q + 1)

2
N

+ reaw.

:`ad lcebd z` xrfnl `id Schwartz ici lr zextqa dzlredy dipy zexyt`

BICp,q = ln(σ̂2
X) + (p+ q + 1)

ln(N)
N

.

.xzei lecb yteg zbxc lk ztqez lr qpwd BIC aeyiga
zextqa .onfa xwi zeidl lelr df aeyige ,milcen xtqn ly ze`xpd z` aygl yiy `ed df jildz ly oexqig

.q-e p ly mikxr xtqn xear zilniqwnd ze`xpd ly xidn aeyigl zehiy xtqn erivd

dly micne`de szeynd m`znd zivwpet oia xywd 8.4

mb ,okl .(highly autocorrelated) min`ezn mde ,ddeab zepey ilra md szeynd m`znd zivwpet ly micne`d
(mwlg e`) mleke okziie ,0-n mipey zeidl mileki micne`d ,0-l zkrec zihxe`zd szeynd m`znd zivwpet m`

.miihxe`zd mikxrdn mikenp e` mideab eidi
milcen xtqn mr `ad alyl jiyndl jxhvpe okziie ,oekpd lcend z` ze`ceea zedfl lkep `le okzi okl

.miixyt`
miaygn ep`y micne`dy oeeikne ,szeynd m`znd zivwpet ly miihxe`zd mikxrd z` mircei eppi`y oeeikn
ep` ,itivtq ote`a .ihxe`zd jxrd oial cne`d oia yxtdd lr dkxrd lawl aeyg ,miihxe`zd mikxrdn mipey
.zqt`zn `l `id `ny e` ,eic lecb xrt xear zqt`zn szeynd m`znd zivwpet m`d jixrdl jxc gztl mikixv
xy`k ,17 cenrn (4) aexiwa ynzydl ozip ,q xcqn rp-revin `ed jildzdy dgpdd zgze ,milecb mixrt xear

:zeihxe`zd zeivlxew-ehe`d z` mitilgn szeynd m`znd zivwpet ly micne`d

σ̂2[rk] ≈ 1
N

(
1 + 2(r21 + r22 + · · ·+ r2q)

)
, k > q.

szeynd m`znd zivwpetl cne`d ly owzd ziihq ik ze`xdl ozip ,p xcqn iaiqxbx-ehe` `ed jildzd xy`k
`id ziwlgd

σ̂2(φ̂kk) ≈ 1
N
, k > p.

ely ihxe`zd jxrdy ,szeynd m`znd zivwpetl cne`d ly zebltzdd miniieqn mi`pza ik giked Anderson

ynzydl ozip .ziwlgd szeynd m`znd zivwpet ly cne`d xear dpekp dnec d`vez .zilnxep `id ,0 `ed
.jildzd xcq zriawle ,rp-revin e` iaiqxbx-ehe` `ed jildzd m`d driawl ilnxet `l jixcnk el` zecaera

lcend zwica 8.5

ok` lcend m` wecal epilr ,epzeyxay zizrd dxcqd z` xzeia daehd dxeva xiaqnd lcen ep`vny xg`l
.zehiyd zg`a fkxzp o`k .efk dwica rval zehiy xtqn opyi .dxcql mi`zn
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`gqepd mr ARIMA(p, d, q) lcen zizrd dxcql epn`zdy gipp

Φ(B)∆dYt = Θ(B)Xt,

.~θ-e ~φ mincwnd z` epcn`e
zehyt myl onqp

Zt = ∆dYt.

:`ad ote`a yrxd zxcq z` ziaiqxewx aygp zrk

X̂t = (Θ(B))−1Φ(B)Zt.

miaygn ep` ,xnelk
x̂t = zt −

p∑
i=1

φ̂jzt−i +
q∑

j=1

θ̂j x̂t−j .

.?? sirqa x`eznk mze` micne` ep`y e` ,miqt`a e` (t ≤ 0 xear) {Yt}-e {Xt} mixehweed z` milgz`n ep`
okle ,i`xw` yrx jildz ici lr dxveiy dxcq zeidl dkixv {x̂t} dxcqd if` ,mi`zn epayigy lcend m`

.efk dxcq ly mipiit`nl minec zeidl mikixv dipiit`n
if` ARIMA(p, d, q) lcena xaecn ok` m` ik ze`xdl ozip

x̂t = xt +O(
1√
N

),

weicna mircei epiid m` ik ze`xdl ozip o`kn . 1√
N

ly lceb xcq ick cr yrxl deey n onfa yrxl cne`d ,xnelk
,min`ezn izla eid ,rk(X) ,yrxd zxcq ly szeynd m`znd incwnl micne`d ,Θ-e Φ minepiletd incwn z`

. 1
N zepeye qt` zlgez mr zilnxep mibltzn

lkke ,rk(X) ly zepeyl oeilr mqg deedn 1
N lcebd ,df dxwna ik xazqn .el` mincwn mircei eppi` ze`ivna

. 1
N -l zaxwzn zepeyd ,lcb k-y

?lcen zwical z`f lvpl ozip cvik
lcebd mi`zn lcend m`y xazqn

Q = (N − d)
K∑

k=1

r2k(x̂)

lr mi`zn lcend m`d wecal ozip okl .lcb df lceb mi`zn epi` lcend m`y cera ,χ2(K − p− q) aexwa bltzn
.reaixa-ig zebltzd itl df lceb zexiaq zwicae ,Q aeyig ici

erivd ,ef dira lr xabzdl ick .Q lcebd ly ezebltzdl eic aeh aexiw dpi` reaixa-ig zebltzd ik zeprh elred
lceba yeniy

Q̃ = (N − d)(N − d+ 2)
K∑

k=1

r2k(x̂)
N − d− k

.

.χ2(K − p− q) `ed Q̃ zebltzdl aexiw ik ze`xdl ozip
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lcend oewizl zeix`yd levip 8.6

ihqkehqd jildzdn dxvep epzeyxay zizrd dxcqd ik mixryn ep` ik gipp

Φ(B)Yt = Θ(B)Xt,

ihqkehqd jildzd zervn`a dxvep dxcqd ze`ivnay cera

Φ∗(B)Yt = Θ∗(B)Xt.

zeix`yd zxcq z` aygl `id lcend z` zn`l jxcd

Zt = (Θ(B))−1Φ(B)Yt,

miiwzny oeeikn .oal yrx zxcq ly zepekz zniiwn `id m`d wecale

Yt = (Φ∗(B))−1Θ∗(B)Yt,

miiwzn ik lawp
Zt = (Θ(B))−1Φ(B)(Φ∗(B))−1Θ∗(B)Xt.

siaihhenew `ed minepilet ltky oeeikn

Zt = (Θ(B))−1(Φ∗(B))−1Φ(B)Θ∗(B)Xt,

okle
Φ∗(B)Θ(B)Zt = Φ(B)Θ∗(B)Xt.

lebirl uegn mi`vnp Φ,Θ,Φ∗,Θ∗ ly miyxeyd lk m` .oal yrx zxcq dpi` aygpy zeix`yd zxcq ,xnelk
.ARIMA jildz edf ,1 md Θ-e Φ∗ ly miyxeydn wlg m`e ,ARMA jildzn dxvep dxcqd ,dcigid

,ok m` ,lkep zeix`yd zxcq ly iwlgd szeynd m`znd zivwpete szeynd m`znd zivwpet aeyig ici lr
.dxcqd dxvei epnn lcend `ed epgzity lcendy dxrydl wefig lawl
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xczd megza gezip 9

(Fourier) diixet gezipa dizexewn z` za`eyd ,ef dhiy .zeizr zexcq gezipl dpey dhiy x`zp df sirqa
.zizrd dxcqa mixcz xz`l dqpn ,zeiynn zeivwpet ly

.xczd megza gezip zra al odil` miyl yiy zecewp yely x`zp dligz
ick .ce`n mikenp e` ce`n mideab mixcz xz`l lkep `l ,miniieqn migeexna dxcqd z` minbec ep`y oeeikn
zepezp m` .mei lk ixdva aia` lza dxehxtnhd z` miccen ep` ik ,`nbecl ,gipp .d`ad `nbeca opeazp z`f ze`xl
dxehxtnhl ik zelbl lkep `ly oaenk .365 ly zeixefgn yi dxcql ik edfl lkep ,dpyn dlrnl ly zecicn epl
z` mebcp m` :eply dnibcd avw z` licbp m` wx ef zeixefgn zelbl lkep .zery 24 ly zinei zeixefgn mb yi

.zineid zeixefgnd z` mb zelbl lkep ,dlild zevgae meid ixdva ,meia miinrt dxehxtnhd
:dnbn ew zedfl lkep ep` ,zepexg`d mipyd d`nn aia` lza zineid dxehxtnhd ly zecicn epl zepezp m`
,mipy itl` dnk ly zeixefgn yi dxehxtnhl ile` e` ,dnbn ew edf m`d j` .mipyd mr dler dxehxtnhd

?mipy zkex` zeixefgnn wlg `id zigkepd zenngzdde
zeixefgn yi dxcqa xy`k zxxerzn ef diira .(alias) seifd ziira `id xczd megza gezipa dlery ztqep diira
zcicn ly `nbeca opeazp ,ef diira mibcdl ick .dpey xcqn zeixefgnk wxe j` dze` zedfl ozip j` ,zniieqn
11-a ipy meia ,meid ixdva oey`x meia ,xnelk .zery 23 lk aia` lza dxehxtnhd z` miccen ep` .dxehxtnhd
zeixefgn mb ddfp (zecicn 365× 24

23 ly zeixefgn) zizpyd zeixefgnl sqepa .'eke ,xweaa 10-a iyily meia ,xweaa
o`kn .dnnid ly dry dze`a zervazn 25-d dcicnde dpey`xd dcicnd ,mixf 24-e 23-y oeeikn :zecicn 24 lk
,dnni ly zeixefgn yi mvra ik zrcl lkep `l mipezpdn .zenni 23 ody ,zecicn 24 ly zeixefgn yi ik wiqp

.zecicn 1 1
23 `idy

dnnid oa xefgnd ly dnexzdy ixd ,zenni 23 ly zeixefgn dxehxtnhl dzid epnlera ,izhetid ote`a ,m`
.odipia cixtdl mileki epiid `le ,zennid 23 oa xefgnd ly dnexzl ztxhvn dzid

.jynda el` zecewpa hexit xzia oecp

zitvzd z` wexfl ozip cinzy al miyp .hrn zepey ibef-i` e` ibef dxcqd jxe` xy`k milawny ze`gqepd
ici lr ax rcin mica`n eppi` dic dkex` dxcqd m` .dxcqd jxe` zeibef z` zepyl jkae ,dxcqa dpey`xd

.dpey`xd zitvzd zwixf
.ibef `ed zitvpd dxcqd jxe` ik df wxta gipp ,ze`gqepd z` hytl ick

lr zexcbend zeivwpet xear diixet gezip z` xewqp okn xg`l .zeixihnepebixh zeiedf xtqn gezita ligzp
.zeizr zexcq xear diixet gezipa cwnzp seqal .elek xyid lr e` rhw

zeixhnepebixh zeiedf hrn 9.1

:ike ,i =
√
−1 ik xekfp

(50) eiω = cosω + i sinω, ∀ω

okle
(51) sinω =

eiω − e−iω

2i
, ∀ω
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-e
(52) cosω =

eiω + e−iω

2
, ∀ω.

ω lkl ik lawp o`kn
N∑

n=1

eiωn = eiω × 1− eiωN

1− eiω

= eiω × eiωN − 1
eiω − 1

= eiω × eiωN/2(eiωN/2 − e−iωN/2)/2i
eiω/2(eiω/2 − e−iω/2)/2i

(53)

= eiω(N+1)/2 × sin(ωN/2)
sin(ω/2)

= cos(ω(N + 1)/2)× sin(ωN/2)
sin(ω/2)

+ i sin(ω(N + 1)/2)× sin(ωN/2)
sin(ω/2)

.

ω lkl ik lawp (50) d`eeynn

(54)
N∑

n=1

eiωn =
N∑

n=1

cos(ωn) + i

N∑
n=1

sin(ωn).

ω lkl ik miwiqn ep` (54)-e (53) ze`eeyn z`eeydn
N∑

n=1

cos(ωn) = cos(ω(N + 1)/2)× sin(ωN/2)
sin(ω/2)

, (55)

N∑
n=1

sin(ωn) = sin(ω(N + 1)/2)× sin(ωN/2)
sin(ω/2)

. (56)

ik raep limx→0
sin x

x = 1-y oeeikn
lim
x→0

sinx
sin(x/N)

= lim
x→0

x

x/N
= N.

onqp k mly xtqn lk xear
ωk =

2πk
N

.

if`
sin(ωkN/2)
sin(ωk/2)

=
sin(πk)

sin(πk/N)
=

 N k = 0,

0 0 < k < N
2 .

ik lawp ,sinω = 0-e cosω = 1 miiwzn ω = 0 xeary oeeikn

N∑
n=1

cos(ωkn) =

 N k = 0,±N
2 ,±N, . . .

0 k 6= 0,±N
2 ,±N, . . . ,

(57)

N∑
n=1

sin(
2πkn
N

) = 0, k ∈ N. (58)
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,ω, λ zeieef izy lkl :ze`ad zeixhnepebixhd zeiedfd z` xekfp

cosω cosλ =
1
2

(cos(ω + λ) + cos(ω − λ)) ,

sinω sinλ =
1
2

(cos(ω − λ)− cos(ω + λ)) ,

sinω cosλ =
1
2

(sin(ω + λ) + sin(ω − λ)) .

lawp (58)-e (57) ze`eeyna yeniy ici lr

N∑
n=1

cos(2πkn/N) cos(2πjn/N) =


N k = j = 0 e` k = j = N/2,

N/2 k = j 6= 0 mbe k = j 6= N/2,

0 k 6= j.

(59)

N∑
n=1

sin(2πkn/N) sin(2πjn/N) =


0 k = j = 0 e` k = j = N/2,

N/2 k = j 6= 0 mbe k = j 6= N/2,

0 k 6= j.

(60)

N∑
n=1

sin(2πkn/N) cos(2πjn/N) = 0, k, j lkl . (61)

sivx onf - diixet gezip 9.2

iqiqad htynd 9.2.1

f : [−π, π] → R ik gipp .miqepiqewe miqepiq ly mekq ici lr ziynn divwpet aexiwa wqer diixet gezip
m`y jk (a0, a1, a2, . . . , b1, b2, . . .) mireaw miniiw m` `id diixet gezipa ziqiqad dl`yd .ziynn divwpet `id

:ici lr fk : [−π, π] → R divwpet k lkl xicbp

(62) fk(t) =
a0

2
+

k∑
r=1

(ar cos(rt) + br sin(rt))

dzeyrl daiqde ,oihelgl zipkh `id 2-a a0 ly dwelgd) f-l zizcewp zt`ey {fk} zeivwpetd zxcqy miiwzi
.(d`ad dwqta xxazz

.`ad htynd `ed diixet gezip ly iqiqad htynd
onqp .f(−π) = f(π) zniiwnd dtivx divwpet f : [−π, π] → R `dz 9.1 htyn

a0 =
1
π

∫ π

−π

f(t)dt

ar =
1
π

∫ π

−π

f(t) cos(rt)dt, r = 1, 2, . . .

br =
1
π

∫ π

−π

f(t) sin(rt)dt, r = 1, 2, . . .

.f-l zizcewp zqpkzn (62)-a zxcbend zeivwpetd zxcq if`
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2if` ,t0-l l`nyne t0-l oinin dtivx `id j` ,t0-a zetivx-i` zcewp yi f divwpetl m`y ze`xdl ozip

lim
k→∞

fk(t0) =
limt→t0+ f(t) + limt→t0− f(t)

2
.

.t0-l l`nyn f ly jxrle t-l oinin f ly jxrd ly rvennl deey leabd ,xnelk
.sivx `le cica `ed t xhnxtd ea dxwnl gezipd z` mi`zp ,zeizr zexcq xear diixet gezipa ynzydl ick
xg`l .mipey mixcza mixefgnl zizrd dxcqd z` wxtl ozip cvik d`xp zeixhnepebixh zeiedf xtqn zbvd xg`l

.dhiyd zelabn z` d`xp seqale ,zeheyt zexcq ly mxbeceixtd z` xewgp ,mxbeceixtd z` xicbp okn

meqg rhwa zxcbend divwpet 9.2.2

z` lilkp okn xg`l .miixefgnd diaikxl f : [−π, π] → R divwpet ly wexitd z` yxetna bivp df sirqa
.[−π, π] rhwd `weec epi`y [−T, T ] rhw lr zxcben f-y dxwnl dbvdd

j` ,dtivx dpi` f m` mb oekp gezvipd ,mcew epxrdy itk .f(−π) = f(π) zniiwne dtivx `id f ik gipp ep`
.miniiw l`nyne oinin zeleabd zetivx-i` zcewp lka lk

lawp 9.1 htynn

f(t) =
a0

2
+

∞∑
k=1

(ak cos(kt) + bk sin(kt)).

xicbp

ck =


ak−ibk

2 k ≥ 1,
a0
2 k = 0,
ak+ibk

2 k ≤ −1.

lawpe (52)-e (51) ze`eeyn z` aivp

f(t) =
a0

2
+

∞∑
k=1

(ak
eikt + e−ikt

2
+ bk

eikt − e−ikt

2i
)

=
+∑

k=−∞

∞cke
ikt.

ik al miyp
ck =

∫ π

−π

f(s)e−iksds.

miiwzn t ∈ [−π, π] lkl :d`ad dbvdd z` lawp o`kn

(63) f(t) =
+∑

k=−∞

∞
(∫ π

−π

f(s)e−iksds

)
eikt.

:`ad ote`a f : [−π, π] → R divwpet xicbp .[−T, T ] rhwd lr zxcben g ik zrk gipp

f(x) = g(
xT

π
).

.zibelp` limt→t0+ oeniqd ly zernynd .t0-n ynn miphwd mikxr wx lawn j` ,t0-l s`ey t xhnxtd ik ernyn limt→t0− oeniqd2
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okl
g(t) = f(

tπ

T
).

lawp du = dsT
π zpzepd u = sT

π davdd ici lr ,ok lr xzi∫ π

−π

f(s)e−iksds =
∫ T

−T

f(
uπ

T
)eikuπ/T π

T
du

=
π

T

∫ T

−T

g(u)eikuπ/T du.

miiwzn t ∈ [−π, π] lkl okle ,(63) gezitl mi`pzd z` zniiwn f divwpetd

f(t) =
+∑

k=−∞

∞
(∫ π

−π

f(s)e−iksds

)
eikt.

miiwzn t ∈ [−T, T ] lkl ik lawpe f mewna g z` zrk aivp

g(t) =
π

T

+∑
k=−∞

∞

(∫ T

−T

g(u)eikuπ/T du

)
eiktπ/T .

xefgnl ddf −kπ
T xefgnd) (kπ

T )∞k=0 mixefgn mr ,miixefgn miaikxl g z` miwxtn ep` df wexita ik al miyp
.(kπ

T

illkd dxwnd 9.2.3

minbec ep` ,eply meyiia .meqg rhw lr zxcben divwpetd xy`k diixet gezip z` epxwq mcewd sirqa
ly iteq xtqn wx lawp ep` mpn` .cizra ode xara od ,onf lkl `l` ,meqg rhw lr zxcben dpi`y divwpet

.df dxwnl dhiyd ly dllkdd idn d`xp df sirqa .t lkl zxcben dnvr divwpetd j` ,zeitvz
ik yexcl yi ,miixefgn miaikxl divwpetd z` wxtl didi ozipy ick .idylk divwpet g : R → R `dz
mi`pzd z` o`k mibivn ep` j` ,epikxvl miwitqnd xzei miylg mi`pz yi) 3.ziliaxbhpi`e ,dtivx divwpetd

.(yexcl witqny xzeia miheytd
divwpetd xear .[−T, T ] rhwd lr wxe j` zxcbenk g divwpetd lr lkzqdl ozip T iaeig iynn xtqn lkl

miiwzn t ∈ [−T, T ] lkl ik lawp znvnevnd

g(t) =
π

T

+∑
k=−∞

∞

(∫ T

−T

g(u)eikuπ/T du

)
eiktπ/T .

,(kπ
T )∞k=0 mixefgnl g z` miwxtn ep`y oeeikn .qt`l s`ey 1

T mxebd df dxwna .seqpi`l se`yl T -l ozip zrk
.miixyt`d mixefgnd lk z` lawp ep` seqpi`l s`ey T xy`ky ixd

ω ∈ R lkl xicbp m`
Cω =

∫ +∞

−∞
g(t)e−2πiωtdt,

.∫ +∞
−∞ |g(t)|dt < +∞ m` ziliaxbhpi` z`xwp g : R → R divwpet3
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t ∈ R lkl ik lawp
(64) g(t) =

∫ +∞

−∞
Cωe

2πiωtdω.

g divwpetdy `ed jkl witqn i`pz .(ω lkle t lkl) miiteq mipexg`d mixbhpi`d ipy m` wx miiwzn df oeieey
.ziliaxbhpi` `id

.ω aikxd ly dnverd z` ccen ekxre ,akexn xtqn `ed Cω lcebd

szeynd m`znd zivwpetl dnverd oia xywd 9.2.4

.c akexnd xtqnd ly cenvd `ed c∗ ,df aeyiga .cω ,dnverd ly hlgend jxrd z` aygp df sirqa

|cω|2 = cωc
∗
ω

=
(∫ +∞

−∞
g(t)e−2πiωtdt

)(∫ +∞

−∞
g(s)e2πiωsds

)
.

:u = t− s :dpzyn itelig zrk rvap

|cω|2 =
∫ +∞

u=−∞

(∫ +∞

t=−∞
g(t)g(t− u)dt

)
e−2πiωudu.

ly u xrta szeynd m`znd mcwn ,zlgezd zzgtdd ick cr ,`ed
∫ +∞

t=−∞ g(t)g(t − u)dt iniptd lxbhpi`d
.jynda d`xpy zizr dxcq ly mexhwtqd zxcbdl divaihend `id ef `gqep .g

zizr dxcq xear diixet zbvd 9.3

.zeizr zexcql diixet gezip oiae ,sivx onfa diiext gezip ly dixe`zd oia xywp df sirqa
ly iteq xtqna mitev ep`e ,Y (t) ihqkehq jildz epyi rwxa ik migipn ep` ,zizr dxcq migzpn ep` xy`k
zg` divfil`ix xgea midel` dligz .d`ad jxca avnd lr lkzqdl ozip .jildzd ly zg` divfil`ixn zenibc
mipnf ly iteq xtqn xgea i`wihqihhqd ,okn xg`l .y(t) ,t onfa jildzd ly jxrd z` t lkl xnelk ,jildzd ly

.y(t1), . . . , y(tN ) zeitvzd z` lawn i`wihqihhqd ,xnelk .el` mipnfa y divwpetd z` mbece (tn)N
n=1

zg` divfil`ix wx y`xn xgea midel`y oeeikn .Y (t) jildzd ly zepekz cenll `id i`wihqihhqd zxhn
zeewle ,y(t) divwpetd ly zepekz cenll `ed ywal leki i`wihqihhqdy xzeia aehd xacd ,y(t) ,jildzd ly
,divfil`ixd zxfra iedifl zepzip jildzd ly zepekzd lky ,xnelk ,Y (t) jildzd z` ahid zbviin y(t) divwpetdy

.od wxe
uqe) d`eeyn d`x) miixefgnd diaikxl dwxtl lek did `ed ,y(t) divwpetd lka dtev did i`wihqihhqd el

.zeitvz N wx lawn `ed ,i`wihqihhqd ly exrvl .((5reiruof
df xac ,jynda d`xpy itk .n-a ielz epi` ∆t = tn+1− tn xnelk ,mireaw onf iyxtda zegwlp zeitvzd aexl
wxtl ozip ik xazqn ,df iyew zexnl .miixefgn miaikxl dxcqd z` wxtl i`wihqihhqd ly ezleki z` liabn

.z`f zeyrl ozip cvik d`xp wxtd zix`ya .miixefgn miaikxl zizrd dxcqd z`

.zizr dxcq ly diixet zbvd `ed `ad htynd
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onqp .ibef jxe`a miiynn mixtqn ly idylk dxcq y1, . . . , yN `dz 9.2 htyn

a0 =
1
N

N∑
n=1

yn,

ak =
2
N

N∑
n=1

yn cos(
2πkn
N

), k = 1, 2, . . . ,
N

2
,

bk =
2
N

N∑
n=1

yn sin(
2πkn
N

), k = 1, 2, . . . ,
N

2
.

if`

(65) yn =
N/2∑
k=0

(
ak cos(

2πkn
N

) + bk sin(
2πkn
N

)
)
,

z` epltkd (65) dbvday `ed zebvdd oia ipeyd .76 cenrn (62) dbvdde (65) dbvdd oiay oeincl al miyp
.d`ad daiqd `id jkl daiqd .k = 0, . . . , N lr mewna ,k = 0, . . . , N/2 lr wx minkqn ep` j` ,2-a mincwnd

okle ,aN−k = ak ik raep ,cos( 2π(N−k)n
N ) = cos( 2πkn

N )-y oeeikn

aN−k cos(
2π(N − k)n

N
) = ak cos(

2πkn
N

).

witqn okle ,k-d xai`l qepiqewd znexzl deey mekqa N − k-d xai`l qepiqewd znexz (65) d`eeyna ,okl
,sin( 2π(N−k)n

N ) = − sin( 2πkn
N )-y oeeikn ,dnec ote`a .2-a ak z` litkdl mib`ec m` k = 0, . . . , N/2 lr mkql

okle ,bN−k = −bk ik raep
bN−k sin(

2π(N − k)n
N

) = bk sin(
2πkn
N

).

.k-d xai`a qepiqd znexzl deey N − k-d xai`l qepiqd znexz okl
onqp .dgked

A =
N/2∑
k=0

(
ak cos(

2πkn
N

) + bk sin(
2πkn
N

)
)

=
N/2∑
k=0

(
1
N

N∑
t=1

yt cos(
ω0

N
) cos(

ωkn

N
)

+
1
N

N∑
t=1

yt cos(
ωN/2
N

) cos(
ωkn

N
)

+
2
N

N∑
t=1

yt cos(
ωkt

N
) cos(

ωkn

N
)

+
2
N

N∑
t=1

yt sin(
ωkt

N
) sin(

ωkn

N
).
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ik lawpe dnikqd xcq z` dpyp

A =
1
N

N∑
t=1

yt

N/2∑
k=0

cos(
ωkn

N
)

cos(
ω0

N
) + cos(

ωN/2

N
) +

N/2−1∑
k=1

2 cos(
ωkt

N
)


+

N/2∑
k=1

2 sin(
ωkn

N
) sin(

ωkt

N
)

 .

ik milawn ep` (52)-e (51) ze`eeynn

cosω cosλ+ sinω sinλ = cos(ω − λ).

ik lawp okl

A =
1
N

N∑
t=1

N−1∑
k=0

cos(
ωk(n− t)

N
).

.yxcpk ,yn-l deey df lceb ik lawp ,zxg` 0-le t = n m` N-l deey iniptd mekqdy oeeikn
xtqn o`kn zeler .(ωk)k=0,...,N/2 zeiexicza mixefgn ly mekqk zizrd dxcqd z` dbivn (65) d`eeyn

.zel`y

?zexg` zeiexicz `le ,el` zeiexicz `weec recn .1

?mitqep mixefgn mb ,el` mixefgnl sqepa ,`evnl ozip m`d .2

(y1, . . . , yN zizrd dxcqd ixa`) mipezp N ,zeix`pil ze`eeyn N mpyi (65) d`eeyna .diipyd dl`ydn ligzp
ly mincwnd N ozpida okle ,dkitd `id ef ze`eeyn zkxrn .(miqepiqewde miqepiqd ly mincwnd) minlrp N-e

.mze` dxviiy zizrd dxcqd z` aygl ozip miqepiqewde miqepiqd
lk ly dnverd z` ep`cieey xg`l ,xnelk ,miqepiqewde miqepiqd ly mincwnd z` epayigy xg`l ,hxta
dxeva `id s` zrawp aygpy zxg` zexicv lk ly dnverd okle ,zizrd dxcqd zrawp ,(ωk)k=0,...,N/2 zexicz

.zikxr-cg
ztqep divnxetpi` epl dlbi `l aygpy sqep xcz lk oky ,mixcz N-n xzei ly dnverd z` aygl oi`y o`kn

.epayigy mixg`d mixcza ielz didi `l` ,dxcqd lr
zizrd dxcqd z` wxtl ozip .(ωk)k=0,...,N/2 mixczd z` `weec xegal gxkd oi` ,dpey`xd dl`yl rbepa
mincwnd z` aygl lw mxeary `ed (ωk)k=0,...,N/2 mixcza oexzid .xgapy mipey mixcz N lk ly mekql

.(fast Fourier transform)“xidnd diixet mxetqpxh” `xwpd mzixebl` zxfra)

mxbeceixtd 9.4

ik al miyp

a0 =
1
N

N∑
n=1

yn = µ̂

-e ,dxcqd ikxr rvenn `ed

aN/2 =
1
N

N∑
n=1

(−1)nyn.

81



.dlewy jxca {yn} dxcqd z` bivdl ozip 74 cenrn (52)-(50) zeiedfa yeniy ici lr
,k 6= 0 xear

ak cos(
2πkn
N

) + bk sin(
2πkn
N

) = ak
e2πikn/N + e−2πikn/N

2
+ bk

e2πikn/N − e−2πikn/N

2i

=
ak − ibk

2
e2πikn/N +

ak + ibk
2

e−2πikn/N .

onqp m` ,okl
c0 = a0, cN/2 = aN/2

ck =
ak − ibk

2
, 1 ≤ k ≤ N

2
.

c−k =
ak + ibk

2
, 1 ≤ k ≤ N

2
.

lawp

(66) yn =
N/2∑

k=−N/2+1

cke
iωkn,

.`ad ote`a df xcz ly dnverd z` mixicbn ep` ,±k mixai`a ,(66) `gqepa miinrt riten ωk xczdy oeeikn
ici lr dpezp ωk = 2πk

N xczd ly dnverd 9.3 dxcbd

fk =

 |ck|2 k = 0, N
2 ,

|c−k|2 + |ck|2 = 2|ck|2 0 < k < N
2 .

milawn okl

fk =

 a2
k k = 0, N

2

1
2 (a2

k + b2k) 0 < k < N
2 .

diixet mxetqpxh zervn`a `id df aeyigl dxidn jxc .{ωk} mixczd lk ly dnverd z` aygl dvxp aexl
.(o`k cnlp `ly) xidnd

df sxb .zizrd dxcqd ly mxbeceixtd `xwp eznver z` xcz lkl dni`znd k 7→ fk divwpetd ly sxbd
.dxcqa miwfg mixcz yi m` ze`xl epl xyt`n

ωk zieefl dni`znd I divwpetd `ed {yt} zizr dxcq ly mxbeceixtd 9.4 dxcbd

:`ad lcebd z`

I(ωk) = N × fk =


Na2

0 k = 0,
N
2 (a2

k + b2k), k = 1, 2, . . . , N−1
2 ,

Na2
N/2 k = N

2 .
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miheyt mikildz ly mxbeceixt 9.5

.miheyt mikildz xtqnn zexvepd zexcq ly mxbeceixtd z` aygp df sirqa

reaw jildz 9.5.1

(y1, y2, . . . , yN ) `dz .reaw µ ∈ R xy`a ,n lkl Yn = µ ,xnelk ,reaw ihqipinxhc jildz `ed {Yn} ik gipp
.{Yn} jildzd ici lr zxveind ibef jxe`a zizr dxcq

.(ak, bk) diixet incwn z` zrk aygp

a0 =
1
N

N∑
n=1

µ cos 0 = µ.

k = 1, 2, . . . , N/2 lkl lawl ick 75 cenrn (57) d`eeyna ynzyp

ak =
2
N

N∑
n=1

µ cos(ωkn) =
2µ
N

N∑
n=1

cos(ωkn) = 0.

k = 1, 2, . . . , N/2 lkl lawl ick 75 cenrn (58) d`eeyna ynzyp

bk =
2
N

N∑
n=1

µ sin(ωkn) =
2µ
N

N/2∑
n=1

sin(ωkn) = 0.

`ed mxbeceixtd ik eplaiw

I(ωk) =

 Nµ2 k = 0

0 k 6= 0.

i`xw` yrx jildz ly mxbeceixtd 9.5.2

.σ2
X zepeye 0 zlgez mr {Xn} i`xw` yrx jildzn dxveiy ibef jxe`a dxcq `id (x1, x2, . . . , xN ) ik gipp

-y oeeikn .eplaiwy zitivtqd dxcqa miielzd ,miixwn mipzyn md (ak, bk) mincwnd df dxwna

a0 =
1
N

N∑
n=1

xn = x

meqgl lkep a'via'v oeieey-i`n .Var(a0) = Var
(

1
N

∑N
n=1Xn

)
= σ2

X

N2 -e E[a0] = 0-y ixd ,dxcqd ly rvennd `ed
:0-n wegx didi a0-y zexazqdd z`

P(|a0| > c) ≤ σ2
X

Nc2
.

k lkl lawp ,E[Xn] = 0-y oeeikn ,dnec ote`a

E[ak] =
2
N

N∑
n=1

E[Xn] cos(nωk) = 0,
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E[bk] =
2
N

N∑
n=1

E[Xn] sin(nωk) = 0.

ok lr xzi

Var(ak) = Var

(
2
N

N∑
n=1

Xn cos(nωk)

)

=
4
N2

N∑
n=1

cos2(nωk)Var(Xn)

≤ 4
N2

N∑
n=1

Var(Xn)

=
4
N
σ2

X .

deey zepeyd ik (diixet gezip `yepa libxz d`x) ze`xdl ozip .Var(bk) xear mqgd eze` lawl ozip dnec ote`a
.2σ2

X/N-l
.dphw didz i`xw` yrx jildz ly xcz lk znver ddeab zexazqda ik eplaiw

qepiq lb ly mxbeceixtd 9.5.3

:qepiq lb zervn`a dxveiy ibef jxe`a (y1, y2, . . . , yN ) dxcq epl dpezp ik gipp zrk

yn = sin(nλ),

z` aygp .n lkl yn = 0 milawn λ = 0 m`y oeeikn ,λ 6= 0 ik migipn ep` .idylk λ ∈ (0, 2π) zieef xear
.ef dxcq ly mxbeceixtd

lb zervn`a zxvein dxcqd ea dxwnl oihelgl ibelp` `ed qepiqew lb zervn`a zxvein dxcqd ea dxwnd 9.5 dxrd

.ea oecp `l okle ,qepiq

ik zexxeb 76 cenrn (61)-(59) ze`eeyn .`edy lk j = 1, . . . , N/2 xear λ = ωj = 2πj
N ik gipp dligz

a0 = 0,

ak = 0 k = 1, . . . , N/2,

bk = 0 k 6= j,

bj = 1,

.dxcqd zxvein dpnn qepiqd lb ly xczd z` oihelgl ddfn mxbeceixtd df dxwna ,xnelk

.ω1, . . . , ωN/2-n dpey λ xy`k dxew dn d`xp zrk
,75 cenrn (56) d`eeyna yeniy ici lr

(67) a0 =
1
N

N∑
n=1

sinλn =
1
N

sin(λ(N + 1)/2)
sin(λN/2)
sin(λ/2)

≤ 1
N sin(λ/2)

.
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.0-l ohw a0 dxcqd jxe` lcby lkk ,λ 6= 0-y oeeikn

aN/2 =
1
N

N∑
n=1

cos(πn) sin(λn)

=
1

2N

N∑
n=1

(sin((λ+ π)n) + cos((λ− π)n)) .

.lcb N xy`k 0-l mit`ey elld minekqd ipy (67) d`eeyna enk ,±π-n dpey λ-y oeeikn

ak =
2
N

N∑
n=1

sinλn cosωkn

=
2
N

N∑
n=1

(sin((λ+ ωk)n) + sin((λ− ωk)n)) .

.lcb N xy`k 0-l mit`ey elld minekqd ipy ,(67) d`eeyna enk ,±ωk-n dpey λ-y oeeikn

bk =
2
N

N∑
n=1

sinλn sinωkn

=
2
N

N∑
n=1

(cos((λ− ωk)n)− cos((λ+ ωk)n)) .

aexw λ m`y al miyp .lcb N xy`k 0-l mit`ey elld minekqd ipy ,(67) d`eeyna enk ,±ωk-n dpey λ-y oeeikn
.qt`n wegx didi bk dixet mcwn ,±ωk-l

?reaw dxcq jxe` xear dxew dn la` .lcb dxcqd jxe` xy`k mieqn diixet mcwn lkl dxew dn epi`x
.bk-e ak diixet incwn miphw mb jk ,ωk-n xzei wegx λ-y lkky d`xn o`k epiyry gezipd

aexw mibyend .λ-n“wegx” mikenp mikxre ,λ-l“xzei aexw” ωk-y lkk mideab mikxr lawi mxbeceixtd ,okl
mcwny ick ωk-l xzei daexw didz λ-y jixv ,xzei dkex` dxcqdy lkk .dxcqd jxe`a miielz df dxwna wegxe

.deab didi mi`znd diixet

zexcq ly mekq 9.5.4

t lkl ,xnelk .(y1, . . . , y2)-e (x1, . . . , xN ) zexcq izy ly mekq `id (z1, . . . , zN ) zitvpd dxcqd ik gipp
miiwzn

zt = xt + yt.
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z` (az
k, b

z
k)-ae ,{yt} dxcqd ly diixet incwn z` (ay

k, b
y
k)-a ,{xt} dxcqd ly diixet incwn z` (ax

k, b
x
k)-a onqp

if` ,{zt} dxcqd ly diixet incwn

az
0 =

1
N

N∑
t=1

zt

=
1
N

N∑
t=1

(xt + yt)

= ax
0 + ay

0.

k = 1, . . . , N/2− 1 lkl dnec ote`a

az
k =

2
N

N∑
t=1

zt cosωkt

=
2
N

N∑
t=1

(xt + yt) cosωkt

= ax
k + ay

k.

.k = 1, . . . , N/2 lkl bzk = bxk + byk-e ,az
N/2 = ax

N/2 + ay
N/2 ik lawp ote` eze`a

lye x dxcqd ly diixet incwn ly mekqd md ,mekqd zxcq ,z dxcqd ly diixet incwn ik eplaiw ,xnelk
.y dxcqd

zepwqn 9.5.5

.miakxen mikildz ly mxbeceixtd d`xi cvik wiqdl ozip dk cr epiyry miaeyigdn
jildzd ici lr zxvein (y1, . . . , yN ) dxcqd m` ,`nbecl

Yt = µ+A cos(ωt) +B sin(λt) +Xt,

-eceixtd d`xi cvik mircei ep` ,σ2
X zepeye 0 zlgez mr xedh yrx jildz `ed {Xt}-e ,mireaw md µ,A,B xy`a

:mxb

.diixet incwn x`yl xac mexzi `le ,a0-l µ mexzi µ reawd mxebd •

ω-n wgxzn ωk-y lkk .ω-l aexw ωk-y miniiwnd ak mincwnl xwira didz A cos(ωt) mxebd ly dnexzd •
.dphw didz bk minxebl dnexzd .ohwz dnexzd

λ-n wgxzn ωk-y lkk .λ-l aexw ωk-y miniiwnd bk mincwnl xwira didz B sin(ωt) mxebd ly dnexzd •
.dphw didz ak minxebl dnexzd .ohwz dnexzd

.itivtq diixet mcwn s`l zeax mexzi `l {Xt} i`xw`d yrxd •

dlbi mxbeceixtd ,i`xw` yrxe qepiqew ,qepiq ilb xtqn ly mekq `ed eply jildzd m` ik mi`ex ep` o`kn
.z`f epl
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dwipkhd zelabn 9.6

zeipenxd 9.6.1

ly zeipenpxd mi`xwp k ≥ 2 xear kt mixefgnd .'eke 3t ,2t ly xefgn yi if` ,t xefgn mr ixefgn aikx yi m`
mi`iy xtqn mxbeceixta miniiw xy`ky ,o`kn .milb ly meiw ici lr mxbeceixta `hazi xacd .t iqiqad xefgnd
.mixg`dn xzei wfg zeidl xen`y ,oey`xd `iyl wxe j` qgiizdl yi ,ipydn cg`d mieey miwgxna miritend

(ωk)N/2
k=0-n mipeyd mixcza mixefgn 9.6.2

aexw λ xy`a ,λ xcza ixefgn aikx yi dxcql m` .(ωk)N/2
k=0 mixcza mixefgn zedfl epl xyt`n diixet gezip

okle ,lecb didi diixet gezita ωk ly mcwnd (ohw N × |λ − ωk| m` wxe m` ωk-l aexw λ xy`k) ωk-d cg`l
.df xefgn zedfl lkep

diixet gezita mincwnd ωk-dn cg` s`l aexw epi` λ-e ,λ xcza ixefgn aikx dlikn zizrd dxcqd m` j`
.df aikx meiw z` epl elbi `l

ly dnibc ici lr dxvep zixewnd dxcqd m` ,ixw .dnibcd avw z` zepyl ozip ef diira lr xabzdl ick
60 × 24 = 1, 440 rval yi ef zeixefgn zedfl ick ,60-l xf 53-y oeeikn ,zewc 53 lk aia` lza dxehxtnhd
ick zenibc zegta wtzqdl lkep (zewc 30 e` ,zewc 60 lk zg` dnibcl) dnibcd avw z` dpyp m` .zecicn

.zery 24 ly zeixefgnd z` zedfl

`evnl mitvny mixefgng dnibcd avw z` mi`zdl yi ,izernyn didi diixet gezipy ick :ziaihxte` dpwqn
.dxcqa

(aliasing) mixcz seif :mixvw mixefgn 9.6.3

.zewc ∆t ly onf igeexna ihqkehq jildz dnibc ici lr dxvep zizrd dxcqd ik gipp
`l ,∆t xefgn mr ixefgn aikx yi dxcql m` ,`nbecl .mixefgndn wlg lr divnxetpi` mica`n jka ik xexa
2 lk mixefgn dyely milyn df aikx , 23∆t xefgn mr ixefgn aikx yi dxcql ,z`f znerl ,m` .llk eze`xl lkep

.2∆t xefgn mr ixefgn aikx meiw lr riavi diixet gezip okle ,zeitvz
riavi diixet gezip , 23∆t xefgn mr ipyde 2∆t xefgn mr cg`d ,miixefgn miaikx ipy yi dxcql m` ,ok lr xzi

.df xefgn ly zizin`d dnverdn xzei dlecb dnver mre ,2∆t xefgn mr ixefgn aikx meiw lr
mr ixefgnd aikxl diixet gezip ici lr etxevi 'eke , 27∆t , 25∆t ly xefgn mr miixefgn miaikx mb ,ote` eze`a

.2∆t xefgn
mixefgn miaikx ddfn diixet gezip ,(ωk)N/2

k=0 zeieefd xear diixet incwn z` miaygn ep`y oeeikn ,illk ote`a
m
k ∆t xefgnd ly dnverd ,m-l xfd l lkle ,(1 ≤ m ≤ N

2 mr) m∆t ddefn xefgn lkl .∆t, . . . , N
2 ∆t xefgn mr

.m∆t xefgnd znverl diixet gezip ici lr ztxevn
ea onfd z` tn-a onqp m` ,xnelk .miixwn dnibc ipnf zxiga `id seifd ziira lr xabzdl dzqepy zg` jxc
zebltzdd m` .zebltzd ieeye miielz izla eidi (tn − tn−1)-y jk dnibcd ipnf z` xgap if` ,n dnibcd zgwlp

.dler `l seifd ziira if` ,zepekz xtqn zniiwn (tn − tn−1) ly
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iedif zleki-i` :mikex` mixefgn 9.6.4

N-n jex` xefgn mr ixefgn aikx yi dxcql m` ,N iteq jxe`a dxcq `id epiciay zizrd dxcqdy oeeikn
.df xefgn zedfl ote` meya lkep `l

zedfl ozip ,miihqihhq mipgan zglvd xyt`l ick eic lecb N −m m`e ,N2 < m < N jxe`a xefgn yi m`
.diixet gezip zervn`a `l j` ,m xefgn mr miixefgn miaikx meiw

(trend) dnbn ew 9.6.5

.deab didi a0 mcwnd ,ziy`x .mipte` ipya diixet gezip lr rityi xacd ,dnbn ew dlikn zizrd dxcqd m`
.ecnbzi mincwnd x`y lk ,zipy

.dnbnd ew z` zizrd dxcqan zewpl yi ,izernyn didi diixet gezipy ick :ziaihxte` dpwqn

(seasonallity) zeizper 9.6.6

mincwnd x`y lk j` ,wfg didi diixet gezita mi`znd mcwnd ,wfg izper aikx zizrd dxcqa yi m`
.ecnbzi

izperd aikxd z` zewpl yi ,izperd aikxl xarn mixefgn zedfl lkei diixet gezipy ick :ziaihxte` dpwqn
.dxcqdn

szeynd m`znd zivwpete mxbeceixtd 9.7

.c akexnd xtqnd ly cenvd `ed c∗ ,`ad aeyiga
miiwzn l = 1, 2, . . . , N

2 − 1 lkl ik xekfp

N∑
n=1

cos(ωln) = 0.

ik raep o`kn
N∑

n=1

y cos(ωln) = 0,

dnec ote`ae
N∑

n=1

y sin(ωln) = 0.

ik lawp dl` ze`eeyn izyn
N∑

n=1

yeiωln = 0.
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,l = 1, 2, . . . , N
2 − 1 lkly lawp (16 cenra 2.4 sirq d`x) γ̂k = 1

N

∑N−k
t=1 (yt − y)(yt+k − y) -y oeeikn

|cl|2 = clc
∗
l

=
1
N2

(
N∑

t=1

yte
−iωlt

)(
N∑

u=1

yue
iωlu

)

=
1
N2

(
N∑

t=1

(yt − y)e−iωlt

)(
N∑

u=1

(yu − y)eiωlu

)

=
1
N2

N∑
k=0

N−k∑
t=1

(yt − y)(yt+k − y)(e−iωlk + eiωlk) (68)

=
1
N
γ̂0 +

2
N

N∑
k=1

γ̂k cos(ωlk).

ik cer al miyp

|cl|2 =
al − ibl

2
× al + ibl

2

=
a2

l + b2l
4

=
I(ωl)
2N

.

ik wiqdl ozip okl

I(ωl) = 2γ̂0 + 4
N∑

k=1

γ̂k cos(ωlk) = 2
N∑

k=−N

γ̂k cos(ωlk).

.(68) gezitdn d`a ef dxcbdl divaihend
`id (γk) szeyn m`zn zivwpet mr {Yt} ixpeivhq jildz ly mexhwtqd 9.6 dxcbd

ici lr dpezpd f : [−π, π] → R divwpetd

f(ω) =
1
2π

∞∑
k=−∞

γke
−iωk.

:d`ad dxeva xvewn ote`a aezkp mexhwtqd zgqep z`

f(ω) =
1
2π
γe−iω.

jxe` xy`k ik aeygl did ozip ,okl .ωl xczd znver ,cl-l deey f(ωl) mexhwtqd ,reaw ick cr ik al miyp
-y zexnl .mexhwtqd z` miaxwn diixet gezip incwn ,lcb dxcqd

lim
N→∞

I(ω) = f(ω),

(consistent f(ω) ly iawr cne` epi` I(ω) okle ,seqpi`l s`eyN xy`k qt`l zt`ey dpi` Var(I(ω)) zepeydy ixd
.estimator)
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.f(ω) ly iawr cne` epi` I(ω) 9.7 dprh

zlgez mr zilnxep bltzn Yt da ,zi`xw` dxcq `id {Yt} ea ,xzeia heytd dxwna dprhd gikep .dgked

ik ze`xdl ozip .zilnxep mibltzn bk-e ak ik raep ,{Yt} ly miix`pil mitexv md bk-e ak-y oeeikn .1 zepeye 0

,miielz izla {Yt}-y oeeikn ,ok lr xzi .(n 6= N
2 m`) 2

N mzepeye 0 `id el` miixwn mipzyn ly zlgezd

Cov(ak, bk) =
4
N2

Cov

(
(

N∑
n=1

Yn cos(ωln))(
N∑

n=1

Yn sin(ωln))

)

=
4
N2

N∑
n=1

(cos(ωln) sin(ωln))

=
2
N2

(
N∑

n=1

sin(2ωln)

)
= 0.

miixwn mipzyn bef lky oeeikn .qt` zlgez mr min`ezn izla miixwn mipzyn md (ak, bk) ik milawn o`kn
.miielz izla (ak, bk) ik raep ,miielz izla md zilnxep mibltznd min`ezn izla

izy mr χ2 bltzn Z1 +Z2 if` ,1 zepeye 0 zlgez mr miielz izla milnxep miixwn mipzyn md (Z1, Z2) m`
ixwnd dpzynd okl .yteg zebxc

N(a2
k + b2k)
2

= I(ωl)2π

okle ,2m `id yteg zebxc m mr χ2 bltznd ixwn dpzyn ly zepeyd .yteg zebxc izy mr χ2 bltzn

Var(I(ωl)2π) = 4,

e`
Var(I(ωl)) =

1
π2
.

.iawr epi` cne`d ,lcb N xy`k 0-l zt`ey dpi` zepeydy oeeikn

mexhwtql micne` 9.8

.mexhwtql miiawr micne` wtql miax miyp` eqip ,mexhwtqd ly iawr cne` epi` mxbeceixtdy oeeikn
:d`ad zillkd dxevd yi micne` ly ax xtqnl

f̂(ω) =
1
π

(
λ0γ̂0 + 2

M∑
k=1

λkγ̂k cos(ωk)

)
.

(truncation dnihw zcewp `xwp M-e ,(lag window) xebit oelg mi`xwpd zelwyn ly sqe` `ed (λk) ,df xe`za
szeynd m`znd incwna miynzyn `l o`k ik mi`ex ep` (68) d`eeyn mr df cne` ly d`eeyd jezn .point)

.xrta ielzd reawa miltken M-n ohw xrt mr szeynd m`znd incwne ,M-n milecbd mixrt xear
zeixyt` zexiga izy zrk bivp .glven cne` zlaw myl daeyg (λk) mincwnd ly dpekp dxigay oaenk

.zelaewn
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Tukey oelg 9.8.1

:mincwnd ici lr xcben df oelg

λk =
1
2

(
1 + cos(

πk

M
)
)
, k = 0, 1, . . . ,M.

.Blackman-Tukey-e Tukey-Hanning zenya mb reci df oelg

Parzen oelg 9.8.2

:mincwnd ici lr xcben df oelg

λk =

 1− 6
(

k
M

)2
+ 6

(
k
M

)3
0 ≤ k ≤ M

2 ,

2
(
1− k

M

)2 M
2 ≤ k ≤M.

.M dnihwd zcewp lr hilgdl znkqen jxc oi` .icnl minec el` zepelg ipy ici lr miayegnd micne`d
,icn ohw didi M m` .xzei dlecb didz ely dihdd j` ,xzei dphw didz f̂(ω) ly zepeyd ,xzei ohw M-y lkk
jxra zeidl M z` xegal `ed iyeniy rav` llk .oze` zedfl didi ozip `le ,dpwlgez f̂(ω) ly zeaeyg zepekz

.Tukey oelg xy`n xzei hrn aeab M yxec Parzen oelg .2
√
N

:d`ad gezipd jxc z` erivd Jenkins and Watts

.wlgez f̂(ω)-y jkl mexbi j` ,f(ω) ly `iyd `vnp okid ddfiy ,M xear jenp jxr mr ligzdl .1

.(spurious) minecn mwlg ,miax mi`iy f(ω)-l eidiy jkl mexbiy ,M xear deab jxr mr jiyndl .2

.M xear miipia jxr mr miiql .3

ick eic lecb Q xy`a ,ω = πk
Q mikxr xear ziyrp dcin`d aexl ,ω lk xear f(ω) z` cen`l ozipy zexnl

.Q = M mixgea aexl .edefi f(ω) ly dizepekz lky

mxbeceixtd zwlgd 9.8.3

ici lr drvedy ,zxg` jxc .mi`zn oelga yeniy ici lr mexhwtqd z` cen`l cvik epi`x mincewd mitirqa
:mxbeceixtd ly mikxr xtqn revin ici lr f(ω) z` cen`l `id ,Daniell

f̂(ω) =
1

2m+ 1

∑
k

I(ωk),

,ω = 0, N
2 xear f(ω) z` cen`l ick) .ω aiaq miixhniq ωk-y jk miawer minly m lr xaer k-e ,ωk = 2πk

N xy`a
.(ixefgn ote`a mxbeceixtd lr milkzqn

xcqn `id f̂(ω) ly zepeyd ik lawp ,ihehtniq` ote`a miielz izla md mxbeceixtd ly mipky mikxry oeeikn
ik ze`xdl ozip ,z`f znerl . 1

m ly lceb

E[f̂(ω)] ≈ 1
m

∑
k

f(ωk),
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dpi` ef diihd ,witqn wlg j` ,ix`pil epi` mexhwtqd m` .ix`pil mexhwtqd m` wx f(ω)-l deey df lcebe
.zizernyn

lecb m m` .lcbz diihdd j` ,dphw f̂(ω) ly zepeyd xzei lecb m-y lkk :m zxigal znkqen jxc mb oi`
xtqn m xear zeqpl `id millk dvlnd .mlridl milelr ,dly mi`iyd ,lynl ,enk ,f(ω) ly zepiiprn zepekz ,icn

.N40 zaiaqa mikxr

mexwtqd xear jnq igeex 9.9

`ed mexhwtql illkd cne`d ,mcew xen`k

f̂(ω) =
1
π

(
λ0γ̂0 + 2

M∑
k=1

λkγ̂k cos(ωk)

)
.

onqp
ν =

2N∑M
k=−M λ2

k

.

zebxc ν mr χ2 :χ2
ν ihehtniq` ote`a `id ν f̂(ω)

f(ω) ixwnd dpzynd ly ezebltzd ik giked Jenkins and Watts

:`ed mxbehwtqd xear jnq geex okl .yteg

P

(
χ2

ν,1−α/2 < ν
f̂(ω)
f(ω)

< χ2
ν,α/2

)
= 1− α.

gyea `vnp f(ω) ly izin`d jxrd 1− α zexazqda ,zexg` milina[
νf̂(ω)
χ2

ν,α/2

,
νf̂(ω)
χ2

ν,1−α/2

]
.

ik d`xd Neave .df rhwl s`ey jnqd geex lcb dxcqd jxe` xy`k ,xnelk ,ihehtniq` `ed df jnq geex
.zexvw zexcq xear mb eic wiecn df jnq geex

migiky mikildz ly mexhwtqd 9.10

m`znd zxvei zivwpet zxcbda ligzp .migiky mikildz ly xczd znver z` zihxe`z dxeva aygp df sirqa
.df aeyigl ce`n ziyeniy `idy ,szeynd

(autocovariance generating function) szeynd m`znd zxvei divwpetd 9.10.1

,jildzd ly zepeyd `id γ0 = Var(Yt) ,xnelk .(γk) szeyn m`zn zivwpet mr ixpeivhq jildz {Yt} `di
.k xrta ztzeynd zepeyd `id γk = E[YtYt+k] miiwzn k 6= 0 lkle

:ici lr zxcben szeynd m`znd zxvei divwpetd 9.8 dxcbd

γ(B) =
∞∑

k=−∞

γkB
k.
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-y dcaerdn zraep ef divwpet zeiyeniy

f(w) =
1
2π
γ(e−iω).

d`eeynd z` miiwn ARMA jildz .ARMA jildz ly szeynd m`znd zxvei zivwpet z` zrk aygp

Yt =
∞∑

j=0

ψjXt−j ,

df jildz xear ,ok lr xzi .ψ0 = 1 xy`a

γk = σ2
X

∞∑
j=0

ψjψj+k.

okl

γ(B) = σ2
X

∞∑
k=−∞

∞∑
j=0

ψjψj+kB
k

= σ2
X

∞∑
j=0

∞∑
i=0

ψjψiB
j−i

= σ2
X

∞∑
i=0

ψiB
i
∞∑

j=0

ψjB
−j (69)

= σ2
XΨ(B)Ψ(B−1).

.j < 0 xear ψj = 0 ik epgpd o`k

ARMA jildz ly mexhwtqd 9.10.2

d`eeynd z` miiwnd ARMA jildz {Yt} `di

Φ(B)Yt = Θ(B)Xt.

ik milawn Ψ(B) = Θ(B)
Φ(B) mixicbn m`

Yt = Ψ(B)Xt =
∞∑

j=0

ψjXt−j .

:ici lr dpezp szeynd m`znd zxvei divwpetd ,(69) d`eeyna epi`xy itk

γ(B) = σ2
XΨ(B)Ψ(B−1) = σ2

X

Θ(B)Θ(B−1)
Φ(B)Φ(B−1)

.
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dxwna .∑∞
k=1 |γk| < +∞ okle ,dcigid lebirl uegn mi`vnp Φ(B) = 0 ly miyxeyd ,ixpeivhq jildzd m`

ici lr oezp mexhwtqd df

f(ω) =
1
2π
γ(e−iω)

=
σ2

X

2π
× Θ(e−iω)Θ(eiω)

Φ(e−iω)Φ(eiω)
(70)

=
σ2

X

2π
×
∣∣∣∣Θ(e−iω)
Φ(e−iω)

∣∣∣∣2 .
okl .qt`zn epi` dpend okle ,dcigid lebirl uegn mi`vnp Θ(B) = 0 ly miyxeyd jitd jildzd m`

1
f(ω)

=
2π
σ2

X

×
∣∣∣∣Φ(e−iω)
Θ(e−iω)

∣∣∣∣2
.ARMA(q, p) jildz ly mexhwtqd edfe

i`xw` yrx jildz ly mexhwtqd 9.10.3

ici lr dpezp σ2
X zepeye µ zlgez mr {Xt} i`xw` yrx jildz ly szeynd m`znd zivwpet

γk =

 σ2
X k = 0

0 k 6= 0.

ici lr dpezp szeynd m`znd zxvei divwpetd

γ(B) = σ2
X .

ici lr oezp mexhwtqd okl

f(ω) =
1
2π

∞∑
k=−∞

γke
−iωk =

σ2
X

2π
.

.ω-a dielz dpi`y ,dreaw divwpet idef

AR(1) jildz ly mexhwtqd 9.10.4

d`eeynd z` miiwnd AR(1) jildz {Yt} `di

(1− φB)Yt = Xt,

ici lr dpezp szeynd m`znd zxvei divwpetd .i`xw` yrx jildz {Xt} xy`a

γ(B) = σ2
X

1
(1− φB)(1− φB−1)

.

ici lr oezp mexhwtqd ik lawp (70) d`eeynn ,Φ(B) = 1− φB-y oeeikn

f(ω) =
σ2

X

2π
× 1

(1− φe−iω)(1− φeiω)

=
σ2

X

2π
× 1

1 + φ2 − 2φ cosω
.

.(ilily e` iaeig φ m`d) φ ly oniqa ielz mexhwtqd ly sxbd
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MA(1) jildz ly mexhwtqd 9.10.5

d`eeynd z` miiwnd MA(1) jildz {Yt} `di

Yt = (1 + θB)Xt,

ici lr dpezp szeynd m`znd zxvei divwpetd .i`xw` yrx jildz {Xt} xy`a

γ(B) = σ2
X(1 + θB)(1 + θB−1).

ici lr oezp mexhwtqd okl

f(ω) =
σ2

X

2π
(1 + θe−iω)(1 + θeiω)

=
σ2

X

2π
(1 + θ2 + 2θ cosω).

.φ ly oniqa ielz mexhwtqd ly sxbd df dxwna mb
MA(1) jildz xear ik xekfp

ρk =


1 k = 0

θ
1+θ2 k = ±1

0 zxg`
m` .zedeab zeiexiczl mideab mikxr d`xp mexhwtqae ,miiaihlxew-ihp` md mikenq mixai` ,ilily θ m` ,okl
zekenp zeiexicz mexhwtqa :dwlg zeidl dhiz dxcqd okle ,min`ezn md dxcqa mikenq mixai` iaeig θ

.mideab mikxr dplawz

mikildz ipy ly mekq ly mexhwtqd 9.10.6

:{Yt}-e {Xt} miielz-izla mixpeivhq mikildz ipy ly mekq `ed {Zt} jildzd ik gipp

Zt = Xt + Yt.

{Yt}-e {Xt}-y llba .mikildzd zyely ly szeynd m`znd zexvei zeivwpetd z` γX(B), γY (B), γZ(B)-a onqp
miielz-izla

γZ(B) =
∞∑

k=−∞

γZ
k (B)Bk

=
∞∑

k=−∞

Cov(Zt, Zt+k)Bk

=
∞∑

k=−∞

Cov(Xt + Yt, Xt+k + Yt+k)Bk

=
∞∑

k=−∞

(Cov(Xt, Xt+k) + Cov(Yt, Yt+k))Bk

=
∞∑

k=−∞

γX
k (B)Bk +

∞∑
k=−∞

γY
k (B)Bk

= γX(B) + γY (B).

95



ik lawp o`kn
fZ(ω) = fX(ω) + fY (ω).

.minexhwtqd mekq `ed miielz-izla mikildz ipy ly mekq ly mexhwtqd ,xnelk

izper mxeb mr mikildz ly mexhwtqd 9.10.7

ici lr oezpd jildz {Yt} `di
(1− φB12)Yt = Xt,

.i`xw` yrx jildz {Xt} xy`a
ici lr dpezp szeynd m`znd zxvei divwpetd

γ(B) = σ2
X

1
(1− φB12)(1− φB−12)

,

ici lr oezpe miiw mexhwtqd ixpeivhq jildzd m`e

f(ω) =
σ2

X

2π
× 1

(1− φe−12iω)(1− φB12iω)

=
σ2

X

2π
× 1

1 + φ2 − 2φ cos(12ω)
.

xy`k ω = 2πk
12 xear cos(12ω) = 0-e ,ω = 1, 2, 3, 4, 5, 6 xy`k ω = π(2k−1)

12 xear cos(12ω) = −1 ik al miyp
qiqad xcz ly zeltkna mi`iy jkl sqepae ,ω = 0-a `iy didi mexhwtql ,φ > 0 m` ,okl .ω = 1, 2, 3, 4, 5, 6

.dnec ote`a zeyrdl leki φ < 0 xy`k mexhwtqd gezip .π(2k−1)
12 mixcza menipin lawi mexhwtqd . 2πk

12

ici lr oezpd jildz {Yt} `di
(1− φB12)(1− µB)Yt = Xt,

.i`xw` yrx jildz {Xt} xy`a
ici lr oezp mexhwtqd ik ze`xl lw .zekenq zeitvz oia m`zn mbe ,izper mxeb mb yi df jildza

f(ω) =
σ2

X

2π
× 1

(1 + φ2 − 2φ cos(12ω))(1 + µ2 − 2µ cos(12ω))
.

.xei`a riten φ, µ > 0 xy`k mexhwtqd ly sxbd

izper jildz zece` dxrd 9.11

ici lr oezpd ihqipinxhc jildz `ed {Yt} ik gipp

Yt = sin(λt+ θ),

,dnec ote`a .zxcben dpi` szeynd m`znd zivwpet okle ,ixpeivhq epi` df jildz al miyp .λ, θ ∈ [−π, π] xy`a
zecepz zedfl ozip ok iyrn ote`a ik d`xp `ad sirqa .miiw epi` ihqipinxhc {Yt} jildz lk ly mexhwtqd

.zeizper
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oeic 9.11.1

dxcqdy jildzd dn y`xn mircei eppi` zeiyrn zeiraa .mipey mikildz ly mexhwtqd z` epayig o`k
z` e` ,xcz lk ly dnverd z` aygp ep` dfk dxwna .jildzd iedifl ilk `ed mexhwtqd :epnn dxvei zitvpd
.miizper minxeb yi m`d ze`xl dqpp mexhwtqd zxfra .mexhwtqd z` axwl eynyi el` milcbe ,mxbeceixtd

miqepiq ly mekq ly zeixpeivhq zepekz 9.12

jildza opeazp

(71) Yt =
M∑
i=1

Ai sin(ωit+ Ci),

Ci df`te ,ωi ∈ [−π, π] xcz ,Ai > 0 dcehiltn` mr `ed i-d qepiqd lb ,qepiq ilb ly mekq ici lr oezpd
z` aygp .(cgia mze` xagl ozip ,zxg`( ipydn cg`d mipey (ωi)-d lk ik gipp .[−π, π] rhwa cig` zbltznd

.df jildz ly szeynd m`znd zivwpete zepeyd ,zlgezd
:ici lr dpezp Yt ly zlgezd

E[Yt] =
M∑
i=1

AiE[sin(ωit+ Ci)]

=
M∑
i=1

Ai

2π

∫ π

−π

sin(ωit+ x)dx = 0.

β zieef lkly oeeikn∫ π

y=−π

sin(β + y)dy =
∫ π

y=−π

sin ydy = 0,

,α 6= β zeieef izy lkly raep

(72)
∫ π

x=−π

∫ π

y=−π

sin(α+ x) sin(β + y)dydx =
∫ π

x=−π

sin(α+ x)
(∫ π

y=−π

sin(β + y)dy
)
dx = 0.

:ici lr dpezp YtYt+k ly zlgezd mly k lkl okl

E[YtYt+k] =
M∑

i,j=1

AiAjE[sin(ωit+ Ci)× sin(ωj(t+ k) + Cj)]

=
M∑
i=1

A2
i E[sin(ωit+ Ci)× sin(ωi(t+ k) + Ci)]

=
M∑
i=1

A2
i E
[
1
2

(cos(ωik)− cos(ωi(2t+ k) + 2Ci))
]

=
1
2

M∑
i=1

A2
i cosωik.

mipeyd (t1, . . . , tm) lkle reawm lkl t-a zeielz opi` (Yt1 , Yt2 , . . . , Ytm
) ly zebltzdd ik gikedl ozip dnec ote`a

.ixpeivhq `ed (71) d`eeyna oezpd jildzd ,hxta .dfn df
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miixpeivhq mikildz ly wexit 9.13

jildzd ,mcewd sirqa epi`xy itk

(73) Yt =
M∑
i=1

Ai sin(ωit+ Ci)

y`xn iefigl ozip ixefgnd aikxd o`k ceray `ed ARIMA jildzl df jildz oia iqiqa lcad .ixpeivhq `ed
.ARIMA jildza jk df oi` ,zeitvzd ozpida

jildz `xwp iefigl ozip epi` ixefgnd aikxd ea jildze ,ihqipinxhc `xwp iefigl ozip ixefgnd aikxd ea jildz
`ed (73) d`eeyna oezpd jildzde ,miihqipinxhc-`l mikildzl `nbec md ARIMA ikildz .ihqipinxhc `l

:`ad jildza opeazp `nbecl ,mihqipinxhc-`le mihqipinxhc miaikx miliknd mikildz mpyi .ihqipinxhc

Yt = A sin(0.1t+ C) +
θ(B)
φ(B)

Xt,

.ixpeivhqe jitd ARMA jildz `ed θ(B)
φ(B)Xt-e ,[−π, π] rhwa cig` bltzn C ea

:Wold ly wexitd htyn `xwpd ,`ad htynd z` giked Wold i`wihqihhqd

Yt = Y
(d)
t + mikildz ipy ly mekqk dbvdl ozip {Yt} ixpeivhq jildz lk 9.9 htyn

-`l ixpeivhq jildz `ed {Y (n)
t }-e ,ihqipinxhc ixpeivhq jildz `ed {Y (d)

t } xy`a ,Y
(n)
t

.ihqipinxhc

98



milibxz 10

zizr dxcq ly illk xwgn - oey`x libxz 10.1

l`xyia okxvl mixignd ccn z` zx`zn ef dxcq .madad.xls uaewa dritend {Yt} zizrd dxcqa opeazd
.(100 = 1951 qiqa) 2003-e 1952 mipyd oia

:ze`ad zeizrd zexcqd z` itxb ote`a x`z .1

,Yt (i) •

,log(Yt) (ii) •

,∇Yt = Yt − Yt−1 (iii) •

,∇ log(Yt) = log(Yt)− log(Yt−1) = log(Yt/Yt−1) (iv) •

.Yt/Yt−1 (v) •

?recn ?ihqihhq gezip jyndl xzeia zeni`zn ze`xp zexcqdn eli` .2

xga .itxb ote`a oze` x`z .zeix`yd zxcq z` dpae ,(v)-e (iv) ,(i) zexcqdn zg` lkl dnbn ew m`zd .3
.zeixpeivhq zgpdl xzeia dni`zn zi`xpy dxcqd z`

:mcewd sirqa zxgay dxcqd xear .4

.(8 cenra (1) d`eeyn d`x) q = 2 xcqn rp-rvenn ici lr wlgd (`)

.(8 cenra (2) d`eeyn d`x) q = 2 xcqn mirp mipeivg ici lr wlgd (a)

?ztqep dnbn zedfl ozip m`d
?cgeina zeiziira (zetewz e`) mipy yi m`d

?dl` zeix`y xear dxiaq zeixpeivhqd zgpd zi`xp dnk cr

.zeix`yd zxcq xear mxbelxewd z` xev .5
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miixpeivhq milcen - ipy libxz 10.2

:`ad ote`a {Zt} jildz xicbp .ixpeivhq jildz {Yt} `di .1

Zt =
n∑

i=0

aiYt−i.

.zicbp `nbec oz e` gked ?ixpeivhq `ed {Zt} jildzd m`d

d`eeynd z` miiwnd {Yt} jildzd ly szeynd m`znd zivwpet idn .i`xw` yrx ly jildz {Xt} `di .2

Yt = Xt + 0.7Xt−1 − 0.2Xt−2.

d`eeynd z` miiwnd {Yt} jildzd ly szeynd m`znd zivwpet idn .i`xw` yrx ly jildz {Xt} `di .3

Yt =
q∑

k=0

Xt−k.

?ρ3 lr xn`l ozip dn .ρ2 = 0.4-e ρ1 = 0.8 miiwnd ,ixpeivhq jildz {Yt} `di .4

100



miixpeivhq milcen - iyily libxz 10.3

.seriesc uaewa dritend zizrd dxcqa opeazd .1

.{∇2Yt} ,{∇Yt} miyxtdd zexcq z` ayg (`)

dxvei zexcqd yelyn zg` cvik xiaqdl mileki rp-revin lcen e` iaiqxbx-ehe` lcen m`d weca (a)
.(miyxtdd zexcq izye zixewnd dxcqd)

?uaeway zizrd dxcqd z` xvii xiaq ikdy ihqkehqd lcend dn (b)
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ARMA ikildz - iriax libxz 10.4

d`eeynd z` miiwnd {Yt} jildza opeazp .1

Yt = 1.2Yt−1 − Yt−2 +Xt − 0.5Xt−1.

.df jildzl mi`zn ARMA lcen dfi` ddf (`)

?ixpeivhq jildzd m`d (a)

.Ψ mepiletd z` ayg (b)

.Π mepiletd z` ayg (c)

.ely szeynd m`znd zivwpet z` ayge ,ixpeivhq Yt = Yt−1 + cYt−2 +Xt jildzd c dfi` xear `vn .2

.c lkl ixpeivhq epi` Yt = Yt−1 + cYt−2 − cYt−3 +Xt jildzdy d`xd .3

:mi`ad milcendn cg` lk z` .4

,Yt = 0.3Yt−1 +Xt (`)

,Yt = Xt − 1.3Xt−1 + 0.4Xt−2 (a)

,Yt = 0.5Yt−1 +Xt − 1.3Xt−1 + 0.4Xt−2 (b)

.MA(∞) jildzk eze` bvde ,ixpeivhq e`/e jitd jildzd m` raw .B xehxte`d zervn`a `ha

dxcql mi`zdl miqpn ep` .Yt = φ1Yt−1 +Xt d`eeynd z` miiwnd jildz ici lr dxveiy dxcq epzeyxa .5
?φ1 ly ekxra dielz daeyzd cvik ?daeh dn`zd ozi lcen xcq dfi` .MA(q) lcen

ici lr {Wt} jildz xicbp .ARMA(p2, q2) jildz `ed {Zt}-e ,ARMA(p1, q1) jildz `ed {Yt}-y gipp .6

Wt = Yt + Zt.

?xcq dfi`n ,ok m` ?ARMA jildz `ed {Wt} m`d
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iefig - iying libxz 10.5

lk xear .miixyt` milcen ipy dxear epgzite ,seriesc uaewa dritend zizrd dxcqa eppeazd iyilyd libxza
:elld milcend ipyn cg`

.ARIMA jildz ly zebvdd yelya lcend z` bzd .1

.dxcqa mi`ad mixai`d xear zeifgz wtq .2

?zeifgzd zepey lr xn`l ozip dn .3
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diixet gezip - iyy libxz 10.6

`ed [−π, π] rhwa x2 divwpetd ly diixet gezit ik d`xd .1

f(x) =
π2

3
− 4

(
cos(x)

12
− cos(2x)

22
+

cos(3x)
32

− · · ·
)
.

:laqxt oeieey-i` z` gked .2∑N
t=1(xt − x)2

N
=

N/2−1∑
p=1

a2
p + b2p

2
+ a2

N/2.

ik gked .N(µ, σ2) mibltznd zebltzd-ieey miielz-izla miixwn mipzyn md X1, . . . , Xn ik gipp .3

ap =
2
N

N∑
t=1

Xt cos(2πpt/N)

.p = 1, 2, . . . , N/2− 1 xear N(0, 2σ2

N ) bltzn
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