
Computational Models
Instructor: Benny Chor
T.A.: Gadi Kimmel
Fall Semester, 2004/5

Assignment 4
Handed: Friday, 17/12/04, Due: Thursday 30/12/05, no later than 4pm

1. For each of the following languages, determine which is the lowest class of languages it belongs to,
among the following:R, RE , coRE , or not inRE ∪ coRE . Justify your answerbriefly (i.e. not a
two page justification per one item, please)

(a) L1 = {〈M〉 |M is a Turing machine, and the encoding〈M〉 is of even length}.
(b) L2 = {〈M〉 |M is a Turing machine,L(M) contains infinitely many prime numbers, and

only prime numbers}.
(c) L3 = {〈M〉 |M is a Turing machine, the encoding〈M〉 has even length,L(M) contains

infinitely many prime numbers, and only prime numbers}.
(d) L4 = {〈M〉 |M is a Turing machine, and|L(M)| > 1 }.
(e) L5 = {〈M〉 |M is a Turing machine, and|L(M)| contains only finitely many twin primes}.

Clarification: If bothp andp + 2 are primes, they are calledtwin primes. For example, 5 and
7, or 41 and 43, are twin primes.)

2. Prove that every infinite and recursively-enumerable languageL, contains an infinite and recursive
languageL′ ⊆ L.

3. A stateq of a TM M is calledimportant, if there is at least one inputx, such thatM goes through
stateq at least twice while running on inputx. Otherwise (that is for everyx, M is in q at most once
while running onx) q is callednot important. Prove or disprove: There is a constantC such that
every TM,M , is equivalent to a TM,M ′, with at mostC important states. Note thatC should be
fixed, that is, independent of the TMM .

4. For each of the following problems, determine whether it is decidable:

(a) Input: Encoding〈M〉 of a TM, and an inputx for M .
Output: WhenM runs onx, does its head make two consecutive moves to the right?

(b) Input: Encoding〈M〉 of a TM, and an inputx for M .
Output: WhenM runs onx, does it go through the same state twice consecutively?

(c) Input: Encoding〈M〉 of a TM, and an inputx for M .
Output: Is there some point inM ’s run onx, such that its head has been in the first tape cell
fewer times than it has been in the10-th cell?

(d) Input: Encoding〈M〉 of a TM.
Output: WhenM runs on the empty input, does its head ever move to the left?

5. Given a TM,M , defineTM to be the number of steps thatM performs when running on the empty
input. If M does not stop on the empty input, defineTM to be 0.

Let S : N → N be the following function:S(0) = 0, and for everyk ≥ 1, S(k) is the maximum
of TM over allk states TMs,M , which are deterministic, have one tape, input alphabetΣ = {0, 1},
and tape alphabetΣ = {0, 1, 2, 3, 4, 5, 6, 7, 8, 9, }.
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(a) Prove thatS(k) is strictly monotonic increasing (that is, for allk ≥ 0, S(k + 1) > S(k)).

(b) Prove thatS(k) is not computable (that is, there is no TM,M , that for all inputsk outputs
S(k)).

6. (a) Show the existence of a TM,M0, for which the functionKM0(x) is computable. Recall that
KM0(x) denotes the Kolmogorov complexity of the stringx with respect toM0:

KM0(x) = min
|y|
{y ∈ Σ∗ : fM0(y) = x}(if no suchy exists, we defineKM0(x) = ∞) .

(b) Prove or disprove: the two argument functionf(< M >, x) = KM (x) is computable.

7. A languageL0 is calledRE-completeif L0 ∈ RE and for eachL ∈ RE there exists:L ≤m L0.
R-completelanguages are defined in similar manner.

(a) Does there exist a RE-complete language, which belongs to R?

(b) Does there exist a languageL0, which is not in RE, such that for eachL ∈ RE, there exits:
L ≤m L0.

(c) Prove that ifL0 ∈ R, L 6= Σ∗, andL0 6= ∅, thenL0 is R-complete.

(d) Give an example for a languageL0 which belongs R, and is not R-complete. Prove your claim.
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