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1. For each of the following languages, determine whether they belong toR, and whether they belong
to RE.

(a) L1 = { B | B is a Turing machine and∃x.B(x) 6= ⊥}
(b) L2 = { x | There is a Turing machineB, s.t.B(x) 6= ⊥}
(c) L3 = { B1, B2 | B1, B2 are Turing machine and∃x.B1(x) 6= ⊥ ∧B2(x) 6= ⊥}
(d) L4 = { B1, B2 | B1, B2 are Turing machine and∀x.B1(x) = B2(x)}
(e) L5 = { B | B is a Turing machine andB accepts more than one input}
(f) L6 = { B | B is a Turing machine andB accepts at most one input}
(g) L7 = { B | B is a Turing machine andB(n) = T ⇔ n is even}

2. Prove that every infinite and recursively-enumerable languageL, contains an infinite and recursive
languageL′ ⊆ L.

3. A stateq of a TM M is calledimportant, if there is at least one inputx, such thatM is in stateq at
least twice while running onx. Otherwise (that is for everyx, M is in q at most once while running
on x) q is callednot important. Prove or disprove: There is a constantC such that every TM,M ,
is equivalent to a TM,M ′, with at mostC important states. Note thatC should be fixed, that is,
independent of the TMM .

4. For each of the following problems, argue if is it decidable or not.

(a) Input: TMM , and inputx for M .
Output: WhenM runs onx, is it in the same state two consecutive steps?

(b) Input: TMM .
Output: WhenM runs on the empty string, does its head ever move to the left?

5. Given a TM,M , defineFM to be the number of steps thatM performs when running on the empty
string. If M does not halt on the empty input, defineFM to be 0.

Let S : N → N be a function such that:S(0) = 0, and for everyk ≥ 1, S(k) is the maximum ofFM

over allk states, one tape deterministic TMs, whose tape alphabet is{0, 1} plus the blank symbol.

(a) Prove thatS(k) is monotonically increasing (that is, for allk ≥ 0, we haveS(k + 1) > S(k)).

(b) Prove thatS(k) is not computable (that is, there does not exist a TM,M such that for allk ≥ 0,
fM (k) = S(k)).
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6. (a) Show the existence of a TM,M0, for which the functionKM0(x) is computable. Recall that

KM0 = min
k
{k : ∃y |y| = k ∧ fM0(y) = x}

(the Kolmogorov complexity of the stringx with respect toM0).

(b) Prove or disprove: the two argument functionf(< M >, x) = KM (x) is computable.

7. A languageL0 is calledRE-completeif L0 ∈ RE, and for eachL ∈ RE, L ≤m L0. The notion of
R-completenessis defined in similar manner.

(a) Is there a RE-complete language, which belongs to R?

(b) Is there a languageL0, which is not in RE, such that for everyL ∈ RE, L ≤m L0?

(c) Prove that ifL0 ∈ R, L0 6= Σ∗, andL0 6= ∅, thenL0 is R-complete.

(d) Give an example for a languageL0 which belongs to R, and isnot R-complete. Prove your
claim.
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